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Preface To The Fifth Edition 

This edition is revised partly with a few additions and 
alterations to comply with the latest CBCS syllabus of all 
Indian Universities. 

Some important problems have been solved by alternative 
methods, where we felt necessary. 

An alternative proof of De Moivre Laplace limit theorem 
has also been incorporated in the appendix. 

Our thanks are due to Dr. Purnendu Dhar, M.Sc. (Chem), 
Ph.D., who took best care in bringing out this edition in time. 

Suggestions for the betterment of the book will be accepted 
with thanks. 


Kolkata A. Banerjee 
June, 2018 | 5. K. De 
S. Sen 
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Preface To The First Edition 


The book entitled “Mathematical Probability and Statistics” jg 
primarily designed to serve as a text book for undergraduate 
students of Mathematics Honours. It is expected that the book 
will also be useful to the students of Statistics, Engineering, 
Commerce and to the candidates for some competitive 


examinations. 


The theory of Probability which provides the foundations of 
Statistics is presented in the Volume I of the. book. This volume 
contains ten chapters, of which Chapter I deals with some 
mathematical rudimentaries necessary for the treatment and 
understanding of the subject in the succeeding chapters. 


Chapter II provides an informative introduction concerning 
the origin and nature of the concept of ‘Probability’: the necessity 
of the axiomatic treatment of the subject has been explained 
keeping in view the development of the Mathematical Theory of 
Probability. The remaining eight chapters (Chapter III to ay 
provide a systematic study of the Mathematical Theory of 
Probability based on the axiomatic definition.of the same. 


Best efforts have been made to give the subject a modern touch 
and in doing so we have confined ourselves to the treatment of 
the contents of the subject in a precise and rigorous manner. For 
a clear understanding, detailed explanations have been given 
whenever felt necessary. At the end of each chapter, except 
Chapters I and II, sufficient number of problems have been worked 
out as illustrative examples followed by exercises containing a 
good number of problems. The problems are selected considering 


the nature of questions set in the University and other 
examinations. 


Works of eminent authors on the subject have been widely 
consulted and we express our indebtedness to all of them. In writing 


Chapter I, Standard books on Set Theory, Analysis and Linear 
Algebra have been availed of. 


Preface Vii 
eee 
_ We are specially indebted to Dr. S. Bakshi of Ramakrishna 
Mission Vidyamandira, Belur, who went through some chapters 
of the Manuscript in original and also in its revised form. We have 
accomodated some of his valuable suggestions and corrections. 


. Our grateful thanks are also due to Dr. Rabindranath 
Bhattacharya of Kalyani University, Dr. R. S. Banerjee, Dr. Samir 
Mukherjee, Dr. Dilip Chakraborty, Dr. Pinaki Ranjan Roy, Dr. 
Dipti Dutt of Netajinagar Day College, Dr. Y. De, Dr. N. Bhanja 
of Ramakrishna Mission Residential College, Narendrapur and 
Dr. S. Mukherjee of Ramakrishna Mission Vidyamandira, Belur 
for their constant encouragement in completing the work. 


Finally, we have to thank Sri Bimalendu Mahalanobis, M. A., 


for his careful reading of the proof-sheets and rendering many 
valuable observations. 


To conclude, we express our gratitude to the authorities and 
staff of Messers U. N. DHUR & SONS PRIVATE LIMITED, for 
their patient and helpful attitude in publishing the work. 


Comments and suggestions for the betterment of the book will 
be gladly accepted. For all its lapses and limitations the authors 
remain responsible. 


Calcutta A. Banerjee 
January 1999 S. K. De 


S. Sen 
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CHAPTER IL 


MATHEMATICAL PRELIMINARIES 


1.1. Proposition. 

A declarative sentence (not necessarily in the literal sense) 
which is cither truc or false but not both is called a statement. 

2, +35" is a statement which is true. 

‘In Euclidean Geometry the sum of the measures of the angles 
of a triang!* is Icss than or cqual to z’ is a statement which is false. 

The sentences ‘What is the aim of your life 7’, ‘May God bless 
you’ arc not statements’. 

We now define the conncctives, known as logical connectives, 
which are used to obtain new statements from a finite number of 
statements. 

Let 7, 4 denote two statements. 

(i) p Aq is a statement which will be read as ‘p and q’ and 
which is true if both p, q are truce and false otherwise. poate 

(ii) p Vv q is a statement which will be read as ‘p or q’ and 
which is false if both p, q are false and true otherwise. 

(iii) ~P is a statement which will be read as ‘not p’ and which 
is true if p is false and false if p is true. 

(iv) pg is a Statement which will be read as ‘p implies q” 
and which is false if g is false when p is true and otherwisc’ p > q 
is true. / 

(v) p< q is a statement which will be read as ‘p implies q 
and q implies p’ and which is true if either p, q are both true or 
p,q are both false and otherwise p <> q is false. 

A statement containing at least one logical connective is called 
a compound statement, otherwise the statement is called atomic. 
The statement ‘Ram is ill? is atomic whereas the statement 
“Zax <3A (x is a rational number)’ is a compound statement. 


a 
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A statement atomic or compound will be called a ‘Proposition’. 


*x? > 0 for every real number x’ is a proposition which is true, 


‘~ (2 is an irrational number)’ is a proposition which is true. 


A proposition concerned with the symbol x is usually denoted 
as P(x). Here P(a) denotes the proposition obtained from P(x) 
replacing ‘x’ by ‘a’ in every occurrence of x. We can denote the 
proposition ‘for a given real number x, xy=x for every real number 
y’ as P(x). We see that P()) is false while P(0) is truc. 

From now on we shall use p => q to mean that the proposition 
‘p— q’ is true and p => q will be read as ‘pimpliesqg’. p=>q is 
sometimes read as ‘p only if q’. 

pq will be used to mean that the proposition ‘p <> q’ is 
true and pq will be read as ‘p implies g and q implies p’. 
P © qisalso read as ‘p if and only if q’ or ‘¢ if and only if p’. 


1.2. Principle of Mathematical Induction. 

Let P(n) be a proposition concerning a natural number r.. 
If P(1) is true and if P(n) => P(n+ 1) for every natural number n, 
then P(n) is true for every natufal number n. 


1.8. - Theory of Sets and Related Topics. 
: “Here we'shall not attempt to give a precise definition of set 
‘ by the axiomatic treatment of the theory cf sets.-=Such a definition 
is not necessary for the development of our subject. Our approach 
“primitive notions like collection, elements, membership, 
<“welstéd to the concept of a set will be intuitive. 
a’ set-is defined as follows : 
' Any well-defined collection of objects of our perception or of 
our intellect is called a set’. 


Here ‘collection. of ubjects’ is to be regarded as a single entity 
in the form ofa set. By the term ‘well-defined’. we mean to say 
that it is possible ta speak unambiguously whether 2:1 object is a 
oaithoer or not a member of the collection, i.e, there is no doubt 
atout the membershifxor non-membership. Objects which are 
members of the colldotion will be called elements of the set, 


Intuitively .. 
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CoWection of all positive integers is well-defined and so this 
collection is a set. Collection of all real numbers close to the 
integer 0 is not well-defined and so this collection is not a set. 

The above intuitive notion of set will lead to many paradoxes. 
Such a paradox will appear if we try to speak of a set which 
contains everything. This paradox tan be avoided by having some 
set fixed for a given discussion and- considering only sets whose 
members are members of the fixed set. 

Sets will be usually denoted by capital letters A, B, C, etc. 
and members will be denoted by small letters a, 5, c, x, y, Z, etc. 
If A be a set and a be an element of the set A, we write a € A and 
read ‘a belongs to the set A’. If b is not an element of the set A, 
we write b & A and read ‘b does not belong to the set A’. 

Sets can be described in two ways: 

(i) Roster method : 

In this method we describe the set A by listing the elements 
cf the set. within { }. If A be the set of all integers-lying between 
2and 7, then A can be described as 4={3, 4, 5, 6} and in this 
representation the order in which the elements appear is ignored, 
so that the same set can also be described as {4, 5, 6,3} or, 
5, 4, 3, 6} etc. ; 

(ii) Property method : 

Let a set be such that an object is a member of the set 
if and only if the object has the property P, then the set can be 
described as {x: x has the property P} or as {x : P(x) is true}, 
where P(x) denotes the proposition ‘x has the property P’’. 
The set A mentioned above can be described as 

A={x;2<x<7 and x isan integer}. 


Null set = 

A set having no element is called a null set or an empty set or - 
a void set and denoted as ¢ or { }. 

The set {x : x is a real root of x?+x+1=0} isa null set. 

Subset and Equality : Let A and B be any.two sets, A is said 
to be a subset of Bif every element of A is also an element of B 
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and write A C B or BDA. 


(x € B). 
If A Cc B we also sayt 
B contains A. 


If A Cc B and there exists at I 
beBbutbe A, then Ais said to be a proper subset of B and 


wewrite 4c B or BDA. 

If AC B as well as BcaA, 
in this case we say that A and B are equal and write A=B. 
se we say that A is an improper subset of 


east one object 5 such that 


then the sets 4, B are same and 


Further in this ca 
Band also B is an improper subset of A. 
From the definition of subset it follows that the null set 4 is 


a subset of any set. 
For example, the set fl, 2, 4 is a proper subset of 
{4, —4, 0, 1, 2, 3}. 


Some authors write AC B whene 
per subset of B, and do not use the notation C 
B to mean that 


ver Aisa subset of B, not 
necessarily a pro 
or D2. Throughout the book we shall use A C 
Aisa subset of B. 


Union and Intersection - 
Let A and 8 be any two sets. 


denoted by A U B, is a set defined by 
AU B={x:x€A or x € Bi. 


Using logical connectives, 4 J B can be described as 
fx: (xe A)VGe B}- 

The intersection (or meet) of A and B, de 

set defined by 


The union (or join) of A and B, 


noted as A f) B, isa 


AQ) B=}e:xeA and xe B}. 
Using connectives, 4 J B can be described as 
{x : (xe A)A(x € B)}. 
If AN B=@, then A, B are said to be disjoint. 
For example, if 4={1,0, —1, 2}, B={0, 1, 4}, then 
AU B={1, 0, —1,2, 4} and 4M B={I, 9. 


So Ac Biffor any x, (v € A) = 


hat A is contained in B or equivalently 


s 
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At the beginning we mentioned that for 
in any given discussion with sets we keep some 
t under discussion -- 
This 


Universal set : 
avoiding paradoxes, 
set fixed such that we can assume that any se 
(unless otherwise stated) would be a subset of the fixed set. 
fixed set will be called universal set. 

If set theory bs applied in studying the algebra.of real nu 
numbers is taken as universal set, whereas 
set of all points in 
The universal set is 


mbers 


then the set ofall real 
in studying plane Euclidean Geometry the 


Euclidean plane is taken as universal set. 
usually denoted by ¥ or S or U. 


Difference of two sets : 
Let A and B be two sets. 


denoted as A —B, is defined by 
A-Bef{a:(aeA) A & B)}. 


For example, let A={l, 2, —1, 44 and B={fl, 4, 0, 3, 8}. 
Then A-B={2, —1}, B-A={0, 3, 8}. 


The difference of the sets 4 ‘and B, 


Complement of a set : 
Let S be the universal set and A be any set. 
is called the complement of the set 4 and it is usually d 
by 4¢ or A or A’. We shall denote the complement of A by A. 
Thus A={a:(aeS)A@E A)}- 


The set S—A 
enoted 


Venn Diagram : 


Sets and subsets and their union, intersection, difference, 


complement may all be represented by diagrams known as Venn 


diagrams after the name of British logician John Venn (1834—1923).. 
The universal set X is represented by the region enclosed by a 
daset is represented by its subregion enclosed by @ 


rectangle an 
ly within the region 


closed curve, usually a circle which lies entirel 
representing X (with an exception for representing the complement 
of aset). Subset of a set 4 is represented by a subregion enclosed 
by a closed curve lying entirely within the region representing A. 


The intersection of two subsets is denoted by the region common 
t the two sets. Likewise, the 


to the two regions which represen 
btained as different regions 


union, difference, complements are oO 
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resenting X. These are illustrated in the 


within the reciangle rep 
following diagrams : 


Aisa subset of B. 
Fig. 1.3.1 


The dotted region denotes A—B and 
the region shadcd by horizontal 
lines represent B—A. 

Fig. 1.3.2 


Shaded region represents AM B. 
Fig. 1.3.3 
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Shaded region represents complement A (Here 
we note that the set A is not represented by 
subregion of X enclosed by a closed 
curve as mentiond earlier). 

Fig. 1.3.4 


Shaded region represents AUB. 
Fig. 1.3.5 


8: 


Cartesian Product of two non empty Set 
The Cartesian product 


Let A and B be two non empty sets. 


of A and B, denoted as Ax B, is defined by 

Ax B={(a, b): (a € A) A (a € B)}. 
where the object (a, 6) is called an ordered pair which means 
intuitively a collection of the objects a, b with an idea of order 


that a is the first object and b is the second. 


For example let A={l, 2, 3}, B={0, — 1}, then 
AxB ={(L, 0), (i, — 1), (2, 0), (2, a 1), (3, 0); G3, =. 1} > 
Bc A={(0, 1), (- 1, 1), (0, 2),(-1; 2), (0, 3), (-1, 3). 


Here 1x B and Bx A are disjoint. 
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Power set of aset: Let A bea given set. The power set of 


the set A, denoted 28 P(A), is a set defined by 


P(A)={B: BC A}, i.e, P(A) is the set of all sub-sets of A. 


_ For example, if A={0, I}, then P(A) = {{0}, {I}, os {0, 1}}, which 
“has 4 distinct elements. 
Fundamental laws regarding Union, Inte 
ment of sets : , 
1. Commutative laws : 
(2) AUB=BUA 
(s+) ANB=BNA 
-where A and B are any two sets. 
2, Associative laws : 
(a) AU(BUC)=(AU B)UC 
-( AN(BN C)=(AN BNC 
-for any three sets A, B, C. 
- 3, Distributive laws : 
(a2) AN(BUC)=(AN B)uU (ANC) 
(6s) AU(BNC)=(AU B)N(AU C) 
_ for any three'sets A, B and C. 
“4. Absorption laws : 
(a) AU(AN B)=A 
(+) AN(AUB)=A 
for any two sets A and B, 
5. Idempotent laws: 
(a) AUA=#=A 
(b) AN A=A 
for any set A. 
6. Laws of complement : 
(a) AUA=X 
(bs) AN A= 
for any set A. 
7. Laws of identity: 
(a) AUg=A 
(bt) AN X#A 
for any set A. 


rsection and Comple- 
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8, De Morgan's laws: 

(a2) AUB)=“ANB 

(b) (AN B)=-AUB 

for any two sets A and B, 
Another important property regarding complements: and sub- 
sets: 

9(a) IfAC B, then A DB. 

9(b) fA DB, then A C B. 
Let us prove 8(a). 
For arbitrary x, x (A UB) => x 4 AU Band xe X 

=> (x ¢ A)A(x€ B) and x eX 
(for, if x belongs to any one of the sets A, B, 
then x will belong to A U B) 
=> (x € A)A(x € B) 
=xeAnB 
Thus, x€(4u By xe(ANB). +. (Au B)c(An B). 
Again for arbitrary y, yeAN BSO(ve AAG E€ Bland y eX 
=>yd (AU B)and peX> ye(AU B). 

Thus, ye AN By e(4 UB). (ANB) G (AU B). 
Hence we have shown that 

UB) C (AM B)and (AN BC(A V B). 

Therefore, (A UB)=(A 1 B). 
Similar proofs can be given for the other fundamental laws. 


We can also verify the law 8(a) by Venn Diagram. 
= 
= 


Fig. 1.3.6 AUB. 


First shade 4 U B with 
horizontal lines. Then(AUB) 
is the region outside A U B, 
shaded by upward slanted 
lines (Fig. 1.3.6) 
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Next we shade A and G 
‘shaded respectively by hori- 
zental and vertical lines, 
Then cross-hatched area is. 
ANB. (Fig. 1.3.7) 

Notice that (4U L)=ANT. 


Fig. 1.3.7 ANB 


Principle of Duality : 

The fundamental laws 1--8 regarding union, intersection,. 
complement have been listed in pairs, each law in a pair can be 
deduced from the other by interchanging U and f,¢ aad X, 


and for the pair of laws 9 (a), 9 (b) each can be obtained from the - 


other by interchanging C and 2, 4 and 4, Band B. 


‘If P be a proposition which is true and P° be the proposition - 


obtained from P by interchanging U and , ¢ and X,C and D, 
A and A, B and B, as mentioned above then P° is also true.” This 
is known as principle of duality. 

For example; interchanging U and / we get 8(b) from 8(a) and 
conversely. 


Mapping or Function : 

Let 4A, B be two non-empty sets. A mapping f of A to B, 
denoted as f: A — B gives a correspondence between the elements 
of A and ZG such that for every element a€ A, there exists a 
unique element b¢ B undér+ the correspondence. So formally 
mapping f: A — B can be defined as follows : 

A subset f of Ax B is called a mapping of Ato B if for every 
element aeéA, there exists a unique element 5¢ B such that the 
ordered pair (a, 6) é /. 

If, for the mapping f: A — B, (a, b)¢f, we write f(a)=b and 
say that, 6 is the image ofa under f. Here the set A is called the 
domain and the set B is called the co-domain-of the mapping. 

ff: AB. 


| 
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The set { f(a) : a € A} is a subset of B and it is called the range 
of the mapping f : A — B and it is denoted by f(A). 

If f[A)=B, then the mapping f: A— B is called a surjective 
or onto mapping. 

A mapping f: A — B is called injective or one-one if 
[f(a.) = flaz)l3(a, =a,), or equivalently, (a, ¥ ae}1/(a1)A/(@a)]> 
where a,,a, € A. 

A mapping f: A — Bis called bijective if it is both injective: 
‘and surjective. ; 

Iaverse of a mapping : 

Let f: dB be a mapping. If there exists a mapping. 
gi: Boa such that g(b)=aif and only if f(a)=b, where acd, 
b¢B, then g: B — A is called the inverse of f: A> B. 

It can be shown that the inverse of a mapping f : A —B exists 
and is unique if and only if f is bijective. Further, the inverse 
mapping (if it exists) is also bijective. The inverse of f: 4 > B 
is denoted by f-? : B > A. , 

Iff: A — B be bijective, we say that A is in bijective corres- 
pondence with B. 

As an example of mapping, let A={1,0, —1}, B={2, 1,0}. A 
mapping f: A— B is defined by fla)=a+1, where a€ A. Here 
S()=2, f(0)=1, f(-1)=0. So here f(A)=B and hence / is. 
surjective. Also /(0), f(1), f(—1) are all distinct and consequently 
Sis injective. Sof: A— B is bijective. 

The inverse f-1 : B —.A of the above mapping exists and it is. 
defined by f-*(b)=b-1, where b€ B. Here f-*(1)=0, f-1(2)=1 
and f-7(0)= -1. 

Finite set and Infinite set : 

Intuitively we can say that a set is finite if it has finite number 
of distinct elements. Precisely a finite set is defined as follows : 

A non-empty set A is called a finite set if there exists a positive 
Integer n such that there is a bijective mapping of the set J(#) onto. 
A, where J(n)={I, 2, 3,.......m}. Here thé positive integer n is 
called the number of distinct elements of the set 4. The null 
set is also taken asa finite set. The number of elements of the 


. 
i 
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= 


we shall denote the 


aul) set is zero. Now if 4 be any finite set, 
Jt can be shown 


numter of distinct elements of A by x(A). 
easily by Venn Diagram that 
n(A4 uU B)an(A)tn (B)-n (AN B) 
for any two sets A and 7. 
A set is called an infini 
shown that a set B is infinite if an 


correspondence with a proper subset of itself. 
For example, let N be the set of all natural numbers and let 


A=N-{l}. The mapping f: VN — A, where fin)an+1,7 € N,isa 
bijective mapping. Here A isa proper subset of N. So N is an 
_ infinite set. 


Countable set: 
A set A is called a countable set or an enumerable set if 
A, where N is the set 


there exists a bijective mapping of N conto 
of all natural numbers. 

It can be shown that the set of all integers and the set of all 
rational numbers are examples of countable sets. 

‘An infinite set A is called uncountable or non-enumerable if A is 


te set if it is not a finite set. It can be 
d only if it is in bijective 


not countable. 
It can be shown that the set of all real numbers is uncountable. 


A set is called at most countable if it is either finite or countable. 


Union and intersection of arbitrary collection of sets : 

Let ¢ be an arbitrary set called an index set (index set is 
not necessarily a subset of the universal set X). Then 
rafAgic¢eo} isa collection of sets, where each Ax C x. The 
union of the members of 7, denoted as U Aug, is defined as 


“Eo 
U Aa={x 2x € Ax for at least one x € ote 
AEC : 
The intersection of the members of 7, denoted as () Ax, iS 
a E> 
defined as 
[\ Aga{x ix € Ax for every < € of. 
née 


We observe that these definitions are consistent with the 
definitions of union and intersection of two sets. 
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If be a null set, we agree to define U Ax as the null set and 
“Eo y 


, 


f) A« as the universal set X. 
“Eo 

If ¢ bea finite set containing m distinct elements, say 1, 2,......,7 
then the union and intersection’ of the sets 41, Agyerrrns An aFe 
respectively denoted as U Ax and [\ Aas , 

' gal a= 1 

If a be a countable set, then we say that zx is a collection of 

countably infinite number of sets and in this case the union and 


intersection are respectively denoted as G Ax and A Ag. 
q= a=1 


From now we shall denote the null set ¢ by O, the union of A 
and B by A+B, the intersection of A and Bby AB. The union 
and intersection of finite number of sets A,, Ag,.----- > A, will then. 

; n n 
be denoted as ys Ax and [I Ax respectively and with these 
asl “«=1 
notations, the union and intersection of countably infinite number 
of sets are respectively denoted as S ae and Tl Ag. , 
ii t= 

To conclude, we mention here that De Morgan’s laws hold for 
any arbitrary collection of sets, In particular, for countubly: 
infinite number of sets, 

=, An) : 
nel : n=1 n=1 n=1 

Functions of a sivgle real variable : 

The functions studied in elementary calculus are particular 
mappings, where the domain A andco-domain B are subsets of 
R, R being the set of all real numbers. Here the function is. 
called a real valued function of a real variable and it is usually 
expressed as y=/(x) instead of f: A— B. 

We assume that that the readers are well acquainted with the 
concepts of limit, continuity, differentiability, etc. of real valued 
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In particular, we mention the 


functions of a single real variable. 
e existence Of inverse 


following theorem in connection with th 
function of a real valued function ofa single real variable : 

“Let f(x) be a real valued function of a single real variable x 
with its domain E C R and range X C R, where R is the set of al] 
real numbers. If f(x) is strictly monotonic increasing (decreasing) 
on E, then the inverse function f-2 exists which is also monotonic 
increasing (decreasing) on its domain X’. 


Some notations with reference to the set of all real numbers : 


From now we shall denote the set of all real numbers by R. 
‘Let a, b be two real numbers wherea <b. Thesetjx:a<x< 6} 
ig denoted as [a, 5] and is called a closed interval. The set 
fxra<x < Dhis called an open interval and is denoted by (a, 5). 
The set {x :a<x <5} is denoted by (a, 5] and the set {x:a< x<b} 
“by [a, 5) and are called half open intervals. The set R can also be 


denoted by (- ~, ©)- 


4.4. Functions of Several Real Variables. 

Let w= f(x, y) represent a real valued function of two 
variables defined in a domain D, where DCRxR. Let(a, be D. 
The function f(x, y) is said to be continuous at (a, b) if corres- 
ponding to every positive real number ¢, there exists a positive 
real number-s such that | f(x, y)—f(a, 5) | <é whenever 

|x-a|<s,|y-5| <é and (x,y) € D. 

The function fis said to be continuous on Dif it is continuous 
at every point of D. We can similarly define continuity of a 
function of three or more variables. 


Partial Derivatives : 


For the function u=/(x, y), the partial derivatives oe, os are 
x oy 


defined as 
Our, LMx+h, y)-flx y) 
ax p-0 he 
Ou _ry I, yrk)—-f y) 
oy k-0 k 
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provided the limits exist finitely. Higher order derivatives ae 


a2 ez o2 “a3 
> sxay’ ayer ora etc. are defined by 
ane 8 s2) o*u_ 9 | Bfu = 2%) etc 
Ox? oxldx/'ay* Syldy/’ axdy Oxldy ° 
A sufficient condition for the equality of ou and o*u; If 
OxOy 05 9x 


the function defined by u=f(x, y) be such that (i) a is conti- 


nuous at (a, b), (ii) ou exists in a neighbourhood of (a, 5), then 


a°u : O2u  O*u 
t pullin 
Syax exists at (a, b) and axBy  Oyox at (a, b). 


[Bya neighbourhood of (a, 5) we mean a set of the type : 
_ (x,y) a@-6 KX ats, b-s < y < b+4, where 6 > O}) 


Jacobian - 

Let uy=fi(X1y Xas--e-e > Xn)» for i=—1, 2,..-++ n, represent n real 
valued functions of ” real variables X,, X29-.-++- » Xn Then the 
Jacobian of 1, Ugy------ , uy, with respect to X,, X2,------ » Xn, denoted 

ry Oty» Wapesseo+y Un) , is defined as the value of the determinant 

Ax1» Xay-- oo9 Th, 

Ou, O41 ... ... Ou, . . 
Bx, OX, Orn , provided the partial 
Ole due Que derivatives exist. 
Ox, Oxy — " OxXn i 

O%n O%n oun 


| ax, Or, eee 


It can be shown that 


Ou, Uggescece * Un) 1 
O(x,, Xaperrevey Xn) Ox, Bz ie . Xn) 
Blur, Uareeres > Un) 
‘ O(X1, Xooeeeee+ > Xn) 0. 
provided Atha. Haniensers HE aa 7h 
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Criterion for existence of extreme values of a function of 


tnree variables * 


. of of Of... 
Let f(x, ys z) represent a functioa where ax’ Oy” Bi vanish at- 


(a, b,c). The function f(x, y, 2) has a maximum at (4, , c) if 


<0 

, a3f 33 

(i) in map >0 
ef of 
Gyax Oy 

(ii) | of af of 


| ax? axdy Ox0z | <0 
| Of Of arf 
dydx Oy? dydz 
ay of ay 
zx Ozdy 927 
at (a, b,c). On the other hand, f(x, y, 2) has a minimum at (a, b, c) 
if the valucs of the expressions (i), (il). (iii) dre all positive at 
(a, b, ¢). 
1.5. Stop Function. | 
Let f: (a, b] > R bea function, The real valued function f is 
said to be a step function defined on (a, 6), if there exist finite 
number of points C1, Coys» Cn € (4, 5) such that ‘ 
fic)=hko ifagx<ey 
ako tk, if cy <x < Cy 
skotky tk, if tg cx< oy 


mky tht thy if ch ox Sb 


where ku, ki, kgyeo++0y ky are all positive constants. 
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Here ¢4; Cys... Cn are called step points, We observe that 
a step function f has a jump discontinuity at each step point, 
since at any such point ¢,, 


Lit 5 I(x) ALt ‘ f(x) and the height of the jump at ¢ is 
xe 


‘x=e,* 
fe, + 0)—S(cs - 0) 
=Lt f(x)-Lt S(%) hig for 11, 2y,.000ele 
%—Ci+0 X—C;-0 


1.6. An Important Theorem, Some Important Principles and 
Inequalities in Classical Algebra. 


Wall Ordering Principle: Every non-empty subset of N has 
a least element, where N is the set of all natural numbers. — 
Archimedean Property of the natural order relation on the 
set R: : 
If a,b be two real numbers, where a> 0, then there exists 
a positive integer n such that n a > b. 
Somo important inequalities : 
(A) Ifa, 6 be any two real numbers, then 
(i) |atb| <]a] +] 
(i) [atb| >] la] - [6] |- 


(B) Vf yy Gy seer Gy 5B, Dyy ood, be real numbers, then 


(a,b, +4abato™ + nbn)? 
< (ay? tag? + Weenie? + y2)(b? + 6,7 + ensee’ by*). 


This inequality is known as Cauchy’s inequality. 
(C) If ay, dgy.e0eeen be positive real numbers, then 


tne ite. ~o S 
ae Ay. Ogdn > 


where equality sign occurs if and only if a, =a, =*°" = 4m: 
MP-2 
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Maltinomial Theorem - 
Ifn be a positive integer and G1, Fgs---+--» A are real numbers, 


then 
i, ecccee a,!k 


nia,ia 
eteces Le el uJ 
(0 +04 +--+ 04) = 7 lls tonctel 
i, +l, teetizea 
where the summation includes all terms corresponding to the values 
i, belonging to {0, I, 2..., n} subject to the condition 


Of iy, Egyesecees 
ig tie teoee +ipeon 


1.7% Euclidean Space R®. 


Let n be a given positive integer. 
of real numbers asa row matrix (4;, 45 


We denote an ordered n-tuple 
» Gy), where a, ER for 


Let R= §(X 15 Xapeceeee »X,)2 x_ ER for i=l, 2,...... nh. 
If Z—(Xzp Xgore cvev¥n) Nd B=(VarYar-eee¥n) bE any two 
elements of R® and x be any clement of R, then <+6, xx are 


defined as 
Zt Pa(Xy t+ Viy Xa t+ Vaveerers 


and Xm (XK yy XK gyere vers XXy)- 
These two operations arc respectively called vector addition 


and , scalar multiplication. Elements of R® are called vectors 
and those of R will be ca'led scalars. 
Inner product of < and 3, denoted as <.8, is defined to be the 
real number x,y). +423 + 
It can be shown that 
(i) <+B=B+< for all z, B € R®. 
(ii) Z+(B4+7)— (K+ B+ F for all <, B, VE R*, 
(ili) z+o-0+4=< forall ER", 
where o=(0, 0,...-+-, 0) € R” 
(iv) <+(-2) =o, where —<=(—- 1) , for all < € R". 
(¥) xx +B)—exa+xB 
(x+y)aaxat ya 
(xy) <= x (ya) 
1x=<, 
for all <, B « R® and forall x, ye R. 


»Xnt+Jn) 
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(vil) <.Pep.c 
(a+ 5) 7a (a. 7) + (B67) 
xa. p)=xae By 
forall 4,f,7€R", xe R 
and <.<2>0ifz #0. 
Theset R" with the above laws of ‘vector addition’, ‘scalar 


zuultiplication’ and ‘inner product’ is called n dimensional Euclidean’ 
space of ordered n-tuplc of real numbers. 


Lieear dependence and independence - 
Let S = {uy Xap , x be a finite subset of R”. S is said to 


be linearly dependent if there exist scalars X,, X » Xx, not all 
+X,4,20, Otherwise S is said 


zero, such that x, X,+*o%at"""’ 
to be linearly independent. 


Basis of KR”: 

Let @, be an ordered n-tuple whose i-th component is 1 and the 
other components are 0, where i is a positive integer satisfying 
1<i<n. Itcan be shown that (i) f@s, @gs.-..005 Saf i8 linearly 


independent'and (ii) any vector belonging to R® can be expressed 
asc, &, +, gto ten zZ, for suitable scalars C1, Cay----0+» Ene 

Anon 
the properties (i) and (ii). 

So {&.5 Gar---ee » &,} is a basis of R”. 

Further it can be shown that a basis of R” is not unique but the 


number of distinct vectors in every basis of R” isn. 
seeey Ant is called an orthonormal basis of R" if 


-empty subset S of R” will be called a basis of R* if S has 


A basis {X,, das. 
qi,eajeO0 forixs 


=] forixj, 


where | < jan. 


Again a finite subset {Bar Bareeseses Bat OF RY is called an ortho- 


normal set if 
Die By 90 for ij 
=] fori=j 


where 1 <i,/ <F. 
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f) below an important theorem : 
ing to R*® can be extendyy 
orthonormal set dees not 


We state (without proo 

“An orthonormal set of vectors belong 
to an orthonormal basis of R* if the 
already form a basis of R*.” 

We observe that the basis {2,, @:s--- 


basis of R*. 
From matrix algebra, we know that if A be an orthegusal 


wy Gat is an orthonorm:) 


matrix of size nxn, then A A’ 


and / is the unit matrix of sizenxn. 
1 Ziv Capeee ee ,<uf forms an orthonormal basis of R’ 


belonging to the set form the rows of an orthogonal matrix. ; 


So we observe that if_the s*: 
, then the vectats 


1.8. Riemann-Sticltjes Integral with respect to a Monovdnically 


Increasing Function. 
Let g bea real valued monot 


on {a, 6]. Also let f be a boun 
Let P= {xoy Xiyscsoes Sah be any partition of [a, 


ax, <%, <4 < 
We write Ag e(%1) = g(Xj-1) for inl, 2y.00+ 


Let UPS, gM Ais 


tel 


onically increasing function defined 
ded real valued function on [a, 6} 
b], where 


eocces < Xper <Xn =f. 
n. 


LP, f, 8) ->m ASG» 


where M;, m, are respectively the least upper bound and the greatest 
lower bound of f in [x,-1, %;j fori=1, Diets 
It can be shown that both the sets 
A,o UPS, 8): Pisa partition of fa, 5} and 
Are{L(P.S, 8): P isa partition of [a, 5} 


are bounded. 


Then the greatest lower bound of A, exists and this greatest - 


lower bound is denoted , dg and 
as i, {dg and the least upper bound of A, 


exists and this least upper bound is denoted by i fdg. 


=], where A’ is the transpose of 4- 


a 
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t § 
it fdg=[ fide. we denote their common value by {sas or 
4 . e 


sometimes by | : f(x) dg(x), which is called the Riemann-Stieltjes 


integral of f with respect to g over [@, b). 


Some important properties of the Riemann-Stieltjes integral 


1. If j. Sidg, i‘ Sadg exist and c is a real constant, then 
wf? Heefade[? fase {) fade 
(ii) [. c fag~cl. Sdg. 

2. If f(x) <fa(x) on La, 5), then 


{. fidgs [; fa 48, 


pravided the integrals exist. . 
b “, 
3. If \. fdg exists for some monotonically increasing fancer 


-g on [a, 5], then 


d b 
||? sae |<] | f| dg 
a 
We observe that if g(x)=x and f is bounded on [a, 5], then 


b 
|; fdg is equal to Riemann integral I. fdx provided it exists. 
’ a 
b 
If {: f dx exists we say that is bounded and integrable in [a, 5). 


In this connection we state some important theorems. 
1, If f is bounded and integrable on [a, 5) and if there exists & 


function ¢ such that 4 [4(x)] =f(x) on [a, 8], then 


b 
[jf dx= (be). 
This is known as Fundamental Theorem of Integral Calculus. : 
2. Let f be bounded and integrable on [a, b). A function 
F : |a, b] > R is defined by 


Fay {" fudt, ag <b. 
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Then F is continuons-on (2, 
at a point c of [a,b], then Fc) =S(0)- 

3. Iffis continuous on [a, 5], then Sis integrable on [a, 5). 

4, Iff is bounded on [a, b] and f has a finite number of points 
of jump discontinuity on [a, b], then fis integrable on [a, 5). 
_ Wenow state a theorem which gives a method of evaluating 
‘Riemann-Stieltjes integral by evaluating a Riemann integral. ma 


If f is bounded and in 
on {a, 6), then 


[° sae {7 fle) ax) dx, 


-where g is a monotonically increasing function on [2, 5]. 


tegrable on [4, bj and g’ is also integrable 


An important result on Riemann-Stieltjes integral : 


Let {xp} be a sequence of distinct points in (0,1). Let D+ us 


nel 


is 
be convergeht where ¢, > 0 for all n. 


Let g(x)= > &n ¥ (@- as 
ant 
where ¥(x)=0, if x <.0 


The#, if f is continuous on (0, tb. fdg= > Cn {(%n)- 


nel 


1.9. Workiag Rule for Evaluating Double Integral of a Function 
f(z, y) over a Region. : 
Here we consider double integral of a real valued bounded 
function f(x, y) defined on a closed bounded subset D of Rx R. 


If the double integral {\ f dx dy exists fora bounded function 
D 


defined on a closed domain D bounded by the curves 
Y= (x) V=Y(x) 5 x= 4, x=, - 


4 


b] and furthermore if f is continudys; 
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where ¢, y are continuous and bx) < x(x), for all xela, b] and if 


- plx) 
the integral [ fdy exists for each xe (a, 5), 
$(x) 


then the repeated 


integral 
‘. W(x) 
| {| fay} dx also exists and - 
a 


o(%) 
. #(x) 
\\ faxdy-{ {| fdy } dx. 
é 
D ¢(x) 
In particular if D be the rectangular region 


fx, y):acxcbcsy <4}, then 


{ly ax dy=(*{{ fo nay a 


provided {: fix, y) dy exists for each x € (a, 5). 
Je 


Change of variable : 


“Let the double integral f Six y) dx dy exist for a bounded 
D 


function defined in a closed domain Dof Rx:R. Let reg{u, v) 
~y =y(u, v) represent a one-to-one mapping of the closed region D of . 
xy plane into D' of the uv plane, where the. functions o(u, v) and 
v(u, ¥) have continuous partial derivatives of first order at every 
point.of D’. 
If the Jacobian J=- 2%) 0, then 
; au,y) 
Sf Me, y) dx dy= ff fists, »)s u(t, v)} | J | du dv. 
D D 
Beta Function and Gamma. Function. 


1.10. Improper Integrals, 
integral if f \s 


, b : : 
An integral | f(x) dx is said to be a proper 

: —, 
bounded in [a, 6] and a, are finite. An integral is said to be an 
‘improper integral if it is not proper. 
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Let f be defined and Iet f be bounded in [a+«, 5 for every 
«such that 0 < ¢< 4-aand let A or—-@. Then 
x--a 


the symbol ‘i fix) dz is said to be an improper integral where ‘gq 
e 
is a point of infinite discontinuity of f. Iffis integrable in [a+e, 5) 


r) 
for every «, where 0 < « < b-a@ and if on W(x) dx exists 


finitely, then i. fdx is said to be convergent and the value of this 
a 


) 
limit is called the value of the improper integral { fdx. We can 
a 
define similarly the convergence and the value of the imptoper 
integral i: fdx where (i) f is defined in [a A] and f has an 


infinite discontinuity at & and / is bounded in [a, 6 -¢ for every 
¢ where 0<e<b—a, or, (if) f is bounded in (a, c—€,] and [c+ €,, b] 
for every €;, €; where a << c-e, <e<ct+é, <b and/f has an 
infinite discontinuity only at c where a<c< 5. In case (ii), 


the value of i. Sf dx, when convergent, is given by 
a 


c-€, b 
dx=Lt 
I. dx ul, fdx+ | fax], 
€,—-0+ c+, 


Improper integrals mentioned above are called improper integrals 


1 dx t dx [* d. 2 : 
of type II. f; ws i, po {: Fas are improper integrals of 


type II of which only the first integral is convergent and 


{: c= Lt av \.S “WX wht [2-2 ]-2. 


The symbols i dx, fr dx, | f dx are called improper 


inteprals of type I. 


Let f be bounded and integrable in {a, B] for every B> a. 
B 


me uf , £2 exists Saitely, then {: J dx is said to be convergent 
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andthe value of this limit is called the value of the improper 
integral ? fdx, Similarly we can define the convergence and the 


value of i" f dx. 
Now let f he bounded and integrable in [B1» B,] for all B,, Bs 
where B, < 0,8, >0. If Lt ie {dx exists fiaitely, then 
By -o 


Ba 


{- fax is said to be convergent and the value of the limit is called 
the value of the improper integral " S dx. 


[" dx \" e~* dx, [- e-* dx are improper integrals of type I. 
0 -» - 


-. x?’ 


"Let us examine the convergence of le e-= dx. We sec that 
ir (° ent dx (B > 0)» 7 (—e-B+1)=1, which is finite. 
A-»x Jo ‘ Box 
So i" e-* dx is convergent and its value is 1. 
°o 


Finally, we introduce the concept of the convergence and the value 

of improper integral of the form [: fdx where Lt [f(x)| = 
a a—>e 

andc >a. Such an integral is an improper integral of mixed type. 


\" = dx is an example of improper integral of mixed type and in 
0 


eer a p-= 
this case we say that \ €— dx is convergent it { Tx dx and 
° x 


o x 
[" e™* dx are both convergent where d > 0 and the value of 


* e* : * eo= "ere wo 
i. or dx is defined as \: Aes dx+ | ve dx provided the 


first improper integral of type If and the second improper integral 
of type I are both convergent. 
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Abgolute Convergence : 


The improper integrals 
are called absolutely convergent if 


and i [ft dx are respectively convergent. 
a 


"A proper integral \. f dx (when it exists) is also said to be- 
‘i : 


a fe 
convergent atid it is said to be absolutely convergent if [" | f | dx 
exists.” 


Itcan be shown that every absolutely convergent integral is 


convergent. Convergence and absolute convergence of improper 


integrals of the types "fae (Riemann-Stieltjes) and [" ie f(x, y) 


dx dy can similarly be defined. 


Beta Function : 
% 1 : . 
It can be shown that the improper integral { xm-2 (1 —x)"2 dx 
a 0 


is convergent if and only ifm > 0,1 > 0. We denote the value of 
the integral (if convergent) by B (m, a). The real valued function 


of two variablés m, n defined by °B (27, 1) = [: x™-1(1—x)"-2 dx, if 
tok o : 
m>0, n > 0, is called the Beta Function. : 
-Gamma Function : 
It can be shown that the improper integral ie etx" 1 dx is 
Oo 


convergent if and only if > 0, We denote the value of. the integra! 
(if convergent) by I'(n). The real valued function of one real 
variable nya =|" ert x2 dx, j 

ariable n;:defined by [(n) { of *" + dx, ifn > 0, is called the 


Gamma Function. 


r 


(ran (0 fam [0 rae [gee 
(-irids [7 Islas ("if 
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Important properties and formulae. . 
ye i 0. 
1. B(m, nj =B(n, m)= [" Ga dx, if m > 0,n > 
2. F(nt+1)=nF(n), ifn > 0. 
F(n+1) =n}, ifn isa positive integer 
3. MM)el. 
4. Bk, 4)=7 
5 _F(m)F(n) ; 0.n>0. 
5, Bim, n) “Fim+n)" ifm > 0,2 > 
6. F)= Jz 
1. er dx=3r(y=%. 
peiratt 
2/2 4 T( 2 a 2 ) 
h. sin?x cos¢x dxX=% ptqt2 
\ Tes) 
ifp>-i,q>-1 
Examples I 
12 Let 1-40, $4, -1, 1}; Be{0, 4}; C={-1,.1, 45 
D={-1t; E={0, i}. 


State which of the following statements are true: (Give reasons) 
Graal di) DEA, (iii) BN D=¢,. 
(vy) (GUC) CA &) AHBUCUDYU Ez, 
ivi) Number of distinct elements of Bx D is three. 
9, Inaclass of 30 students, 15 students have taken English, 
10 students have taken English but not Sanskrit. Find the number 
of students who have taken (/) Sanskrit and (ii) Sanskrit but 
not English. Assume that every student of the class takes at least 
one of lhe two subjects English and Sanskrit. 
3. Show that the mapping f: Z— Z where fix)= [x | and 
x €Z is neither ihjective nor surjective where Z is the set of all 
integers. 
$, Examine whether the mapping f: R— R has inverse ~ 
where f(x) =e”, x€ R and 2 is the set of all real ne ebers. 
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6. Show that {(Js: ae 73) ; (-J5 0, sa) 
a) 
is an orthonormal basis of R°. 


‘6. A function f is defined and bounded on[ —1, 1] and the 
function g is defined as follows : 


a(x)=0 ifx< 90 
-Lifx=—0 
=lLifx> 0. 
_If the Riemann-Stieltjes integral 
its value is /(0). 
9. Evaluate : 


a") 


J dg exists then prove that 
1 


2 
(i) \ dg where g(x)=x, if O<x<1 
°o 
=2+x, if lox <2. 


(ii) {> d ({(x] —x), where [x] denotes the greatest integer not 
o 
greater than x. 


8. Ina survey of 150 students, it was found that 40 students 
studied Economics, 50 students studied Mathematics, 60 students 
studied Accountancy and 15 students studied all the three subjects. 
It was also found that 27 students studied Economics and 
Accountancy, 35 students studied Accountancy and Mathematics 
and 25 students studied Economics and Mathematics. Find the 
number of students who studied only Economics and the number 
of students who studied none of these subjects. 


Answers 
1. (i) True, (ii) False, (iii) True, (iv) False, (v) False, 
(vi). False. 


2. (i) 20, (ii) 15. 3.) #2, (ii) 2. 8. 3:, 72. 


CHAPTER II 
THE CONCEPT OF PROBABILITY 
2°1. Introduction. 


The word ‘probability’ synonymous with the word ‘chance’ is 
used with reference to a’class of experiments known as random 
experiments which will be defined precisely in the next section. 
We use the word ‘probability’ in many situations without conceiving 
a definite meaning of the term. For example, we say ‘the proba- 
bility that it will rain tomorrow is 70%’, ‘the probability of 
getting a head in tossing a coia is 40%’, ‘the probability of a 
new born baby to be a girl is 50%’ , etc. The word ‘probability” 
used in the above statements expresses our degree cf belief on 
happening of some events like ‘it will rain tomorrow’, *we will get 
a head in tossing a coin’, ‘a new born baby will be a girl’, etc. But 
actually here we try to characterise probability in an unscientific 
manner. 

Before giving a proper meaning of the term ‘probability’ which 
can be used in science, we distinguish betwecn two types of 
phenomena, namely (i) phenomena whose future behaviours are 
predictable in a deterministic manner, (Ji) phenomena characterised 
by the fact that their future behaviour not predictable in a deter- 
ministic fashion. As an example of phenomena mentioned in (/), 
we consider the experiment of throwing 2 particle vertically upwards 
with a given initial velocity w under cunstant gravity gina medium 
which offers no resistance. Here the greatest height H is determined 


= . 
uniquely by the well known formula H “ae Here we can predict 


the value of the greatest height with certainty if the initial velocity 
uw and the acceJeration due to gravity g be known. Further if the 
experiment be repeated under identical conditions, the value of the 
greatest height will be same in every performance of the experiment. 


Now if we carefully examine the meaning of the tern» ‘identical 


i e 
_condition®. we find that the experiment once performed cannot b 


performed again exactly under the same conditions, since in practice 
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1 1 1 
s. show that {(J5+ 75: a): (we 75) 
4, 4a) 
( ve ye v6 
is an orthonormal basis of R°. 
: Be A function f is defined and bound 
function g is defined as follows : 
g(x)=0 if x< 0 
-Lifx = 0 
=1 if x > 0.. 
_If the Riemann-Stieltjes integral f. f dg exists then prove that 


ed on[ —1, 1 ] and the 


its value is (0): 
“9, Evaluate : 
2 
(i) [z ag where g(x)=x, if O<xX< J 
oO 
=2+x, if 1<x <2. 


& 


(ii) \z d ({x] —x), where [x] denotes the greatest integer not 


a 
‘greater than x, 


8: In a survey of 150 students, it was found that 40 students 
studied Economics, 50 students studied Mathematics, 60 students 


sage Accountancy and 15 students studied all the three subjects. 
t was also found that 27 students studied Economics and 


Accountancy, 35 students studied Accountancy and: Mathematics 
and 25 students studied Economics and Mathematics. Find the 
number of students who studied only Economics and the number 
of students who studied none of these subjects. 


Answers — 


1. (i) True, (ii) False, (iii) True, (iv) False, (v) False 


(vi). False. 


2. (7) 20, (ii) 15. 2) 2, Gi-2, eae 


used in the above statements expresses OU 


_ experiment be repeated un 


condition’. we find thatt 


CHAPTER I 
THE CONCEPT OF PROBABILITY 


9°1. Introduction. 

The word ‘probability’ synonymous with the word ‘chance’ is 
used with reference to a’class of experiments known as random 
will be defined precisely in the next section. 
robability’ ia many situations without conceiving 
a definite meaning of the term. For example, we say ‘the proba- 
bility that it will rain tomorrow is 70%’, ‘the probability of 
ead in tossing 4 coin is 40%”, ‘the probability of a 
be a girl is 50%’ , etc. The word ‘probability” 
r degree cf belief on 
ike ‘it will rain tomorrow’, ‘we will get 
born baby will be a girl’, etc. But 
probability in an unscientific 


experiments which 
We use the word ‘p 


getting 4 h 
new born baby to 


happening of some events | 
a head in tossing a coin’, ‘anew 
actually here we try to characterise 


manner. 
Before giving a proper meaning of the term ‘probability’ which 


can be used in science, we distinguish between two types of 
phenomena, namely (i) phenomena whose future behaviours are 
predictable in a deterministic manner, (ii) phenomena characterised 
by the fact that their future behaviour not predictable in a deter- 
ministic fashion. AS an example of phenomena mentioned in (i), 
we consider the experiment of throwing a particle vertically upwards 
with a given initial velocity 4 under cunstant gravity gina medium 
which offers no resistance. Here the greatest height H is determined 


Zz 
uniquely by the well known formula 4 ry Here we can predict 


y if the initial velocity 
o gravity g be known. Further if the 
der identical conditions, the value of the 
performance of the experiment. 
meaning of the tern, ‘identical 
ent once performed cannot be 
conditions, since in practice 


the value of the greatest height with certaint 


u and the acceleration due t 


greatest height will be same in every 
Now if we carefully examine the I 
he experim 
performed again exactly under the same 


eae gy 
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1 velocity «in any two trials (a particular 
atrial of the ‘experi- 


t will be called 
But the variations in the values 


hat we can neglect such 


the values of the initia 
performance of the experimen 
ment) cannot be made exactly equal. 


of u in different trials are very small so t 
variations and therefore, in spite of such variations we state that 


the experiment is repeated under indentical conditions. So ‘identical 
conditions’ mean not exactly identical but as identical as possible. 
Thus in practice, the truth of the statement ‘greatest height is same 
in every performance of the experiment under identical conditions! 
can be verified only in the above approximate sense and in this 
sense we can state ‘identical values of 4 under identical given 


conditions yield identical values of greatest height.’ This is true 
So the basic conviction of science 


for every such experiment. 
identical conditions yield identical results’ can be verified only in 


- the approximate sensc. 
From now the phrase ‘identical 
conditions’ will always be understood in this approximate sense. 


The experiment mentioned above belongs to a class of experi- 
ments for which we can state ‘identical conditions yield identical 
results’ and so results are predictable in a deterministic fashion. 

As.an example of the phenomena mentioned in (ii) we consider 
the experiment of tossing acoin. If we repeat the experiment under 
identical conditions, it will be observed that the possible results 


‘will be either a ‘head’ or a ‘tail’ and an exact prediction of the result 
lis always impossible. Similar remarks cap 


conditions’ oF ‘uniform 


in any particular tria 


be made for other experiments of thi 
drawing a card from a pack of cards, predicting the sex of @ new 


born baby, telling the number of particles emitted by a radioactive 


_ source in a given interval of time, 
the reasons for unpredictability of the results with reference to such 
experiments but we want to give emphasis on the fact that if such 
an experiment be repeated under identical conditions the results 
are not uniquely determined by the initial coaditions but vary at 


random. 
Thus we see that there is a class o 


that exact prediction of the results 


f experiments which are such 
of individual trials are 


s type, like throwing 8 die, 


etc. We do not attempt to explain 


‘of the theory of p 
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impossible. But if we turn our attention from the individual trials 
to the whole sequence of trials of a given experiment of the above 
class, we shall see that the results of a Jong sequence of trials of a 
given experiment show a striking regularity. This type of regularity 
is known as ‘statistical regularity’ and it will be explained in $2.7. 
Oa the basis of this regularity a definite and concrete meaning 
‘the probability that it will rain tomorrow in & 
‘If we conceive of a large 
today, then 
y days with 


of the statement 
locality is 70% .can be given-as follows : 
number of days in the past with conditions like 
approximately 70 per cent of the days were followed b 
rain, 3u per cent were followed by days without rain. 


The above mentioned regularity is observed in many 
- probability theory to Physics, 


Statistics or any other branch of 


actually proceeds from the conviction in the existence of 
s based on statistical regularity. We give an example of 
y in Physics based on this conviction. 


f Molecular Physics, every substance 
in constant 


natural 


phenomena and so application of 
Biology, Engineering, Economics, 


Science, 
probabilitic 
the application of probabilit 
From the point of view 0 
consists of an enormous number of small particles , 
interaction. Little is known about the nature of these particles, 
their interaction, mode of motion,etc. But the-problem here is not 
to study the individual particle motion but to investigate - the 
regularity that arises in assemblies of large number of moving and 
interacting particles. Thus’ in 1802, Dalton enunciated his law for 
the pressure of gas mixtures, was based on the tacit assumption 
that the motion of all the particles involved as.uniform. By the 
middle of the century Clausius (1847) and Joule (1857) bad shown 
how to express the pressure in terms of the mean velocity of the gas 

d these ideas to the random 


molecules. By 1860 Maxwell applie 
motions of gas molecules and from this Statistical theory of gases 


s rapidly developed. 


wa 
At the end, we mentio 


n some important applications of theory 
in various branches of knowledge. Gauss (1777-1855) 
827) discussed independently the applications 

ical analysis of errors of 


robability to numer! 
L and astronomical observations, The 


of probability 
and Laplace (1749-1 


measurements in physica 


32 | MATHEMATICAL PROBABILITY, 

enormous development of life insurance'since the beginning of the 
nineteenth century was rendered possible by a corresponding: 
development of actuarial mathematics, which is based on the 
‘application of probability to mortality statistics. Methods of 
mathematical statistics have been introduced into many fields of 
practical and scientific activities. The mathematical theory on 
which these methods are based rests on the foundations of the 
theory of probability. 

The. theory of probability, which at the present day is an 
important branch of mathematics, with a wide field of applications 
as mentioned above, has developed from a very abased origin. The 
true origin of the theory lies in the correspondence between two 
great men of the seventeenth century, Pascal (1623-1662) and 


‘Fermat (1601-1665). In the French society of the 1650's, gambling 


was a popular aad fashionable habit. With the introduction of 
more complicated games with cards, dice, coins,etc. where enormous, 
sums of money were at stake in gambling establishments, the need 
was felt fora logical method for calculating the chances of i Winning 
for gamblrs in, various games. A French nobleman Chevelier 
“De Méré,; a man of ability and great experience in gambling had the 
’ idea of consulting the famous imathematician and Philosopher 
Pascal in Paris on.some questions with certain games of chance. 
and this gave rise to a correspondence between Pascal and Fermat. 
This correspondence forms the origin of probability theory. At 
this early phase of the development no systematic theory of 
probability had been worked out, and the whole subject consisted of 
a collection of isolated problems concerning various games. At this 
stage, the basic concepts were not defined with sufficient precision. 
This vagueness frequently led te paradoxical conclusions (e.g., 
Bertrand’s paradox—Gnedenko p-34, Ex. 2). So it became necessary. 
to study systematically the basic concepts of probability theory 
and to clarify the conditions under which the results of the theory 
could be employed. 
‘In the next sections. of this chapter we shall define and explain 
the basic concepts like random experiments, events, statistical 
regularity etc. and discuss various attempts made to define 
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probability leading toa rigorous foundation of the mathematical 
theory of probability. 


fine Random Experiment. 


An experiment is generally thought of as one or more acts which 
result in some outcome. 


An experiment Z is called a random experiment if (i) all possible 
outcomes of E are known in advance, (ii) it is impossible to 
predict which outcome will occur at a- particular performance of 
E, (iii) E can be repeated, at least conceptually, under identical 
conditions for infinite number of times.) 


The experiment of tossing a coin is an example of random 
experiment. Here the possible outcomes are, ‘head’ and ‘tail’, but ~ 
it is impossible to predict which outcome, namely “ ‘head’ Or 


‘tail’, will occur at a particular toss of the coin under the given 
conditions. 


Other examples of random experiment are ‘throwing a die’, 
‘drawing a card from a full pack of 52 cards at random’, etc. 

We observe that outcomes are not uniquely determined by a 
given random experiment. The outcomes are determined by the 
purpose for which the experiment is carried out, 

Let us consider the random experiment of noting whether two 
given components of a machine are functioning properly or not. 
If our purpose is to count only the number of components 
functioning properly (but not interested in exactly which of the 
components are functioning properly) then there are only three 
possible outcomes, namely, ‘two functioning properly’, ‘two 
malfunctioning’, ‘one functioning properly and one malfunctioning’. 
But if our purpose is to note exactly which of the components are 
functioning properly, then denoting two given components as first 
component and second component, we see that the possible outcomes 
are ‘first functioning properly, second- functioning properly’; 
‘first functioning properly, second malfunctioning’; ‘first matl- 
functioning, second functioning properly’; ‘first malfunctioning, 
second malfunctioning’ : i.e., in this case there are four outcomes. 


MP-3 
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Brent Space- ; : 
The set of all possible outcomes (determined for a given purpose) 
E is called the event space of the 


of a given random experiment 
experiment and it will be denoted by 5S. Here the outcomes, -also 
called event points, are the elements of S. The event space S of 


the random experiment of tossing a coin is {#7, T}, where H denotes - 
the outcome ‘head’ and T denotes the outcome ‘tail’. -This jis 
an example of a finite event space. The event space S corresponding 
to the experiment of choosing a number at random from the 
interval.(2, 4) is the sct (2, 4) which is an infinite set. Anothey 
example of finite event space is given below : 

Let E be the random experiment of throwing a pair of dice, 
The corresponding event space S is given by 

Sa f(L, 1), (Lo 2s (ly 3)s (ls 4s (Us So (1s 6) (25 1s 2s 2)s---s16, 6)} 
which contains 36 distinct outcomes. ! 


V2.4. Events. . ; 
Intuitively an event of a given random experiment can be looked. 


upon as a statement whose truth or falsity is determined after the 
experiment. Let P be a statement and let A be the set of all out- 
comes (of £) for which Pis true. Then the event expressed by P-- 
can be described by 4A which is a subset of S, where Sis the’: 
event space of E and we say that 4 isan event. We know that | 
only one outcome belonging to S will occur in a_ particular 
performance of E. Now if ‘a’ be any element of 4 and ‘a’ occurs 
at a specific trial of E, we say that the event A has happened and if 
an outcome ‘b’ occurs where b ¢ A, we say that 4 has not happened. 
Let us consider the random experiment of throwing a die. Here 
S~{l, 2, 3, 4,5, 6} Let 4={2, 4,6} be an event which can be 
described verbally as ‘even number appears in throwing a dic’. 
Here the event A happens ina specific trial of the given random 
experiment if and only if exactly one of the dutcomes.‘2’, ‘4’ or ‘6’ 
occurs in the trial. 
From above we find that formally an event 4 of a given random 
experiment can be defined as a subset of the corresponding event 
space S. To avoid certain difficulties, we must place restrictions 
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on subsets (of S), termed as events, to which probabilities 
can be assigned (to be defined later). In a given problem there 
will be a particular class 4 of subsets of S such that any member 
of A can be called an event and 4 will be called the class of events. 
If the event space S be at most countable, then every subset of S 
can be anevent. But this is not true when S is uncountable. Let 
S=[0, 1] which is uncountable and let the probability assigned 
be such that P(A) = 6 - 2, where A denotesthe event jx:a<2x< By - 
wd0<a<b<l. Then it can be shown that not all possible 
subsets of S can be assigned probabilities in a manner consistent 
with the axioms of probability stated in’ 3.1. 

_ Before defining precisely which subsets of S can be called events, 
we shall describe some particular events of a random experiment 


verbally and give the corresponding set theoretic notations. 


Let A and B be any two events of a given random experiment. 
isan event which 


nion of the sets A and B, denoted by A+B, 


‘1eu 
equivalently ‘at least one of 


can be verbally stated as ‘A or B’ or 
Aand Bp’. The intersection of A and B, denoted as AB, is an event. 
which can be verbally stated as ‘both 4 and B’. The complement 
of 4, denoted as A, is an event verbally stated as ‘not 4’. In general, 
the union and intersection of finite or countably infinite number 
andom experiment are also events of the same 


of events of a givenr 
» Angee ee are events, then the 


random experiment. If As Agoeeree 


ted as ‘at least one Of Ai, Aay----- > 


event > An is verbally sta 


nel 
Auiestevs ’ and the event Il An is verbally stated as ‘all of Ay, 
neal 


An event of a given random experiment is 
ent if it can never happen in any performance 
ment under identical conditions. Such an 
ubset O of the corresponding 
h the random experiment of 
is an impossible event. 

random experiment is 
formance of the 


“Impossible event : 
called an impossible ev 
of the random experi 


event is described by the empty s 
In connection wit 


he event ‘face marked 7’ 


An eventof a given 
happens in every per 


event space 5S. 
throwing a die, t 

JSCertain event : 
called ‘certain event’, if it 
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xperiment under identical conditions, 


Formally a certain event is described by the set S, which is the 
corresponding event space. In connection with ae random 
experiment of tossing a coin, the event ‘head or tail’ is & Certain 
event and it is described by tlle event space S={H, Th. 
| Now we shall not give details of mathematics to precisely 
explain why the above mentioned subsets of S should be calleg 
events. Instead we state the following properties which seem 
reasonable to define the class 4 of subsets of S forming the class 
of events of a given random experiment : 
(i) Sea. 
(i) If4ea then Aes. 
(iit) TE Ary AgyerroeAng see € Athen 


corresprading random ¢ 


pa An € 4. 
Rel 
Any member of 4 will be called an event of the given rando.n 
experiment and this is consistent with the notion of events 
introduced at the beginning of this scction. | 
ms Aclass 4 of subsets ofa given set S, satisfying (i), (ii), (iii) 
stated above is called a o-algebra or a o field or a Bore] field. 
The following theorems follow from the properties (J), (ii), (iii) 
of A. 
/Turorem 2.4.1. O€ 4. 
Proof: By(?) Sea 
Then by (if) Sea. But S=O. 
Hence O € 4. 
TasorEM 2.4.2, If A,, Ags---.-., 4n G4, then 
ArtAgtmrtAed 
and AiAge--ss.dn € A. 
Proof: By Theorem 2.4.1, we see thet O € 4. 
Then if we take 4,=O for i=n+1,n+2 
then Ay, Agy-- vere, Ans Aneise...00 4. 
By (iii), we get 
Art dg teers +Ant+O+0+4 sree A, 
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Hence Ay +AgtAg terre + An € Oe 


Now by De Morgan’s law, 
At Aas As @ ay Agi An 


then TI 4,€4. 
m=, 


Proof: By (ii) and (iii), we get > A,€4. Now by 
mBewmis 
De Morgan’s law, Daa O As. Now by (ii) 
n= 


.-2oL 


34, 4, 
asl 


Hence Tl A, €4. 
2 Lap § 


N.B. The impossible event O never happens ip any performance 

of the corresponding random experiment E and the certain event S 
happens in every performance of E,but any event A(;O, S) may or. 
may not happen when E is performed under a given set of 
conditions and for this reason an event other than impossible event 
and certain event is called a random event. But we shall use 
‘random event’ to mean any event (impossible or certain or any 
other event) of a random experiment and as such ‘events’ will 
also be called ‘random events’. 


25. Simple and Composite Events. 
An event A is called a simple event or an elementary event if 
A contains exactly one element, i.e., A can happenin only one 


' way in any performance of the corresponding random experiment. 


An event is called a composite event if A contains more than 
one element. Some authors use ‘compound event’ in place of 
‘composite event’. 


LITY 
t of throwing an 
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In connectio 
ordinary die,the event space S is give 
S={l, 2, 3, 4,5, 6}. 
Let di) Bur C3 be respectively the three event 
A, = (2, 4, 6}, “Bi ={3, 6}, C, = {2}. 
The events 4, and B, are composite events whereas the event 
C, isa simple event. 
N.B. Many authors use 
space’. But we shall use ‘Event space’ throug 


treatise. 

x6. Mutually Exclusive Events. 

Two events connected to a given random experimen 
to be routually exclusive if A, B can never happen simultaneously 
in any performance of E, ie.,if A4B=O. In connection with the 
random experiment of throwing a die, the events ‘multiple of 3° 
and ‘a prime number’ are not mutually exclusive, since the number 
*3” is a multiple of 3 as well as a prime number, whereas the events 
‘even number’ and ‘odd number’ are mutually exclusive events of 


the same random experiment. 


n with the random experimen 
n by 


s defined by 


‘Sample space’ in place of ‘Event 


t E are said 


al. Exhaustive Set of Events. 
A collection of eventsis said to be exhaustive if in every performance of 
the corresponding random experiment at least one event (not necessarily’: 
the same for every performance) belonging to the collection happens. 
In set theoretic notations the collection of events {A,: <e J} is 
exhaustive if and only if 


Sy Ae=S, 
ael 


where Jis an index set and S is the corresponding event space. 
In connection with the random experiment of throwing a die the 
collection of events {4,, As, As} is exhaustive where 

4A; ={l, 3, 5}, A,= {2}, As ={4, 6}. 


As, Statistical Regularity. 
at a random experiment E be repeated N times under jdentical 
conditions, in which we note that an event A of E occurs N(A) 


hout. the present . 
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times. Then the ratio Hta) is called the frequency ratio of A and 


is denoted by f(A). Now if the random experiment E is repeated a 
very large number of times, it is seen that the: frequency ratio /(A) 
N(A) gra- 


—_—_— 


gradually stabilises to a more or less constant, /.¢., S(A)= W 


dually tends to a constant number as N becomes larger and larger. 
This tendency of stability of frequency ratio is called statistical 
regularity and this fact was confirmed by many experimental 


results. 


\2.9. Classical Definition of Probability. 

Towards the beginning of the 19th century, Laplace gave & 
formal definition of probability which goes by the name of the 
classical definition. The theory of probability developed on the 
basis of the classical definition is known as the classical theory of 
probability. In the classical theory we. have the following definition 
of probability : a 

(Let the event space S of a given random experiment E be finite. 
If all the simple events connected to E be ‘equally likely’ then 
the probability of an event A4(4 C S) is defined as 

m 
P (Al=oy 
where n is the total number of simple events connected to, i.¢., 
nis the number of distinct elements of S and m of these simple 
events are favourable to A, i.¢.,A contains m distinct elements. ) 

At this stage it is not possible to give a precise definition of the 
phrase ‘equally likely’ used in the above definition. In the next 
section we shall critically examine the meaning of the phrase. At 
present, we shall say that all the simple events are equally likely 
if it is understood intuitively that no one of them is expected to : 
occur in preference to others in any trial of the given random 
experiment and only then the definition can be applied. 


“Deductions — 
(a) 0<sP(A)S1 


(6) PiS)=1 
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(c) P(0)=0 
(d) P(A)=1-P(A). 


Proof: (a) We have P(A) -, where m,n have the meanings 


given before. 
Here Oman 
o, 0S <1. 
So, 0< P(A) <1. 
(t) P(S)=2=1. 


‘(¢) p(0)=8 =0. 


(2) P(A) 2a 1-2-1 - - P(A). 


AHROREM 2.9.1. Theorem of Total Probability. 

If Ay, Ags---, Ay are pairwise mutually exclusive events, then 

P(Ay + Ag t*-+4x) = P(4a) + P(Aa) + *7 + P(An)- 

Proof: Let m be the total number of Simple events of the 
corresponding random experiment Eof which m, are favourable to 
Ai i=l, 2,...,k. Since the events Ay, Aas---, A, are mutually 
exclusive, the total number of simple events favourable to the event 
Art Ag te + Apis my, tim, to +My, 

0 < m, <2, i= 1, 2,..., k. 
Then by the classical definition, 
“PA, the bo + Ay) = tna + soe ob My, 
= May Me 
non a 
= P(A,)+ P(Ag) + +++ + P(Ap). 
Hence the theorem. 


10. Criticiems of the Classical Definition. 
If we examine the classical definition a little more closely we 


find that there is a logical drawback in the definition. We note _ 


that the definition can be used only if it is possible to ascertain that 
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all the simple events are equally likely. In many problems, 
considerations of symmetry and similarity enable us to decide 
whether, in the problem before us, simple events are equally likely. 
For example, ifadie be symmetric, then the simple events connected 
to the random experiment of throwing the die-may be considered to 
be equally likely. But it is very difficult to explain the nature of 
‘symmetry’ and ‘similarity’ as stated above. It was found after. 
many serious investigations that the phrase ‘equally likely’ a 
be explained without the prior idea of probability. 

Moreover, the definition is restricted to event spaces which - are 
finite and where all the simple events are equally likely. The - 
definition cannot be applied where the simple events are not equally 
likely or where the event space is infinite. With the help of this 
definition it will thus be impossible to treat the case of a loaded 
die since here intuitively we can expect that a face can turn up 
in preference to others and consequently simple events are not 
necessarily equally likely and the case of predicting the number of 
telephone calls in a given interval (in a given trunk line) in which 


‘there are infinite number of simple events.’ 


In order to avoid the limitations of the classical approach and to 
make the definition more widely applicable, we now take recourse 
in the next section to another definition, called the frequency 
definition of probability. 

It may be noted here that the classical definition is based on 


advance subjective concept of probability so that P(A) == should 


rather be called a method of calculation or probability for events 
of a finite event space of equally likely simple events, instead of 
taking it as a definition of probability. 


“4.11. Frequency Definition of Probability. 

“Let A be an event of a given random experiment £. Let the 
event 4A occur NM(A) times when the random experiment £ is 
repeated N times under identical conditions. . Then on the basis of 
MA). 

NV 


Statistical regularity we can assume that Lt exists finitely 


30, 


+ 


a“ 23° 
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and the value 0 
denoted by P(A), 


ie., P(A)= ae 


where fay=t is the frequency ratio of the event A in N 


repetitions of the correspondia 
conditions. 


Deductions : 


(a2) 0 < P(A) <1, for any event 4 


(b) P(S)=1 
(c) P(O)=0 


(d) P(A)=1=P(d).- 
Proof: (a) WehaveO0 < N(A) <.N, where N and N(A) have 


the meanings given-above. 
0c NA (A. <! 
or, O< Lt MAY 
Nex 
Hence, 0 < P(A) <1. 
(b) P(S) vit OTN 


N(A)_ 
NW 


N 


30 


(cy) P(O)= ce MW gy 
N- N 


=S22 Nx 


*d) PCQ)= NC) 
= (A) 2 x 


oe yy NENA) 
Now N 


= Lt : a) 
Nowe N 


=l- Zt N(A) 
Nox N 


=1-P(A). 


2 
N 


f this limit is called the probability of the event 4, 


cr f(A), 
Nox 


g random experiment under identical] 


=], 


=0. 
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V Treorem 2.11.1. Theorem of Total Probability. 
If Ay, Agy--s) An be m pairwise mutually exclusive events, 


P(A, + Ag torre + An) = P(A,) + P(Aa) +07" + P(An)- 


Proof: We give a proof of the theorem applying frequency 
definition. 


We have, R P(A, + Ag + rot An) = Lt N(A, +Ae +o + Aa) 
N20 N 


' 


Now MAitAsto +An) = > MAds 


im1 
since A,4;-O, whenever ixj, the events being pairwise 
mutually exclusive. 


P(A, t+Agte+An)= Fue N(da) + NUdg) 4 ov + Nido) 
. NUAy) , NlAs) oon N(An) 
Ry eee Reena? 1 
= ur NAD, Ls Ns), weoees + pt Mad 
N-2 N->20 N>> 
= P(A,)+ P(Ag) + s+: + P(An)- 


Hence the theorem. 

Deduction of Classical Definition 

In this case the event space S is finite and contains n distinct: 
elements u,, Mg)**", Un (Say), 80 that 

S ={uy, tg.» Unt- 

Here the n distinct simple events U, ={u,}, Ua={ug}y..- 

U,,={upt are equally likely, which means that the Anois events. 
have equal probability, i.¢-> P(U,)=P(U,)=:"=P(U,). Since 
any two distinct simple events are necessarily mutually exclusive, 
we have 

1=P(S)=P(U,+Ugt-+ Uy) = P(U,)+ P(g) +0 + P(U;). 
P(U,)+ PU )+ A+ Ps) 1, 

2. 


P(U,) = PU) = Pn) = 
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ected to the given random 
ns m distinct elements of s, 
take distinct values 


44 
Let now 4 be any event conn 
experiment. If the event 4 contai 
SBY> Ui,» Uege--+-- sue, where /:, as 
from the set {1, 2,------ 
Now let E be repeated under 
which 4 occurs N(A) times. 
Also let Us, occur k, times, 


.7}, we can write A=U,, + Ue, 
identical conditions #V times in 


Uy, occur k, times, 


ve, occur k,, times. 
-+kKp, since U;,, Us,- 


Then N(4)=ki+k.+°"- 


_ MA) _ky +key +--- 
ene N N 
ge MAL py Ne) + Ne) + 0 tN) 
No» WV N20 WwW 
NiU;,.) NL:,) 
EL MOD a 
ee, N N N 


So, applying frequency definition of probability, 
P(A) =P(UO4,) + PU) 4 0 + P(U;,)- 


But PW.) = PW.) = = Pa, = S - 


P(4)-=, which gives the classical definition of probability. 


2.12. Conditional Probability- 
Let E be a given random experiment and 4 be an event of E. 


We have discussed methods for computing the probability P(A) 
on the basis of only information that any outcome of £ can occur 
in a trial of E. Now suppose we are given the added information 
that an outcome u of a trial is contained in a subset B of the event 
space of £.i.c., it is given that the event B has happened ina trial 
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of £. Knowledge of the ocourrence of the event B may change 
the probability of the event 4. We wish to define the probability - 
of the event 4,givea that the event B occurs. Letus give examples 
from the real life situations where such conditional probabilities 
occur. In the experiment of finding the life of a light-bulb., we 
might be interested in the probability that the bulb will last 75 hours, 
given that it has already lasted 20 hours. In the experiment of 
throwing a die one might be interested in the probability of the 


event ‘multiple of 3’,given that the event ‘even number’ occurs in a 


particular throwing. Probability questions of the above type are 
considered in the framework of conditional probability. Keeping 


in mind the above notion.wg shall define conditional :probability. 


Definition of conditional probability. 

: (Let E be a given random experiment and A, B be two events 
of E where P(B)#0. The conditional probability of the event A on 
the hypothesis that the event B has happened, denoted by P(A | B), 
is defined by ; 

N(AB) 
Pi B= Lt == 
ate N22 NB) 
assuming that-the limit exists, N, N(4B), N(B) have the usual 
meanings given before. ) 
\ THEOREM 2.12.1. Theorem of Compound Probability. . 
If A, B are two events of a-given random experiment, then 
P(AB) = P(A/B) PCB), if P(B) #0 
or, P(AB)=P(B/A) P(A), if P(A) 0. 

Proof: Let £ be the given random experiment and Iet E be 
repeated under identical conditions N times. If N(AB), N(B), N(A) 
be respectively the number of occurrences of the events AB, B, A, 
then 
.P(A/B)— Lt NV(AB) [ Here We note that P(8))0 => N(B))0 

N20 M(B) ; 
for suitable large N. ] 


N(AB) 
a N 
N—2 N(B) 


BABILITY 
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e Lt (4B) 
or, PXA/B)™- - NB) 
N->= 
_P(AB), zr MB). 7B) 0 ). 
P(B) Nao N 


Hence we get, 
P(AB)= P(A 


It can be proved similarly that 

P(AB) = P(B | A) P(A) if P(A) ¥ 0. 

We know that the event S occurs in any.trial.of a 
so from the meaning of conditional 

find that unconditional probability P(4) 

is a particular conditional probability, since the statement ‘A occur$’ 

can also be expressed as “A occurs on the hypothesis that S has 

happened’. So P(4 j S) and P(A) should be equal and by the 

theorem of compound probability we find that 


P(A| Sy= ras) ~P1A) Pa). 


| B) P(B) if P(B) #~ 0. 


Remark : 
given random experiment, 


probability given above we 


2°13. Criticisms of the Frequency Definition. 


N(A) ; 
“vo 


In this definition we note that the frequency ratio 


obtained from observation whereas Lt 


tical concept. This combination of empirical and analytical 
concepts leads to mathematical difficulties. Although there is not 
much objection against the logical content of the theory of probabi- 
lity based on the frequency definitio:. .»" Gue to the aforesaid 
weakness in the definition it will be uewise 10 build the theory of 
probability oz the iasis of this deficition. 


vt) isa rigorous analy- 


Conclusion : im sections 2.10 and 2.13 we cave seen that 
classical and frequency definitions are both inadequate for develo- 
ping the mathematical theory of probability. Now the theory of 
‘probability is conceived as a mathematical theory of ee 


showing statistical regularity. So in order that mathematical theory 
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of probability may be applied to different types of phenomena 
showing statistical regularity, the definition of probability should 
be independent of the intended application. From all these consi- 
derations we feel the necessity of an axiomatic treatment of the 
theory of probability, i.e., the theory of probability,, as a branch 
of mathematics, should be developed from axioms in exactly the 
same way as Geometry and Algebra. Axioms are propositions 
which are regarded as true and not proved within the framework of 
the given theory. All other propositions of the theory have to be 


ved from the accepted axioms in @ purely logical manner. 


pro 
sets of abstract objects, 


Axiomatic theory starts from one or more 
Jations between the objects are expressed by the 


where some re. 
re Geometry as 


The points, lines, planes considered in P14 
not things that we know from immediate 
ects entirely 


axioms. 
abstract objects, are 
Pure Geometry deals with such abstract obj 
defined by their properties, as expfessed bv the five sets of axioms, 
‘axioms of incidence’, ‘axiom: of order’, ‘axioms of 

‘axiom of parallelism’ an¢ ‘axiom of continuity’ 


experience. 


namely, 
motion’, 
(Hilbert). 

Now any mathematical theory developed logically from a_set 
© many concrete interpretations besides those 


from which the axioms are developed. Similar is the situation in 
y of probability. But we shall interpret the 
‘events’ will be events of the real world 


interpreted that it can be applied to 


of axioms can hav 


the axiomatic theor 
theory in such a way that 
and the probability will be so 
howing statistical regularity. 

ms are the results of a prolonged accu- 
mulation of facts and a logical analysis of the results obtained and 
in this way the axioms of Geometry, studied in elementary mathe- 
matics, were formulated. ‘he axioms taken for defining probability 
will certainly be motivated by the results obtained from the 
classical and frequency definition of probability. On the basis of 
the--axioms it will be possible to construct a logically consistent 
theory of probability. We shall begin -the next chapter with the 
axioms proposed by the Russian ‘mathematiciam A. N. Kolmogorov. 


phenomena s 
Formulation of the axio 
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Examples II 


1. Explain what you mean by. 


(i) Random experiment. 
[ C.H. (Math) 80, '81, ’82, °84, °86, "88 


~ [C.H. (Math) 80) 

[ CH. (Math)"80, "83; °86} 

[ C.H. (Math) "82, '84, °86, "88 

[ C.H. (Math) 83 ; C.H. (Econ) *8] } 
[ C.H. (Math) ’88 ; C.H. (Econ) °8] 
(vii) Mutually.exclusive events. [ C.H. (Econ) °86, ’88 } 
(viii) Exhaustive set of events. [ C.H. (Econ) *86 

9, Give the classical definition of probability of an event and 
criticize. the main drawbacks of the classical theory of probability, 
[ C.H. (Math) °82 ; C.H. (Econ) °83, °90 } 

obability of an event and 
Criticize the main draw. 


(ii) Event. 

(iii) - Event space. 
(iv), Statistical regularity. 
(v) Elementary event. 
(vi) .Compound event. 


3. - Give the frequency definition of pr 
deduce the classical definition from it. 
backs of the frequency definition of probability. [C.H. (Econ) ’90 } 

4, Let A,B, 0 be three arbitrary events. Find expressions i 
the following events using the usual set theoretic notations: . 

(i) only Aoccurs; (ii) both A and B but not occur ; 

(iii) all these events occur ; (iv) at least one event occuis : 
 {v) at least two events occur. 
‘5 Let ‘4, B,C be thi events that a man walking on the street 

‘willsee a new immigrant, a hippie, a tourist from France 
respectively. Interpret the following events : 
) AN(BNC); (ii) AN(BUC); (ii) (AUB)NG; 

: AUBUG [ C,H. (Econ) '85 ] 
4. et Lae sample space (j.¢., even! space) for the’ single toss 

of a pair of dice. 
[ C. H. (Econ) °87 ] 


7. If 4, Bare two-events of a random experiment, then express : 


the events (i) ‘exactly one of 4 and 8’; (ii) ‘not more than 
one 
of the events 4 or Boccurs’ in set theoretic notation ; 
8. A, Band @ are three arbitra | 
| ; ry events. Finde i 
the following events, in set theoretic notations : cea 
r\ ee we : 
(i; None occurs, (ii) Two atid no more occur. 


[ C.H. (Econ) *81] 
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Answers 
4. (i) ABC (if) ABU ;: (iii) ABC; (iv) A+Bt+O; 
(v) ABO + ABC + ABC + ABC. 
5. (i) will see a new immigrant, a hippie and a tourist from 
. France. 
(i) a new immigrant and no hippie and no tourist. 
(i) . aew immigrant or a hippie and no tourist. 
(iv) ‘either a new immigrant or a hippie ora tourist from 
France, 
g. See § 2.3. 
7. (i) AB+AB; ‘it) AB+AB+AB. 
8. (i) ABG, (ii) ABC +ABO+ ABC. 


CHAPTER Ul 
IC CONSTRUCTION OF 


IOMAT 
ge OF PROBABILITY 


THE THEORY 


ra Axiomatic Definition of Probability- . 
Kolmogorov (1933), in his axiomatic construction of the 


probability theory, starts from a set S of simple events, The 
elements of this set are immaterial for the logical nEveIaE MEA Of the 
theory of probability. Then a class A of subsets of S is considered 
- satisfying properties (i), (ii), (iii), given in § 2.4, Chapter II, 
Elemests of the family 4 are called events and 4 will be called a 
class of events. In the axiomatic theory, since the ‘events’ do. not 
refer to definite concrete objects, it is not necessary to mention 
‘random experiment’ in formulating the axioms, But we shall 
always mean ‘events’ as events of the real world. So we shall 
state the axioms with reference toa random experiment. Now 
we can formulate the axioms that define probability : 


{ Let E be a given random experiment and S be the corresponding | 


event space. Also let d be the class of subsets of S forming the 
class of events of E. A mapping P: 4>R is called a probability 
function defined on A and the unique real number P(A) determined 
by P is called the probability of the event Awhere A 6 Aif the 
following axioms, known as axioms of probability, are satisfied : 

Axiom (a). P(A) > 0 for every event A € A. 

Axiom (6). ,P(S)=1. “ 

Axiom (c). If A, Ags «+...4) An)---be countably infinite number 
of pairwise mutually exclusive events, i.e. if A; 4;=O whenever 
ix j and A;, Ay € 4, 

then: P(A, +A,+A, +++ Aqt-) 
= P(A,)+P(4a)-+ +: +P(An) ++: (3.1.1) 
| ee sealant avs probability will be built by three 
: i) the class of events A (iii) the 


probability function P: A—>R. The ord 
; : ered 3- : ; 
probability space. ) , as (S,A,P) is called a 


. in these N trials of 2. The 
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. It 18 ia laness to realize that the axioms of probability will not 
give unique assignment of probabilities to events, ie., for the 
same event space S we can choose probabilities in ies Ww 

ee . y: ways 
satisfying the aeiOms. We take an example to illustrate this fact 
In the random experiment of throwing a die, the event spece 5 
consists of six simple events: ,, #,, B,, Ri Es, Ee, where 

H, signifies the event ‘the die shows i points’ (i=1,2 3,4 5, 6). 
Now we can assign probabilities to these simple events cither 

P(Ey)= P(E) = +--+: = P(E) =3 ; 

; Or, P(Ei)= P(E2)= P(E,)=1, P(E,) = P(E,)=P(Ee)= 2s» 
thus satisfying all the axioms of probability in either case,” But 
this apparent incompleteness of.a system of axioms in probability 
does not put any hindrance to our approach towards a consistent 
and logical theory. In fact, the axioms simply clarify relationships 
between. probabilities that we. assign so that we will be consistent © 
with our intuitive notion of probability, Thus if the real number 
pis assigned to an event A as the probability of A, then the axioms 
will imply 0 <p < land P(A)=1- p, but we do not get any relation 
between the givenrandom experiment # and the probability p 
assigned to A and so we do not get any practical meaning of p 


from the axioms of probability. 
So, before going into details of such a theory, we first include 


’ the following concept of frequency interpretation of probability, 


which will connect any probability number defined by the above 
set of axioms with experimentally measured value of probability. 


wo. Frequency Interpretation of Probability. ~ 
To give a practical‘ meaning of P(A) we make the following 
assumption known as frequency interpretation of probability : 
Let the corresponding random experiment # be repeated under 
identical conditions N: times and let the event A occur N(A) times 
n the frequency ratio fay) of 
qual to P(A) if NV is very large. 
between frequency interpretation 
deficition of probability as 


the event A is approximately equ 
Remark: Note the difference 

of probability with the frequency 

discussed in Chapter II. (P- 41) 
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tation of the Axioms of Probability. 
istent with the properties or 
ioms (a)-—(c) are consi 
: = ae Ls the event A occurs NA) times when the 
ue le 
corresponding random expriment E is repeated NV ae rage 
then the frequency ratio RA)= | = 
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Frequency Interpre 


identical conditions, 
; | P(A) of the event A being approximately 


Hence, the probability ] 
equal to f(A) if N is very large, it follows that P(A) = 9. 


Further, if A is @ certain event, 


ftdy= = NA), 


ae if the events A, (i=1, 2, ++: ) are pairwise mutually 


exclusive having frequency ratio {(A,), then the frequency ratio. of 


the event ‘at least one of A,, Ag, -*> An, *** OCCUrS’ iS 


Jp NCA 
fig + Ag ton Ag tp MAF MA) + (A, 
where the event A; occurs N(A;) times, when the random experiment 
Eis repeated N times under identical conditions 


_NtA,), N(Ae), .. , MAw) 
=f(A,)+f(Aa) Fons +f(An)+ bai 


3.3. Deductions from Axiomatic Definition. 

I. P(O)=0. (3.3.1) 

We have.O=-04+0+0+4 +--, where O occurs countably infinite 
number of times in the right hand side. 

Here OO=O. So by axiom (c), 

P(O+O0+0 + ++-)= P(O)+ P(O) + P(O) ++ 
or, P(O)= P(O)+P(O)+--- (3.3.2) 
Let P(O) =k. 

_ Then k>0 by axiom(a). If k#0, then the infinite series: 

in the right hand side of (3.3.2) is 
Kk+K +k + +++. which is divergent, 


sincehere Lt nk=. (.. 10) 


N(A)=N and therefore, . 
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and then (3.3.2) is impossible. So it is proved that the assumption 
k#0 is wrong. Hence k=9. +, P(O)~0, 


We shall later see (P-153) that P(A) =0 does not imply that A=0. 
Il. THEOREM 3.3.1. Uf A,, Ag,......,49 be finite number of. 
pairwise mutually exclusive events, then 
P(A3 4 Az + + An) = P(A1)+ P(As) +--+ P(An). (3.3.3) 
Proof: Let A;=O for j=n+1, n+, 
Then applying axiom (c) to countably infinite number of pair’. 
wise mutually exclusive events 4,, Ag, ..., Ans Anaas --- We get 
P(A, +A,+-+--+A,) 
= P(A, +Agt + Ant Anis +-- ‘) 
= P(A,)+ P(A, 5 +e + P(AR) + PlAna + 0% 
= P(A,)+ P(A, s)+.: -+P(A n)+P(O) + P(O) 4+ 
= P(A,)+ P(Az) + ++ + P(A) +040 400 
= P(A,)+ PIA,) +--+ P(A,). 
WI. P(A)=1-P(A). (3.3.4) 
Proof: We have A+A=S, where S is the corresponding event 
space. 
P(A+ A)=P(S)=1, by axiom (b). 
Now 4 and A are mutually exclusive and hence by (3.3.3), 
P(A)+ P(A) = 1. 
“. P(A)=1— P(A). 


IV. Deduction of the Classica! Definition. 
In this case the event space S is finite and contains n distinct 
elements u,, u,, ... , 4, (say), so that 
S=[u,, Ug, --- 5 Un} 
Here the n distinct simple events U;={us},. Us—{uel, ------ > 
U,={u, } are equally likely, which means that the simple events 
have equal probability, i.e., 
P(U,) = P(U,) = + = PU»). 
Since any two distinct simple events ‘are nécessarily mutually 
exclusive, by axiom (5) and (3.3.3) we have 


(3.3.5) 
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Ug tee + Un) = PU) + POS) 4 +P(U)- 


L=P(S)=PU: (3.3.6) 


From (3.3.5) and (3.3.6), we get 
: PUT. + POs) + -+P(Un) _ 
P(U;) = PU s)= + = P\Un n= + : 
nnected to the given random 
tains m distinct elements of S, say 
im take distinct values from 


Let now A be an event “co 
experiment. If the event A con 


Ug» Wigs ever ui where iy, -L50 --++ — 
the set {1, 2, 0.0... 3% }, we can write 
, A=Ui, + Ui, to t Us, 


Since any two distinct simple events are mutually exclusive, we 


get by (3.3.3) 
P(A) =P(Ui,) + P(Usg) + + + P(U;,) 


=—t—+t..... m times 
‘nn 


Hence the classical definition is established. 
Vv. 0<P(A) <1, for any event A. (3.3.7) 
By axiom (a), P(A) >0, P(A) >0. 
Also by (3.3.4), 1-P(A)=P(A) > 0. 
P(A) <1. 
Hence 0 < P(A) < 1. 
I. If A be a subevent of B, i.e., A C B, then P(A) < P(B). 
(3.3.8) 
Since ACB, B=A+(B-—A)., 
Since 4.and B— A are mutually exclusive, by (3.3.3) 
P(B)= P(A) + P(B-A). 
P(B- A)=P(B)- P(A). 
Since by axiom (a), P(B-— A) > 0, it follows that 
P(A) < P(B). 
Remark : The converse of the above proposition (3.3.8) is not 
true. This is clear from the following example, 
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Let E be the random experiment of throwing a die, Let A be 


the event ‘multiple of 3° and B be the event ‘even face’ 
Then A= {3,6} and B={ 2, 4, 6} 


aaa PIA) $=4, P (B)=§%=4, if we use classical definition 
of probability. 


Hence P(A) < P(B) but A ¢ B. 
VII. Addition Rule: 


i) THEOREM 3.3.2: If 4 and B be any two events connected 
to a random experiment, then 


P(A+B) = P(A) + P(B)— P(AB) (3.3.9) 
i.e., the probability of at least one of the events A and. B to 


. occur is P(A) + P(B)— P(AB). 


Proof: The events A-AB, B—AB and AB are pairwise 
mutually exclusive events. 


Also A+B=(A~AB)+(B-AB)+AB. 
Hence by (3.3.3), 
P(A+B) = P{(4 — AB)+(B— AB)+ AB} 
=P(A— AB) +P(B—AB)+P‘AB). (3.3.15 
Again A=(A-4B)+4B, B=(B—AB)+4AB. 
Hence by (3.3.3), as A—AB, AB are mutually exclusiv. and 
B- AB, AB are also-mutually exclusive, 
P(A) = P(A - AB)+P(AB) (3.3.11) 
P(B) = P(B— AB) + P(AB). (3.3.12) 
Eliminating P(A — AB) and P(B—- AB) from (3.3.10), (3.3.11) and 


. (3.3.12) we get 


P(A+B)={P(A) — P(AB)} +{P(B) — _ P(AB)}+PIAB) 
= P(A)-+ P(B) - P(AB). 


(ii) Por any three events A, B, C, 
P(A + B+C)= P(A) + P(B) + P(C)— P(AB) —P(BC) —P(CA) + P(ABC) 
(3.3.13) 
P(A + B+C)=P{(At B)+C] 
= P(A + B)+P(C)- P{(A + B)G] by-(3.3.9) 
= P(A) + P(B)- P(AB) + P(C)- P(AC + BC) 


a 
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_{p(AC) + P(BC) 


B)+P(C) — p(AB) - P(BC) - P.CA)+ P(ABC), 


= P(A)F Pi 


(iti) General Addition Rule. 


EOREM 3.3.3: If Ay, Ass: 
en random ex, 


‘integer > 2) connected to a. giv 


., Aq be nevents (1 is a Positive 
periment BE, then 


n n 

PIA, tage + An) = > PAG) = P(A, Aig) 
i,=! inst =1 
(ix < ia) 


n 
+ D> PAA AL IW" 


in, das igel. 
G < ig < is) ; 
A, we have already proved 


Proof: For any two events Ay; 
hows: that the 


that P(A, +49) = P(A) +P(As)~ P(A Aa) which s 
proposition (3.3.14) is-true for n= 2. 
Let the proposition (3.3.14) be true for n=m, where m isa 


positive integer > 2. Then we have 


P(A, +Ag te FAn) 
SDMA SS adh Pdi) 
i,=1 i, i,=t iyo, iz=l 
(i, <4) _@, <i, <i,) 


(=)! PCA, Ag ees Am) + (3.3.15) 


We now consider any (m-+1) events A,, Az, «,.4,, A 


Then P(4, tAgte+Am +Am+1) 
=Pi(4. +Agtee +Am)+Am+1 ] 
=Pl4i+Aste+Am)+PiAmss) — Pl(dy +Ay te + A, )Ameale 


(3.3.16) 


m? art | 


Now Pl(Ay + Ager +4Am)Ams+a) 
=P(AyAnes tAadAmss bere + A, ly n) 


‘py + P(C) - P(AB) 
or, PAFBHC)=P(A)+ PB) + PC _ p.ABC)}, by (3.3.9): 


ea +(—1)"? P(AsA 2.) (3.3.14) 


ce] 
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m 
= = P(A, Am+1) a a P(A yA Ames) 
i,=1 i,, i= 1 
(i, <i.) 


m 
+S) Pld, ig At Amon) — see 
hy hy i,=1 
(i; <i; <i.) 
a 7 vie a 1)"-*4P(A,An+*AmAmas) _—«(3-3.17) 
since the proposition is assumed to be true for any m events. 


Then from (3.3.15), (3.3.16) and (3.3.17) we get 


PlAy Ag terse Amt Ames) 
, m m 
= P= SP Pligg) toe = UEP ged) 
a =] i, i; =f 
Gy < i) 
me m 
+P(Am+1)-[ >) Plde,Amer)— > Plas, Asm ) 
i,=1 i,,i,=1 


(i, < iy) 
m 


zi > P(A:, Ai, At, Am41) — oe00" 


hy i, i,=1 
Gi, <i, <i,) 


+(- Ty""*P(AiAs seen AmAm+1)] 


Sips PlA:,)+PlAme1)] 


i,=1 


-[ s PAs, Asy)+ >) PAs, Anos) 


| i,=1 


(i, < fs) 


+{ > PiAg At Ag) + S PlAs, AigAmea)| 


i, i,=1 


iy, ins i,=l 
(i, < i2) 


(i, < iy < ts) 


TY 
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Ay igs igs i, = 
(i, <b, <i, < 4) 


m 
+ » P(Ai, Ai Ac Ames)]* axeses 


ty iy, i=l 
(i, <b <4) 


+{(-D"" PA AaeAn) 
m 


“yD 


Typ das chad in.,= 1 
(i, < hy << Imes) 


-(- 1)""' P(A, Ae***AmAm+1) 


PCAs, 46 cc Ain-r4msx)| 


m+1 m+1 m+l1 
ey AE te eC ee 
i,el i, i,=1 hy ty ipa 
(i, < 4) (i, <i, <4,) 
m+1 


P(A¢,Ac,**4s,,) 


— coseee +(-)""! > 


fohom stew 
Ci, <i, << in) 


+(- 1)"PlAy Agee Ames)» 


Hence the proposition (3.3.14) is true for n=m-+1 if it is true 
for n=m where m(> 2) is a positive integer. Also the proposition 
is true for n=2, Hence by induction principle, the proposition 
(3.3.14) is true for any integer n > 2. So the theorem is proved. 

3.4. Some Important Inequalities. 


I. Boole’s Inéquality : 


THEOREM 3.4.1, Lf Ary Any Ay be any n events connected to 
@ random experiment RB, then 


Pda tse tdn) < PAPA) teen tPA), (34D) 


at 


AN AXIOMATIC CONSTRUCTION OF THEORY OF PROBABILITY 59 


Proof: We have for any two events Ais Ags 
P (Ai +42)=P(4,)+P(A,) - P(A, As) 
< P(A,)+P(A,), 
since by axiom (a), PLA, A,) > 0. 


.*. the given proposition is true for n=2, 


We now assume thatthe inequality is true for n=m, where m is 
a positive integer > 2. 


We now consider any (m+1) events 4,, As, wsAmere BY 
hypothesis, 
P(A +A, tee Am) <P(A1)+ P(A) beret P(Am)e * (34.2) 
Now P(A, +4,+-++-+Am+Ams1) 
=Pl(A1 +A t-+4Am)+Ameal 
<PlAr +s te++Am)+P(Ames)s 
since the inequality is true for n=2 
<P(A1)+P(45)+2-4-+P(Am)+P(Amss)s by (3.4.2). 
Thus the inequality is true'forn=m+1 whenever it is true for 
n=m, where m isa positive integer > 2. We have already shown . 
that the inequality is true for n=2, Hence by the principle of 


‘mathematical induction, we conclude that the given inequality is 


true for alln > 2, 7 being a positive integer. We note that (3.4.1) 
is true for n=] with the sign of equality. 
“II. Bonferroni’s Inequalities. 


THEOREM 3.4.2: If A,, Ag, «9 An be any n events connected 
to a random experiment E, then 


(i. PUA, Agenda) > 1- SPA) (3.4.3) 
2 
(ii) Ply Agess-dn) > > P(A) - (= 1). (3.4.4) 
f=) 


Proof: (i) We have by Boole’s inequality 
P(A, +A,+-= +4,) < P(A,)+P(Aa)+ ++-+P(An) 
OF, P(A, Agesdy) < P(As)+P(As) +e + PCAs) 
by De Morgan’s law. 
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ooo + P(A) 
of, 1-PUAsAg wha) < PA,)+ PUA) + 


ot, PUR Ape dad.> | - > Ad 


whieh proves (i). 
(i) Now P(A,)=1—-P(4,)- 


1 S ayet- Sta 


¢m1g 


-> PA) - (n= 1). 


Heace the result (ii) follows. 


3.5. Limit of a Sequence of Events. 
Let {Ligh be # sequence of events connected to a given random 
eo oO 
experiment &. Then [1 ( 4y) is an event connected to B and 
nol ken 


it is called the superior limit of {A,} and it is denoted by lim (A,). 


n—e00 


Also cS (1 A,) is an event connected to F and it is called 


ae! ken 
the inferior limit of { A,} and is denoted lim (A,). 
Peery 
A sequence of events {A,} is said to be convergent if and only if 
lim (4,)=lim (4,) (3.5.1) 
a~-w Reo 


and in this case fim (4,) or lim (A,) is called the limit of the 
Aico 


A700 
sequence {4,} and it is denoted by lim 4,. 


R-c 


If {4,} bea monotonically increasin 
ig Sequence, j.e., A, 
for all n, then it can be shown that > aaa 


lin ri L-) 
Im 4,=lim_ 4=5 
a 00 m—00 


An= Ii ~ : 
' a (An). (3.5.2) 


ne a 
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(fF {4,} be a monotonically decreasing sequence, 


; few a e 4 
foe all 2, then it can be shown that not & An 


lim A ,= lim A 


0 t-o 


o= Ml dom tim Ay. (3.5.3) 


n= 


46. Tesorss 3.6.1. Uf (Aq) b+ @ monotone sequence of events, 
then 


PUlim A,’= tim P. Aah (3.6.1) 
n-w n= 

Proof: Caaol. Let {d.} be a monotonically increasing 
sequence of events, /e, Ay © das, for ull nm. We define another 
sequ:nce of events (B,) as follows : 

Bi=4:, Ba Armd, By=Ay- Ay, vee » Ba=Ay—Aqe, and 
so oa, Whean > 2. We first show that B,’s are mutually exclusive. 
If possible, Ict 2.B; # O, where i Mj. Then thers exists an 
element w such that » €B,, ~€B;. Wathout any loss of geacrality 
we assume that! > j, Then imj+k, waerok isa positive integer. 

Now w € B, implics that w € A,- Aya, 1.0. 4 € Ay and w E Aceys 
Again j=i-k ci-1. 

Sinze {An} is monotonically increasing, i-l>/ implies that 
AjGA4,-1.. Now w€ By=4;—4,., implies w ¢€ ACA, if fj>t 
and uw € Bj=Aj C Ay-, if j=l. 

.. w € Aj, which is a contradiction. 
. B,By=O whenever i  j, 


ie] mn 
We now show that » A,=2 : By. 
n= a= 


Let aé z jan Then there exists a positive integer m such 
n= 
thataé Am. Now consider the set 

Q={n: nis a positive integer and a € An}. 
Evidently m ¢ Q aud so Q is a non-cinpty set of positive integers. 
Then by well-ordering principle of natural numbers, Q has a least 
element p (say). Then if p=1,a¢€ A, and if p> i, then ae 4,, 


buta € Ap-,. 
Now if p=1, a ¢ 4,=B, and if p > 1, thena € Ay but a @ A,., 


P 


ao 
and soa ¢€A,-Ap-1=By. In cithercasca € & ue 


as 
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An Cc = , Be 


Thus o€ 5 As implies acs Be oe Si 


(3.6,2) 

co me positive integer 

i Bn. Then 5 € By for so 
Again let 5 és, ae 

if k=l, then be B,=A1 If k> 1,b€Br=4x-An-1 and 49 


a 
be Ap In either case be a 4s 


Thus bes B, implies bes "sha i, 
n=l n= 


nel \ 
ges 
From (3.6.2) and (3.6.3) we conclude that 
: 4 = = Br (3.6.4) 
nol n=l 
-- It can.be similarly shown that 
_ 
5 4 =5 B, foralln. (3.6.5) 
i=l j=l : 
Again since A, C As G Ay Corre: Ane 
n ° : 
2 As=An- (3.6.6) 
Now Plim dg)=P(S An), by (3.5.2) 
n-s00 n=1 
Lo) 
=P(E Bab by (3.6.4) 
As 
oe 
== PUBa), 
n=] 
Bip Bag avs «0s ee , being pairwise 
ria exclusive, we apply axiom (c). 
= lim 2 PUbs) 
= lim PAB.i4Rp,) do dete.) 
=lim 


lim [P(B:+B,++-+4B,)}, by (3.3.3) . 
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or, P (lim An) = lim [P(A1+Ag++--++4,)], by (3.6.5) 
=lim P(dx), by (3.6.6) 


“. P(lim 


Wor 


An) ‘= lim P(An)e 


Case II. Let {dn} be a monotonically decreasing sequence of 
events. Then Ay D Ans, for all n. | 


ee An Cc Ano for alln. 
1.€s5 (Ant is monotonically increasing. 
Then by Case I, P(lim An) = lim P(An) 


or, P( & An) =lim [1 -P(dq)}, by (3.5.2) 


P(t, 4x)=1- lim Pls), 


by De Morgan’s law 
or, 1- (Ti An) =1 - lim P(4z) 


_ 


“P(A, de) =lim Plan) 
| But here lim An=I Any by (3.5.3): 
“. P(lim Aq) =lim P(Ap)- 
This completes the proof.of the theorem, 


{i. Conditional Probability. 

The concept of conditional probability is already introduced in: 
§ 2.12 on the basis of frequency definition of probability and the 
expression obtained for it suggests the following definition of 
conditional probability in the axiomatic theory. 

Let A and B be any two events connected to a given random 
experiment EZ. The conditional probability of the event 4 on the 
hypothesis that the event B has occurred, denoted by P(A | B), is 

P(AB) - 
defined as P(A | B) == PB) (3.7.1) 


provided P(B) ¥ 0. 
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hen P(A)#0. 

Similarly we can define Pip | A) é 

Por exanole, let us consifer the random experiment of throwing 
asymmetric die, If A and 7} be the events ‘even face’ and ‘multiple 
of three’, Ict us find | 
contains 6 simple events and the number of 
to the events A, and AZ are respectively, 3, 2 and I. 
 PlA)n ty PDS in P(AB)= 5: 

“t P(AB) | 

So by definition P(B | A= Mays 


PUD) 1 
and P(A | “a PBy 2 
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simple events favourabj, 


6, Froquency Interpretation. 
For two events A and f} connected to a random experiment p, 
Jet the events Hand AB occur N(2) and N(AB) times respectively, 
when the random experiment 77 is repeated N times under identical 
conditions. Then the conditional frequency ratio 


f(a| mai) (3.8.1) 


is approximately equal to the conditional probability P(A | 2) for 
along sequence of repetitions of the random experiment 77 under. 
identical conditions, 1.e., when N is very ldrge, provided P(Z) x 0. 


8%. Tueorem 3.9.1. The conditional probability satisfies all 
the axloms of probability. 


Proof: (1) We sce that for any two cvents 4, B with PB) 40, 
P(A | B)= 219), 
Now by axiom (a) P(A) > 0, P(B) > 0, 
Hence, P(A | B) > 0, 
(it) Let S be tho event space, If P(B) vf 0, then 


P(SB) _ P(B 
8 SNOT gy HAL 
PB | Day" DG 
(iM) Let Ay Ass An bo 
voces Age teense countably ; i 1 
of pairwise mutually exclusive events, a ly oe ei 
random experiment, Now wo have for any event B With 71) z 0. 
i) ’ 


=I, 


PAB) and P(B | A) Here the event Space 
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PHA i tA abeeees Ag fp eveeee) | B 
wa PMA1 + Ag teres bh Apes) B} 
P(B) sr 


wa P(AsB+ A,B} 000 + AnD beer) 
P(B) 


Since the events A,, Ag, ...... » An, ...8re, mutually exclusive, 
A,B, AgBs «+++, AnBy...ate also pairwise mutually exclusive events 
[(4;B)(AsB)=(A,As)B=OB=0, t 54 J). 

*2 PABA AGB errr fAgB perso) 


=P(A1B)+P(AsB)+++++-+4+P(AnB) +--+ [by axiom (c).] 

Hence P{(As+Agteeeee Ay feveeee )| B} 

— P(A, B)+P(AgB) +--+» + P(AgB) fevers 

_ P(A, B)_, P(A,B P 

=F +2084 seaeee + apt seeeee 

=P(A, | B)+P(As |B) +P(An | B)+---+- 
Hence the conditional probability statisfies all the axioms of 

probability. , 

3-10. THEORBM 3.10.1. If Ary Aog coeeeeeee » A, be pairwise 
mutually exclusive events, one of which certainly occurs (i.e., Ay, _ 
Mapwcsieo , A, form an exhaustive set of events), then 

n i 
P(B)== sit P(Ag)P(B | Ag); (3.10.1) 


where Bis any event connected to the same random experiment, 
provided the conditional probabilities are defined. 

Proof: Here Ay, Acs...» An are pairwise mutually exclusive 
events, connected to a random experiment 2, i.e., A,4;=O, 
EA Ss G, Ja, 2yereeee n 

Also S=A,+Ag+- +An, since one of A;, Ag, ..--- ihe 
certainly occurs. We have P 

B=SB=(4i+Ae t+ +An) B= A:B+AsB+- + AnB. 


Since (44B)(4jB) =(414j) B= OB= 0. (i # fi i, f=, 2, 0m), 
A1B, AgBy.+...9 An B are pairwise mutually exclusive events and 
hence 

P(B)=P(A:B+AgB +e +AnB) 
== P(A,B)+P(4eB)++0:++*P(4nB)- 
MP-5 


a”. 
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- i= pavooe , we t 


Pas, PdsB) 


| “5 P(A, )PAB | As) 
is 


Hence the theorem. 


mutually exclusive events 
where at least one of 4,, 


Agyony An is sure to happen (ise, Ary Agyonser) An form an exhaustive 


set of events). 


P(X) #0, Also let the probabilities P(X | As), PZ | Aalpisisg” 


P(X| Ay) be all known, 


Then P(A; | X= 
>, PNP ds 

: r= 

Proof: Ay, Agy---yAq being an exhaustive set of events, ~ 


s=A, +A; + erence +A, f 


mhere § is the corresponding event space, 
vs X(A,+4,+ sneeos +Aj)=XS=X ‘ X CS, 


Of, KA tXAg toe tXAg=X. 
Now (X4,\(XAj)=X(4i4j)=XO=0 for i # j, 
sidce , = AyAj=O fori # j. 


ses Ay XAgyeey X4q are pairwise mutually exclusive 
events and hence 
P(XA,) +P(XAg)-+-+++++-+P(XAq)=P(X) 
01) PAIRS | As PlAs)PUE | dy) tomo bP IPL | y)= P(E 
(3.10.3) 


‘ Pls |= P(X) £0 


=~ PUA)P( | Aj) ” 
>, PUWEE | dy). 


r=} 


by (3.10.3), . 
Hence the theorem, 


PAQPX IAL) jf, 2pscsey Me (34102) | 
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Note 1. Using (3.10.1) we can find P(B) when the conditional 
probabilities P(B | A,)(i=1, 2,......)n) can be conveniently obtained, 


Note 2. The formula (3.10.1) and (3.10.2) may. be extended 
to an infinite sequeace of events {4,}, 


Note 3. If Y be any event, we have also 


P(Y | x=) P(YA; | X=) P(A; | X)P(Y | XA;) | 


int int 


n 


D, MadPlE | AIP | ZA) 


—fe1 


. (3.10.4 
>, PUPELE | dy) 


by (3.10.2). 


3.11. Independence of Events. 

Let A and B be two events connected to a given random 
experiment. If P(B) # 0 then Prd | B) can be defined and in this 
case if P(A | B)=P(A), then we can say that the probability of A- 
does not depend on the happening of B, i.e., there is one kind of 
independence between A and B, Also if P(A) # 0, then PB | A) 
can be defined and in this case if P(B| A)=P(B), we can say, that 
the probability of B does not depend on the happening of A, i.e, 
there is one kind of independence between A and B, We 
observe that . | 

P(A|B)=P(4), P(B| 4)=P(B) 
both lead to P(AB) = P(A) P(B). 

So formally we can define independence of two events as 
follows : , 

Two events A, B are said to be stochastically independent 
or statistically independent or simply independent if and only if 


P\AB) = P(A)P(B). (3.11.1) 
If P(dB) ~ P(A)P\B), then A, B ate said to be dependent, 
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8.12. Mutual and Pairwise Independence of more than two 
Events. a 
Three events A, B, C are said to be pairwise inde 
P(AB) = P(A)P(B) 
P(BC) = P(B)P(C) 


P(CA)= = P(c)P(A) 

B, Care said to be mutually independent if 
P(AB) = P(A)P(B) 
P(BO)=P(B)P(C) 


P(CA) = P(C)P(A) 
P(ABO) = P(A)P(B)P(C)- (3.12.2) 


pendent if 


and A, B 


In general n events A1, As» 
mutually independent if 

P(A;4;j) = P(A;)P(A3)s where i<j; : 

1,25 esses ,n taken two ata time. 


P(AgAgAx) = P(A «)P(Aj)P(4x) where i<j< ks i,j, k any 


combination of |, 2, .....- ,n taken 3 at a time. . | 


Note 1. From (3.12.3) we see that in defining mutual 
independence of n events (n > 2), 
"Cot "Cg tert "Cg=2"—n-1 
relations are required. 
Note 2. From the definition of mutual independence, we see 
that mutual independence implies pairwise independence, but the 
converse is not true, as shown by the following example : 


Let the equally likely outcomes of an experiment be one of 
the four points in the three-dimensional space with rectangular 
co-ordinates (1, 0, 0), (0, 1,0), (0, 0, 1) and (1,1, 1). Let A, B,C 
denote the events ‘x-co-ordinate 1’, ‘y-co-ordinate 1° and 
‘z-co-ordinate I’ respectively. 


(3.12.1) 


eadaaa , An (n > 2) are said to be. | 


i, j any combination of. 


P(A1A2.-An) = P(A1)P(Aa)---P(An)> (3.12.3) . 


are not mutually exclusive. 


ON 
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Then by using classical] definition, 
P(A)=2=3, P(B) 
ot) =i, P(C)= 
P(AB) = =~ P(A)P(B) — 
P(BC)=4 = P(B)P(C) 
P(CA) == P(C)P(A). 
Hence, A, B, C are pairwise independent, 
But P(ABC)=}. 
P(ABC) # P(A)P(B)P{C), 
which implies that A, B, C are not mutually independent. 
Hence, pairwise independence does not always imply mutual 
independence. 
Note 3. It is to be noted that the concept of mutually exclusive 


events and independent events are not equivalent. We bring-out 
the difference between the two ideas. 


If two events A and B are mutually exclusive then AB =O and so 
the occurrence of one of the two events, in this case, is hindered by 
anticipating the occurrence of the other. 

On the other hand, if the occurrence of one event has no effect 
on the probability.of the occurrence of the other event, the two 
events are said to be independent and in this case P(AB) = P(A)P(B). 

Two events can be mutually exclusive and not independent. 
For example, consider the random experiment of tossing of two 
coins. Let A and B be the events ‘both the coins show head’ and 
‘both the coins: show tail’ respectively. Then A and B are clearly 
mutually exclusive, since if A happens B cannot happen and as 
such AB=O. But P(A)=}, P(B)=%- P(AB)=0 # P(A)P(B), 
i.e. A and B are not independent. 

Again, two events can be independent and not mutually 
exclusive. For example, consider the random experiment of 
throwing 2 dice together. . Let A and B be the events ‘6 appears in 
the first die’ and ‘6 appears in the second die’ respectively. 


Then P(AB)=3s'" P(A)P(B) #8 x and so A and B ue 
independent. Also AB={(6, 6)}# O which implies that Aa 
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Finally, two events A and B can be both mutually exclusive 
and independent when 
P(AB) - P(A)P(B) = 9, 
which holds if at least one of the two events 4 and B has 
zero probability. In fact, two events baving both non-zero 
probabilities cannot be simultanecusly mutually exclusive and 


independent. 


3.18. General Multiplication Rule. 
THEOREM 3.13.1. If Aay Aa «rene , 4, (2 > 2) be n events 
connected to a random experiment BE, then 


PIA; Ay---An)@ P(A PlAs | 4:)P(As | AyAq).--Pl( An | 4; As---An-1) 
(3.13.1) 


provided the conditional probabilities are defined. 
Proof: For two events A,,4; we have, by the definition of 


conditional probability, 
P(A3A_) 


Pda | Ad" Sy 
P(ArA)=P(Ay)P(As | A1)- 
- Hence the proposition (3.13.1) is true for n= 2. 
Let the proposition be true for n=m, where m is a positive 
integer > 2. Then we have for any meventS Ay, As, ... Ams 
P(A, AgAs.+-Am) = P(A1)P(As | A1)-+-P(Am | 4149-+-Am-1)+ 
(3.13.2), 
Now we consider the (m+ 1) events A,, Ag, ---» Am» Am+i° 
Then P(A, Aq.....- AmAm+1) 
=P[(Ai 42 secees Am)Am+z] 
= P(A Ag-++---Am)P(Ames | Arde... Am)s 
since the proposition is true for n=2 
= P(A,)P(Ag | Az)..---:P{Am | ApAgeeeess Am-1) 
P(Am+1 | AvAg---++-Am)y 
by (3.13.2) 
This shows that the proposition (3.13.1) is true for n=m+1 
if it is true forn=m. But the proposition is true form=2. Hence 
by the principle of mathematical induction, the proposition is 
true for any positive integer n > 2, 
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Particular Case. 
For three events Ay A 
experiment E, . 
P(A1Ag4As) = P(BA;), where 
= P(B)P(A,|B) 
= P(A14,)P(A, | 4A,A,) 
~PCAMPCAs | As)PLAs | AyA,). 
3.14. ‘Illustrative Examples, 
Ex. 1. Show that P(AB) > P(4)+P(B)-1, 
Since P(A+B) <1, —P(4+B) > -1. 
“. P(A+B)=P(A)+ P(p)- P(AB) gives 
P(AB) = P(A)+P(B) - P(A +B) > P(4)+P(B)-1. 
Exs.2. Show that the probability that exactly one of the events 
A and B occurs is P(A)+-P(B)—2 PAB). [C.H. (Math.) °83,86, *90] 


We are to find the probability of 4B-+2B. Since the two events 
AB and 4B are mutually exclusive, 


P(AB+AB)=P AB-+P(AB). 
Again 4=AB+AB and B=4B+AB. Since 4B, ZB and AB are 
pairwise mutually exclusive, / 
P(A) = P(AB) + P(AB), P(B) = P(ZB)+P(4B) 
P(AB) + P(AB)=P(A) - P(AB)+P(B) - P(AB) 
=P(A)+P(B) — 2P(AB) 
‘.". P(AB+4B)=P(A)+P(B) - 2P(AB). 
Ex. 3. Obtain P(A+B), P(A+B), P(A+B) in terms of P(A), 
P(B) and P(AB). {C.H. (Math.) °8N] 
P (44+B)=P(4)+P(B) - P(4B) 
=1—P(A)-+P(B) - P(4B). 
Now 4AB+AB=B where 4B and AB are mutually exclusive. 
. P(4B)=P(B) - P(AB). 
. P(A+B)=1—- P(A)+P(B)— P(B)+P(4B)=1 — P(A)-+P(AB). 
Again P(A+B)=P(A)+P(B)—P(AB) and as before, 
P(AB)+P(AB)=P(4)- 
P(A+B)=P(A)+P(B) - P(A) + P(4B)=1 - P(B) + P(AB). 
Finally, P(A + B) = P(4B), by De Morgan's law 
= 1—-P(AB). 


As connected to a. random 


B=A,A, 


[C.H. (Math.) '70] 
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nat P(A)=P(B)=1, 


e. two events such t 
[C.H. (M ath.) ’80] 


Ex.4. Jf A and B a 
then show that P(A+B)=1, P(4B)=!1- 
P(A-+B)=P(4) + P(B) - PAB) =2 - P(AB). 
Now P(AB) <1, i - P(4B) > -1- 
2-P(AB) > 1 hee P(A+B) > |- 
But ?(A+B) <1. This implies that P(A+B)=1- 
Again 2-P(4B)=P(A+B)=1 -- p(4B)=1. 
Ex. 5. Establish the inequalities : 


P(ABO) < P(AB) < P(A+B) < PIA 4+B+0) < P(A)+P(B)+P(C) 


for any three events A, B, C. [C.H. (Math.) °79} 
We have ABC © AB, P(ABC) < P(AB). es (1) 
Again ABC A+B .. P(AB) < P(A+B). on ) 
Also A+B C A+B+C, P(A+B) < P(A+B+C). + (3) 


Finally, 
PU+B+0)=P(A+B)+P(C)— PI(A+B)C] 
< PUAFB)+P(C), * Pi(At+5)C] 0 
=P(A)+P(B)+P(C)—P(AB) 
< P(A) +P(B)+P(O), ~~ @ 
. P(4B) > 0. 
From (1), (2), (3) and (4), we get 
P(ABC) < P(AB) < P(A+B) < P(A+B+C) 
< P(A)+P(B)+P(C). 
Bx.6. If P(A| C) > P(B| 0) and P(A|C) > P(BI C), 
then prove that P(A) > P(B). 
From P(A | C) > P(B | C), we get 
P(AC) ., P(BO) 
P(C) P(C) 
; P(AC) > P(BC), «' OF 
since P(C) > 0. : 
Similarly, from P(A | C) > P(B | Z) we get 
P(A) 5, P(BO) 


PO) ~ PO’ 
; . P(A) > P(BO), 
since P(O) > 0. -- (2) 
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From (1) and (2) we get P(4¢) 
+P(AG 
or, P(AC+AT) > i > P(BC)+P(BC) 
since (A0)(40)=9, (BO)(BT)=0, , 
P(A).> P(B), 
Ex. 7. If -P(A | B)=1, then 
Here P(A | B)=1. Prove that P(ABC)=P(BC). 
P(B) » 'é, P(AB)=P(B), a (1) 
Now ABC+ABC=BG, whe Po 
exclusive, re ABO and ABO are. mutually 
P(BC)=P(ABC)+P(ABO). (2) 
Again AB+AB=B where 4B and ‘ - 
P(B)=P(4B)+P(4B), an are'mutually exclusive, 
From (1) and (3), P(AB)=0. @) 
Now ABC C AB .. P(ABC) < Pf " _ 
AB)=0, 
Hence P(ABC)=0. ela a adh 
(5) 


From (2) and (5), we get P(BC)=P(ABO) 

Ex. 8. Th 
; E=2£. tee Bits Bay o--++ » Ein are mutually exclusive and 
atEst--+En. Show that if P(A] E)=P(B| ED 


j= I, 2s eocvee 9 Ms = 
i as n then PIA | E)=P(B| EB). Is the conclusion true 
even if the events H, are not mutually exclusive 2 


[C. H. (Math.) °80] 


P(A | B= 2A) ag (1) 


Now AE=A(E, + Eg +--+ Eq)=AE, + AEg t+ +AEne 
Here (4B AEs)=A(E,E;)=40=0, ‘Ey, E; being mutually 
exclusive for i, j=1,°2, ....n3; ij. This implies that AE,, 
AE 2, ...» AEn are pairwise mutually exclusive and hence 
P(AE)=P(AH,)+ P(AEg)++-+P(AEn). 9 -* (2) 
Now P(AE;)=P(H;)P(A| Hy), f=1, 2. .... 0. 
P(AE) =P(H,)P(A | Ei) +P(Es)P(A | Es). 
eevee + P(En)P(A | En) 


P(E)P(A |-E)=P(E,)P(A | Bi) +P(E2)P(4 | Ba) 
toner + P(En)P(A | Eo) 


We have 
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y+ Pbadp(A | Hs) 
+r | Be) 


WA | B=% Pot Bs 


nes here P(E) # 0- ai Mots |B. 
\ P(E3) : pee 
‘Similarly, P(B| B)= Ps) P(B | Bs) P(E) 


+ PlEn 
TBP | Ea 


. Pll B=P(B |B), since P(A | B)= PB He) for im, 
ove result will not be true if the events Hy are not 


aie Jation (2) will not be true, 


mutually exclusive, for, in that case re 
_ PB) in general. 
= Ip) 


[ C. H. (Math.) '66 | 


Ex.9. Prove that P(B| A) 


We have P(B)=1—P(B). 
Now P(4+B)=P(d)+P(B)-P(4B) and 0 < P(A+B) <1. 
0'< P(A) + P(B)- P(AB) < | 
or, 1—P(B) > P(A)- P(AB) 
or, P(B) > P(4)- P(AB) 
~ Henee PBs 1—-P(4B) 21 _ pp | A). 


P(A) 1 P(A) 
_P(B) 
or, PBI A> 1 Pay 


Ex. 10. Jf any one of the pairs (A, B), (A, B), (4, B) and (4, B) 
is an independent pair of events, then show that all the other 
pairs are independent pairs, (C.H. (Math.) '74, °82, '88, °91, °92} 

Let A and B be independent, 


We have AB+AB=A4 and AR, AB are mutually exclusive. 
*. P(4)=P(AB) + P(4B) 
or, P(AB)=P(4)—P(A)P(B)=P(A)[1 — ~ P(B)|=P(4)PB), 
since A and B are independent. 


Thus A and B are independent, 


wh 
independent, cn 4 and B are 


= (1) 
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Again 4B+AB=B and ZB, ap are mutually exclusive. 
P(AB) + P(AB)=P(p), 
Hence if 4 and B are independent, then 
P(4B)=P(B) ~ P(4B) =P(p) ~ ~ P(A)P(B) 
=P(B){l - P(A)}= P(A)P(p), 
Thus Zand B are independent if 4 and Bare independent. ... (2) 
Now let Aand B be independent, then by-(1), Z and Bare 
independent, Again let Z and B be independent. Then by (1)-a 
and G, i.e, A and Bare independent and hence by (2) Zand B, 
i.e, A and B are independent, Finally from the last result, if z 
and B are independent, then 7 and B,i.e, 4 and B are independent. 
Thus it is proved that if any one of the given pairs is independent, 
then all the other pairs are independent pairs. 
Ex. 11. Consider events A and B such that P(A)= 4, P(B | A)=4, 
P(A | B)=}. Find P@ | B) and P(A | B)+P(A | B). 
{C. H. (Math.) °76 } 
We have $=P(B | A)= FAB) _ ap.ap AB) . 


PRA A) . P(AB) = 4. 
P(AB) _ 1 —1 
Again 4=P(A| B)= PB) ” SPB) PB)=4 


P(AB) = §=P{A\P{B). 
Aand B are independent, Then by Ex. 10, 4, B as also: 
A, @ are independent. 
Now P(B)=-1-P{B)=}. P(dA)=1-P{A)=3. 
P(4B)_ P(4)P(B) 
P(A | B)= PB) PB) =-P(4)= 
and P(A | ae, 


Finally Pi4 | B)+P(4 | B=t+4=3. 
Ex. 12. Jf P({ABC) <0, then show that 
P(X | C)=P(A | C)+P(B | 0) 
where X= A+B. [ c. H.(Math,’72)" 
We have P(40+ BG) = P(AC)+ P(BC) - P(ABC). 
Assuming P(C)0, we get 
PI(A+B)O} _ P(A) , P(BC) _ P(ABC) 
—~P(C) PC) PC) = PIC) 


é 
mass pall 
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PixC)_PiAC),P(BO) +; P(ABO)=9 


o% “pq Pic) PLC) 
or, P(X| C= PAI 0) + Piz | C)- 
Ex.13. Let the events A and B be such that A can be parti- 
tioned into 3 events Ay» Aa As and B can be partitioned into two 
events B,, Bs; if the events A; and B, are pairwise independent 


i - then prove that A and B-are 
for all possible values of iand j, t 
independent. [C.H. (Math.) ’86) 


Wehave 4=4,44,+4;, 4,4) = 0,14 f(, j= 1.2.3), 
and B=B, +B, where B:Ba= 
Now we have P(AB)=Pl(4:+4atAs)(B. + B,)| 
= PLA,B, +AqBatAsBat4sBat4oBs +AeBa)s 
shere we note that any two events of A,Bi, 4,Be» ABis AsBz, 
AsBay A,B are mutually exclusive. 
P\AB)=P(4zB,)+P(A: Ba) +P(4sBs)+ Pl4sBa) 
+P(A4sBi)+ P(4sBz) 
=P(A,)P(B,) + P(A,)P(Bs) +P(A2)P(B1) + P(4a)P(Bs) 
+P(As)P(B1) + Pl4s)P(Ba) 
since A, and B; are pairwise independent for every 
i,j (i=1, 2,33 J=1, 2) 
=[P(A1) + P(4s) + P(A,)}- (PBs) + PBall 
=P(A,+4Ag+As)P(Bi +Bs) 
[ °. AyAs=O fori ¥ fs BiB, =O] 
=P(4)P(B), which implies that A and B are independent. 
Ex.14. A missile was fired ata plane on which there are two 
targets, T, and T,. ‘The probability of hitting T, is p, and that 
.of hitting T, is py. It is known that T, was not hit. Find the 
- probability that T, was hit. [C.H. (Math.) *92] 


We are to find P(T, | p,)- Pee where 7; denotes the 
3 
-event ‘the target 7; was hit’ for i= 1, 2. 


Now 1,7,+7,7,=1, where 7,7, and 7,7, are mutually 
exclusive. 


Xa 


— 
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xy 7 
Coats P(T:T's) =P(T3)— Per, 7, 


impossible event. )=P(T,), since 7,7,=0, an 


—_— 


PUT,) 1- Ps : 

Ex. 15. <A Secretary writes four letters and the corresponding. 
addresses on envelopes. If he inserts the letters in the envelopes at 
random irrespective of addr ess, then calculate the probability 
that all the letters are wrongly placed. 


PCT, | P,)= PU) . Ps 


Let Aa Renate the event ‘i-th letter is placed in the correct. 
envelope’ (i= 1, 2,3, 4). Then the required event is 4, As ds Aa: 
Now 

P(A, A24s4.)=P(A, +A, +4,+A,)» by De Morgan’s law 

=1-PlArt+4a+4s+A4y) 
=1-[P(41)+ P(Ag) + P(As) + P(A) — P(A14s) 
—P(4i45) ca P(A, A,) —P(A,As) —P(A;A,) 
— P(4sA,) + P(AyAgAy) + P(A As Au) 
+ P(A,As4,4) + P(A,AsA,) -P(A,4,434,)} 
3,012 11 
w1-(4xE-6x tax 5-2 =i, 
a wu ww 
(Note that when the first letter is placed in the correct envelope, 
then the remaining 3 letters can be placed in {3 ways etc.) 

Ex. 16. A person takes four tests in succession. The probability. 
of his passing the first test is p, that.of his passing each succeeding 
testis p or E according as he passes or fails the preceding one. 


He qualifies provided he passes at least three tests. What is the 
chance of his qualifying ? [C.H. (Math.) ’81] 

Let A, denote the event ‘passing the i-th test’, i=1, 2, 3, 4. 
The person qualifies if any one of the following mutually exclusive 


events happens : 
AyAAgAas AvAgAsAarArdedsdar ArAsdades AiA24s4,- 


Se the required probability=P(4142404et4r4s4s4e 
+AsA,AsAstAr4a4 40 +4;4,4s44) 


—————— 


LITY 
A,)+P Ardad + PA Asda4,) 
: =P(A,Aedsd)tP Ay4s4s errees 
since the events are mutually exclusive, 
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A,)+P A \As4s4s 


| A,As)P(A | 414345) : 
| AyAglP(4e | AAsds) 


| AyAs)P(Ae | AyAs4s) 
+P(A,)P(Aa ] ,)P(As | AyAs)P(de A, 44s) 
+P(A,)P(A2 | 41)P(As | A;Ag)P(As | 414245) 


; p 
=p%(1-p)+p%(1-P) Fpl - pS p+(l -p) 5 pr+P 


“=P A,)P(As | As)P(As | Ase! 
4 P(A,)PUds | 41)PUAs 


2 =1p"(5- 3?) 


~ By.17. 4 man seeks a 
action from, three advisers, 


dvice regarding one of two possible” 
courses of who arrive at their 
“recommendations independent 
_of the majority. - The probabilities that the individual advisers 


aré wrong are Qel, 0005,and 0005 respectively. What is the 
* probability that the man takes incorrect advice? [C.H. (Math.) '83] 
“Let As denote the event ‘i-th adviser gives incorrect advice’ 
jal, 2,3. Then P(ds)=0'l, P(d.)=P(4s)=0°05. Since the man 
follows the recommendations of the majority, he will take the 
incorrect advice when any two or all of the three advisers give 
incorrect advice. Hence the event that “the man takes incorrect 
advice’ can happen when apy one of the following pairwise 
amitually exclusive events happens : 
Asked sy AsAedsy Ardadss Ardodse 
So the required probability= P(A, 4, 4s)+ P(4, 424;) 
_ + P\dAeAs) + P(414¢4s) 
= P(A;) P(A,) P( As) + P(A,) P(A2) P( Ay) + P(A1) P( Ay) P(A) 
a since the events are all independent 
= (061)(0405)(0695) + (0« | peat 
py )(0+95) + (0+1)(0495)(0+05) + (049)(005)* + (041)(0205)" 
=0-°012. 
Ex: 18. An integer i 
positive integers . alkene “ | eae From the fia 100 
probability that the integer is 


divisible by 6 or 82 
' [C.H. (Math.) ’83] 


ly. He follows the recommendations ~ 


* be +, 
sees 


3. 


. . fe oF ; 
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If nq be the total number o . 
total number of numbers lying between 1 aii aid ents 
by 8 is 12 and that divisible by both 6 and 8, ine aivsbte 
by 24i8 4. Now if A, be the evetit ‘the integer is ‘tivsible by 6? 
and A, be the event the integer is divisible by 8°, then the iogure 
probability =P(As +4s)=P(A,)+P(4,)—P(4, 4) 

=Wotreo — rho=ay- 


Ex. 19. With probability p, a car travels along the road ever) 


_-second independent of the other time moments. A pedestrian 


needs three seconds to cross the road, What is the probability 
that a pedestrian approaching the road will wait (i) 3 seconds, 
(ii) 4 seconds to-cross the road 2 [C.H. (Math.) °86) 

(i) The event that the pedestrian will wait for 3 seconds to 
cross the road will happen iff while one car crosses the road in 
each of the first three seconds and in the next 3 seconds no cat 
crosses the road so that the pedestrian gets the requisite time to 
cross the road. 

So the required probability = p.p.p x (1—p)(1—p)(1—-p) 
=p*(1-p)*. 

(ii) Similarly probability in this case = P‘(1-p)*. 

Ex. 20. A total number of n shells are fired at a target. The 
probability of the i-th shell hitting the terget is pg, 1=1, 2, ..r00-5 Me 
Assuming that the n firings aren mutually independent ‘events, find 
the probability that at least two shells out of n hit ihe target. 

[C.H. (Math.) '88] 

Let .4, denote the event ‘exactly i shells hit the target’, 7-0, 
1, 2,..0., 7. Then, since then firings are considered as # mutually 


independent events, 
. P\Ao)=(1 = p,\(l a Pq)ere(L- Pn) 


and PU)= > (i = p,)(1—ps)(1— Pa-a)Pe(L = Paea)onel - Pa) 


$=1 


=(1— pill Paden nell Po) ys or 
fol 


80 "MATHEMATICAL PROBABILITY - 


the required probability P(Aot+ A1) 
=1-[P(4,)+P(4s=1-( Pare — Pn) 
1+ > Pe 
Ex. 21. On an .attempt to land an unmanned rocket on the 
moon, the probability of a successful landing is 0°4. The probability 
that monitoring system will give the correct information concerning 
landing is 0°9 in either case. A shot is made and a successful 
landing is indicated by the monitoring system. What is the 
probability of a successful landing ? 
Let the events Y, 4., A, be defined as : 


X: ‘successful landing’ ; 
A, ! ‘monitoring system indicates successful landing’ 


4a: ‘monitoring system indicates unsuccessful landing’.. 

Then P(X)=0.4, P(A, | X)=0.9, P(As | X)=0.9. 
Now X+X=S, the event space. 

Ai X+ A:X=A,S=A}. 

P(41X)+P(A,X)=P(A1), since A,X and A,X are 

mutually exclusive events. 
~ or, P(X) P(da | X)+ P(X) Pls | X)=P(A;) 
or, (.4)(.9) +(.6)(.1)=P(A,), since P(A, | X)=1-P, | X) 
=1-P(A; | X) 


=1-9=1 


or, P(A1)=*42 


So the required probability = P(X | Ay) = 241%) 
P(A;) 


Ex. 22. A jar contains two white, balls and three black balls. 
The balls are drawn from the jar one by one and placed on the table 
in the order drawn. What is the probability that they are drawn in 
the order white, black, black, white, black ? [C.H. (Math.) ’85] 

Let A1, Asp As» Ay, A, be the events ‘first ball drawn is white’, 
‘second ball drawn is black’, ‘third ball drawn is black’, ‘fourth 

ball drawn is white’ and ‘fifth ball drawn is black’ ‘eipeativety, 


Then P(A;)=?, P(A, l 4,)=3, P(A; | 4,4,)=4, 
P(A, | 414,45) =} and P(A, | 4,4,4,4,)=1. 


[C.H. (Math.) ’82] 


AXIOMA “4 
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required Probability = P(4,4,4,4.4 ) 
. ae 
P(Ax)P (A,|A,) P(A, | AyAq) P(A, | A424) 


=0.1 P(As | A,A,A3A,) 


Ex. 23. There are tio identic 
al urns containin ; 
; g 4 whit d 
3 sale 3 white and 7 red balls. An urn is chosen at ain 
and a ball is fawn from it. Find the Probability that the ball is 
white. What is the probability that it is from.the first urn if th 
ball drawn is white ? é : st urn if the 


Let As, A, and Xbe the events ‘first ura chosen’, ‘second urn 
chosen’ and ‘ball drawn is white’ respectively, 
Then P(A,)=P(4,)=. 
Since A,+A,=S, the corresponding event space, 
X=SX=(A, + 43) X=A,X+4,X and the two events Pm 4 
and A,X are mutually exclusive. 
P(X)=P(ArX) + Pl4sX) = P(Ay)PUX | Aa) + PUAaIPAX | Ay) 
= .4+3.a5=x%s, which gives result for the first part. 


x X)_P(A,P(X | 4,)_3x¢ 
Again, P(A x) = P41 X)_Plds)P(X | A) 3x $ _ 40 
gain, ds | Xa Ba) aT 


Ex. 24. From an urn containing 5 white and 5 black balls, 5 balls 
are transferred at random into an empty second urn from which one 
ball is drawn and it is found to be white. What is the probability 
that all balls transferred from the, first urn are white ? 

[C.H. (Math.)°71} 


Let Eo, Ex, Eq» Es; Eqs Ee be the events defined as follows ;' 
Eo: ‘5 black balls drawn from the first urn’ 
E,: ‘1 white and-4-black balls drawn from the first urn’ 
Eq: ‘2 white and 3 black balls drawn from the first urn’ 
E,: ‘3 white and 2 black balls drawn from the first urn’ 
E,: ‘4 white and | black ball drawn from the first urn’ 


E,: ‘5 white balls drawn from the first urn.’ 


Let also X be the event one white ball drawn from the second 


urn,’ 


MP-6 


= +e . 
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Thea PE.) e557 pie) = Oe asp 
pip = Oem, pln) = ea, 
PB.) =“ -%, Pe)= ie gee 


Also, P(X| Ho)-0, P(X | Bs)= 4 PUY | Ba) 4 P(X | Es) =i, 
P(X | E,)=4 and PX | E,)=1. 
esniaal probability 
=P(E,| X= PBPK | Es), by Baye’s Theorem. 
DS PumaPlx | 0) 


{=o 
a 
126° 
Ex. 25. Two persons agree to play a game by drawing balls by 
turn from a box containing 4 white and 6 black balls. Hewho 
draws the first white ball wins, Find the probability that the man 
who starts the game loses the game. [C. H. (Math.) °71} 
Let A start the game and B be the other player. Let also 
E, be the event ‘white ball appears when the /-th ball is drawn’. 


Now A wins if any one of the following mutually exclusive 
events happens : 
Bis BE: 2; Ew ron 2s Es ro Eu, ao 2: 2s Zz. 2, 2B. Br, since 
there are 6 black balls in all. 
.’, the probability that A wins 
~P(E,)+P@, FFs) + PE, EE sEeEs) 
+P(EiESEsEWE 2. E:)- (1) 
Now P(E) 4 vos PL, E,E,)=PE;)P, | E,)P(E, | Bibs ) 
mioxdxt=4, 
PH EsEsE.E,) 
“PH PCs | Es)PEs | BBP, | 2.2.2) 


may x dx 4x} x$=y, PE, | E,E,2sE.) 
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god P(HiEsEs2.E.E.E;)=PE,)P.E, | B,)P(E, | ExBs) 
P(E, | Fib2Es)P(Es J £1E.E3F,) 
PE, | EE. EsE.E,s)P(E; | EiEsEsE.EsEs) 
=X TX EX TX EX EXE= hy. 
Therefore, from (1), the probability that 4 wins 
=aotet+ tats. 
the probability that the man who starts the game 
loses=1 —33=q. 
Ex. 26. Two players A and B alternately throw a pair of die; 
A wins if A throws 6 before B throws 7 and B wins if B throws 7 
before A throws 6. If A begins, then find the probability that A wins. 
Let A, denote the event ‘4 throws 6 in thei th throw’ and 
B; denote the event ‘B throws 7in the jth throw’. Now 4 wins 
if at least one of the following mutually exclusive events 
happens 4 dy» ay B, As Aly B, As B, As» coeces é 
Now the event ‘throwing 6 by two dice’ contains the 5 distinct 


outcomes, namely (1, 5), (2,4), (3, 3), (4, 2), (5, 1) and the event 
‘throwing 7 by 2 dice’ contains the 6 distinct outcomes, namely, 


(1, 6), (2, 5), (3s 4)s (44 3)s (Ss 25 (6, 1D. 
P(A) = ss, P(Bj) “ss =}; i=1, 3, 5,......and j= 2, 4, 6,... 
Hence the probability that A wins 
=P(d4, +A,Bid,+d.BsdsBiAs+ teeaee ) 
=P(A,) + P(A,B,45)+ P(iBadsByAs) to 
Syetidece det ab 8-53 bet 


= yg taal(3d. 8) + (3h. BP toe 


Ex. 27. A die is thrown twice, the event space S consists of the 
36 possible pairs of outcome (a, )), each assigned with pro- 
babilities yy. Let A, B, C denote the events: 
As{(a, 5) | a is odd} 
Ba {(a, 5) | b is odd} 
Cw f(a, 6) | a+b is odd}. 
Check whether A, Band C are independent or independent in 
Pairs only, [C. H. (Math.) °81] 


Number of simple events favourable to A= 3x 6~18. 
P(A) = $3 =3- 
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; at, 
similarly, P(B)=4, P(O) es 
Number of simple events favourable to AB 3x 


=}= |P(B). 

P(AB)= fs = t= PLA) _ 

Number - simple events favourable to BC=9[In fact the 
u 


»1), (4,1); (6,1), (2,3), (4,3 
_ simple events favourable to BC are {(2,1) ( , 


6,3), (2,5), (4.5) (6,5)t]- 

_ ee PIBO)=vs=3=P(B)P(C)- 

imilarly P(CA)=P(O)P(A)- - 
Sis naan ABC=({(a,0) | 445, a+bare all odd}=O. 


*.P(ABO)=0 ¥ P(A) P(B) P(O)- | 
Thus the events A, B, C are ‘not independent but are pairwise 


independent only. 
Ex. 28. The probabilities of n independent events are p,, 


du Find the probabilisy that at leastone of the events will 
Paseors Pn (C.H. (Math.) *63) 


happen. 
Let Ay» dg» Age-s-eer An be the given independent events where 
P(A)=p¢ for i=1, 2,.-.90- The required event is A, +Ag toe + Ane 


So the required probability is P(Ar +Ag t+ An) 


n 
= > Pd > Praidi) + > Plddsdnd+ weet (—1)"7? P( Ay Ag---An) 


i=] i<j i <j<k 
~ 2 
=> - > P\Ai)P(4;) + > PladP (AP (Ai) mee 
i=] i<j i<j<k 


ecah ( = 1)"- 1P(Ay )P(42)-+-Plde) 
since 41, 4gy......5 4p are independent 


n 
=>P->, Pupst > iPr. vert (= 1) "79D, Doses ses Prv) 
i=] 


i<j i<j<k 


B 
=1-[1 — Dat > poi >\pipiPe+ oreo t (= I)" ps Pave-0-Pe | 
i=l 


i<j i<j<k 


=! -[(1 —Pp,)(1 —Dg)evoora(1 = Pr)l 
=1-(1-p,)(1—p,)......(1 —Pn)s 


AN AXIOMATIC CONSTRUCTION OF THEORY OF PROBABILITY 85 


Ex. 29. Find the probability that in a game of ‘bridge, a hand 
of 13 cards will contain (i) all the aces, (ii) at last one ace. 
[C. H. (Math.) ’67] 
Total number of simple events in the event space = 57(,,, asa 
simple event will be a group of 13 cards, 
Now a pack of 52 cards contains 4 aces, 
We assume that all simple events are equally likely. 
(i) The required probability — Ca ***Cy 
. . °C, 3 . 
(ii) The event ‘no ace’ contains **C,, simple events. 
the probability that a hand will contain no ace 
4a C, & 
& 2C, F 


required probability = 1- = 3, 
18 


Ex: 30. 7 mathematics and 3 physics books are placed at. 
random on a hovk-shelf’. Find the probability that none of the 


- physics books.are placed consecutively, - [C.H. (Math.) °72] 


Total number of simple events in the event space=j10. Let A 
be the event ‘none of the physics books are placed consecutiveiy’. 

The number of simple events favourable to A 

= number of ways in which 10 books can be arranged where the 
3 physics books are placed in between and at the ends of 7 


mathematics books (i.e., in 8 places) ="P, «|7 
Assuming that all simple events are equally likely, 
: ies 8 7.7 
by classical rule required probability = i 2 15 
Ex. 31. One card is selected at random from 100 cards 
numbered 00, 01,...... , 98, 99. Suppose n, and n, are the sum 


and product respectively of the digits on the selected card. Find 
Pin, =i | ng =O}. , [C.H. (Math.) °87] 


We have P {n, =i | n,=O}= Piles =0 o =O} 
Case I. Leti=0. The outcomes favourable to the event ‘n, =0° 
are 00, 01, 02, 03, 04, 05, 06, 07, 08, 09, 10, 20, 30, 40, 50, 60, 70, 
80, 90, i.e., total number of simple events connected to the event 
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‘n,=0" is 19, of which the only sim: 


*(n, =0)N(n, = 0)’is {00}. 


ple event connected to the event 


5 l 
Hence Pin,=0 | n= N= Te I9" 
Let ix 0. In this case for any particular i > 0, 
re connected to the event ‘(n=i)N(n,=0) 
{Olj, {10} are connected to the event 


{20} are connected to the 


Case II. 
only two simple events a 
For example, ifi=1, events 
“(ny =1)N(ng=0)’, if i=2, events {02}, 
event ‘(n, =2)N(n, = 0)’ and soon. Hence, P(n, =i [n,=0=3%, 


Ex. 32. 
each child is equally likely 
is picked at random and found to have 


probabilit 'y that it has another boy? 
s of four simple events {(b,b), (8, &), 


a boy, then what is th 
[C.H. (Math.) ’90} 


The event space consist 
(g, 5), (8. 8)} where “b’ stands for a boy and ‘g’ for a girl. 


be the event ‘the family has a boy’, and B be the event that 
‘the family has another boy’. The second event implies that the 
family has both the two children boys. We will have to find the 
probability P(B | A). 
Now P(A) = 4, P(AB) =} 
P)AB)_1/4_ 1 
oe B A)=— FS Es 
AB | A) P(A) 3/4 3° 
Ex. 33. Jn an examination 30% of the students Jailed in 
mathematics, 15%, of the students failed in chemistry and 10% of 
me students failed in both chemistry and mathematics, A student 
is sii at random. If he failed in chemistry, then what is 
probability that he passed in mathematics ? [C.H. (Math } 89] 
te Aand B denote the events ‘a student failed in mathematics’ 
and ‘a student failed in chemistry’ respectively 
Then P(A)=(, P(B)=y'5, P(AB)=7. 
The required probability=P(4 | B)=1- P(A | B) 


Let A’ 


o 
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Ex. 34. The chance that a doc 
. : tor will diagn 
correctly is 60%. The chance that a aie aah aul 
treatment after correct diagnosis is 40% and the fae “ i 
i i of 2. ea 
bs oe mal is 710%. A patient of the doctor who had the 
ue 4 , at is the probability that the disease was diagnosed 
correctly 
[C.H. (Math.) °89 } 

pean the event ‘the disease was diagnosed correct 
San and Ey denote the event ‘a patient wh dl 
disease dies’. We are given that who has the 

3 
P(E,) == , P(E | E,)=}, P(E, | B,)=J,. 
Weare to find P(z, | E,). N 
is a) ow the event ena 
in the following two mutually exclusive ways : EH, can materialize 
E,E, and ELF, 
P(E,)=P(E,E,)+ P(E,E,)=P(E,)P(E, | F,) 
+ P(E,)P(E, | B,) 
=eX $+ Fx =H. 


P(F, | Ey)=PEsEs) P(E, )P(Bs | B,)_$x$_ 6 


Ex. 85. Two numbers are selected at random from the set 
| {1,2,..., m}. What is probability that the difference between the 
first and second chosen number is >m, a positive integer ? 
: : [ C.H. (Math.) ’91 ] 
Let x and y be the first and second numbers chosen at random. 
We are to find P(|x-y|>m). We first note that if m>n 
then the event ‘|x-—y|>m’ is an impossible event. So we 
assume that m <n. 
Now different choices of x and y such that |x-y|>~m, 
Where m << n can be done as follows : 
If one of x and y is 1, the other may be m+1, m+2,.....5%5 
[ i.e, (n —m) choices ]. 
If one of x and y is 2, the other may be m+2, m+3,......, 2; 
[ i.e. (n - m—1) choices ]. 


ees) eee eco see ete 


If one of x and y is n—m, the other is n[ i.e., only one choice }. 


: TY 
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of chol 

Thus the total number ; Pe : 
tein em) t(n-m— . 

|x-y | pm is(n m)+ po 

. n-m(n-mtD m)(n + 

Hence P(larylem)= 2.°0 n(n—f) , 


fe 3 


n} is "C,. 


(n—m)(n—m-+ 1) 
a ies 


i t {1,2,-rs0eee 
from the given the probability Py that a natural number Chosen 
Ex. 36. 


dom from the set {1,2y+++-- , Np is divisible by @ fixed natura) 
at rando 


C.H. Math, ’ 
number k. Find limit Py. Li : a7) 
. t [z] denote the largest integer contained in z, z being 
aires Then number of integers in the given gq 


[ For example [32]=3 and the number of integers among 
{1,2,..., 17} that are divisible by 5 is 3, namely 5, 10, 15}. 
Also the event space contains V simple events. 


se 1[N 
‘, required probability Pynd|TL 


If [E-« then by division algorithm , 


Nakg+r,0cr<k, 
2 HEE at 
Now 0< wy Also - r=0. he oe iW =0, 
fin bey 


Ex. 87. Show that the probability of obtaining six at least 


once in 4 throws with a die is slightly greater than 0-5 . 

Total number of simple events in the event space in 6+. Let 
A denote the event ‘at least one six’.’ Then the event Z (i.e, event ' 
‘no six’) has 5¢ simple events, , 


. P(A)=(5/6)*. 
“. P(A)=1 -(5/6)*~"52, which is slightly greater than °S. 


ces of * and y such tha 
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gx. 38. Find the ‘minimum ny 
thrown such that the probability of 


i 


mber of times a:fair die has to be 
no six is less than 3, 
‘ [C.H. (Maih.) ’92) 
By Ex. 37, probability of the ey 
=(5/6)". | 
Now (3)" < § givesn > 4, 
Hence the minimum number of times the die has to be thrown 
is 4, 
Ex. 39. The integers x and y are chosen at random with 
replacement from nine natural numbers 1, 2yeseeeey 8, 9. Find the 
probabilit y that | x? - y4 | is divisible by 2. [C.H. (Math.) 93] 


xe-y * is divisible by 2, if *, ¥ are both even or both odd. 
Now total number of pair of numbers, both even, that can be 
chosen from {1, 2,......, 8, 9} with replacement is 4x4, Similarly 
total number of pair of numbers, both odd, that can be selected 
from $1, 2,--+.+5 8, 9} with replacement is 5x 5, 

Also two integers x and y can be chosen at random with 
replacement from first nine natural numbers in 9 x 9=81 ways, 
16425_41 

8181" 


€nt ‘no six’ in n throws 


Hence the required probability= 


Examples III 


1. Let A, B, C be three mutually independent events. Prove 
that A and B+C are mutually independent. Prove also that A and 
BG are also independent. 

[ P{A(B+C)} = P(AB)+P(40) - P(ABO) 
= P(A)P(B)+P(A)P(C) - P(A)P(B)P(C) 
and P(A)P(B+(C)=P(A){P(B)+P(C)— P(BO)} 
= P(A)P(B) + P(A)P(C) - P(A)P(B)P(C) 
since 4, B, C are mutually independent, etc. For second part 
apply Ex. 10 (Illustrative Examples) for 4 and R4+Q=BC to be 
independent, ] 


———"—S——— 


= and B, 


A 
2. Forany 180 V8 ap) £ PUA 


PUz) < Pid) & Pat 


paBc4 c AtB. 

P(AB) S P(A) 
3. For any two events A, Bs oe 
[ See Illustrative Examples, Ex. 2 J. ; 
4. If 4B=0, then show that P(A) < P(B). 


tc. ] 
| = AB + AB=4B- ACB,¢& 


z P(AtB) FS p(A)+ PCB). | | 
, ethat P(AB) = P(B) - Pap) 


P(B)=)» P(AB)=% _ 
7 p(A+B) and P(A+B)- 


ples, Ex. 2 and 3. ] 


5. Given P(4)= 
find P(A), P(AB), Pl 
[ See Illustrative Exam 
. For any events A, B, show that : ; 
aa) ~- p(A)P(B) = P(A'P(B)— P(AB) = P(4)P(B) ~ PC(AB). 
[ P(AB) = P(B) - P(4B), Pp. AB) = P(A) - P(AB)» 


={l- ) 
_ pAB)-P(A)P(B)= PUB) =1- PAB) _ 
-- PCA)P(B) - (PLB) - P(AB)} = P(A)P(B) ~ PAB) ete J 


7. Given P(A)=3, P(B)= a» prove that (a2) P{A+B)>3, 
(b) $< P(AB) <}- 
[BcA+B=>P(B) S P(A+ B). 
Again A D AB=>P(4) > P(AB) 
and P(4 + B)= P(A) + P(B)—P(AB)- 
-, P(AB) =P(A)+P(B)—P(A+ B) = P(A) + P(B)- 1 


=34+4-1=%.] 


P(A+ B) > P(B) <3. 
P(AB) S P(A)=3. | 


8. Consider families with 3 children. Let 4 be the event that 
the family has children of both sexes and B be the event that there 
is at most one girl. Examine whether the events A and Bare 
independent. 

[ The event space‘contains 8 outcomes ; 
(bbb), (bgb), (bbg), (bgg), (gbb), (gbg), (ggb), (gee, 
where ‘b’ stands for a boy and ‘g’ for a girl. 


P(A)=$=3, P(B)=$-h, P(AB) = = P(A)P(B) ete. ] 


[ 
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g. An urn Contains four tickets marked with numbers 112, 
121, 211, 222 and one ticket is drawn at random. Let Adi=1, 2, 3) 
pe an event that the i-thdigit of a number of a ticket is 1. Discuss 
the independence of the events 4,, 4, and de: 

[ PiA:) = P(As)=P(A,)=3; P(A, 4s)=4=P(A,A,)=P(Aa 40) 

plA,As4s)=0. Air As, Ay are pairwise independent but not 
mutually independent. ] 

10. An event A is known to be independent of the events. 
B, B+O and BC. Show that A is independent of 0. 

[ P(AB) + P(AC) - P(4BC) 

=P{A(B + C)} = P(A)P(B + C)=P(4}{P(B) + P(C) - P(BC)} 

= P(A)P(B) + P(A)P(C) - P(A)P(BC) 

= P(AB) + P(A)P(C) - P(ABO) 

P(AC) = P(A)P(C) ete }. 

11. Prove that if 4, B and Q are random events and if A, B,C 
are pairwise independent and 4 ir independent of B+C, then- 
A, B, C are mutually independent. 

[ P{A(B + C)} = P(AB + AC) = P(A)P(BY+ P(A)P(C) - P(ABC) 

- P{A(B + C)} = P(4)P(B + 0) 

= P(A)P(B) +P(4)P(C) - P(A)P(B)P(O) 
-, P(ABC) = P(A)P(B)P(C)]. 


12. The numbers 1, 2,..., m are arranged in random orders.. 
What is the probability that the numbers 1 and 2 are always. 
together. , 

13. Each of the 12 districts has 2 representatives. Find the- 
probability that, in a committee 12 representatives chosen at: 
random (a) a given district is represented (5) all districts are 
represented, 

14. From a set of 17 balls marked 1, 2, 3, ...... , 16, 17, one 
ball is drawn at random. What is the chance that its number is 
either a multiple of 3 or of 7? [C. H. (Math.) °62 } 


[ See Illustrative Examples, Ex. 18.] 
15. What is the probability that a bridge hand will have a. 
complete suit ? 
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50 tickets numbered 1, 2, 3s wrens 50g 
ndom and arranged in ascending Order, 
What is the Probability 


16. A bag contains 
which Sare drawn at 14 
their numbers : x <X%2<%3 <7 <a2s- 
that x, =30? ' 

[=. =30, 1 Zx,,X2 29 and 3l S Xe %s < 50. 

3 =4 - 
3 red, 20 black 


. . hite 
. tain respectively 4w id bs 
17. Two urns contal One ball is drawn 


balls and 12 white, Sred and 12 black balls. 
from each urn. 
the same colour. 


boxes and four balls are numbered 1, 2,3,4. Th, 


18. Four random, one ball in each box, 


; 2 es ee 
[ Required probability =), —* 4! +h 8 


19. A box contains 6 red, 4 white and 5 black balls. A person 
draws 4 balls from the box at random. Find the probability that 
among the balls there is at least one ball of each colour. 

[ €c, x *G,x 5Ca, °Cx x*C,x Os 4 °Gs *°G1 * °0s 9.528 | 

“TG, GSC : 

20. Three urns contain respectively a, white and 5, black 
balls, a, white and b, black balls and.a, white and b, black 
balls. One urn is chosen at random and a ball is drawn from it at 

tandom. What is the probability that the ball drawn is white ? 
[ See Illustrative Examples. Ex. 23..] 


21. The numbers XY, Y are chosen at random from a set of 
natural numbers {1, 2, .... Nj}, N > 3, with replacement. Find the 
probability that | X*-Y? | is divisible by 3. 

[ Seo Illustrative Examples Ex. 39..] 


22. What is the probability that in a throw of 12 dice each face 
occurs twice ? 


Each ae may show any one of the six faces. Hence total 
umber of simple events in the event space = 623, 


me, 


Find the probability that both the balls are or 


each of size 2, first group of two di may be arranged in 6 groups 
of two dice each showing 2, thi 
3 and so on. J 


23. Find the probability that in 
at least 3 times in succession, 


a We get at Hg 3H in succession if either (i) there are no 
tails, or (if) only IT in the positions first or second or fourth or 


fifth, or (iii) 2 tails in the positions . 
gftb or fourth and fifth. ] tst and second or first and 


5 tossings a coin turns up head 


94. Two cards are drawn from a well-shuffled ‘ 
probability that at least one of them is spade, ee ee 


[ A=‘first card spade’, B=‘second card spade’, Required 
mHd2t x ah tdpx ages}: 


25. In.a survey report it is stated that 66% of male college 


. students in Calcutta like soccer, 37% like hockey and 42% cricket, 


11% both soccer and hockey, 10% both soccer and cricket and 12% 
poth hockey and cricket, 8% all three. Show that the statement, 
as it stands, must be incorrect. 

[ P(H + S+C)=P(H) + P(S)+ P(C)- P\HS)- P(SC) - P(CH) 

+P(HSC) 
=yo0 +100 + xd0-r00— too -Yeotréo51-2 > 1.] 

26. A survey regarding liking for novel, comics and poetry 
among students of a college is made. The survey shows that 20% 
read novels, 16% read comics and 14% read poetry, 8% read both 
novel and comics, 6% read novel and poetry and 4% read comics and 
poetry and 2% read all three. If a student is chosen at random,,. 
then find the probability that (i) he reads none (ii) hoe reads only 
one of them. . 

[ (i) Required probability = 1—P(A+B+C)= 0-66. 

(ii) Required probability = P(ABC + ABC+ ABC) 
= P(A) P(B)P(G) + P(A) P(B)P(C) + P(4)P(B) PC) 
=°35, 

where A=‘a student reads novel’, B=‘a student reads comics’, 

C=‘a student reads poetry’. ] 
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27. One shot is fired from each of 3guns; Eis Ey, Ey denote 


i t, second 
respectively the events that the lei - ae ie EA a 
i ctively. If P(E:)="» 3 =°8, 
ye ae are independent events, then find the a 
that (a) eauitlf sts hit is registered, (b) at least two hits are 


registered. 


[(a) Required probability = P(E, EsBs) + P(Ex E,Fs) 


+ P(ELEs Es) =*26, 
(b) Required probability = P(E,B,Es)+ P(BsEsEs) 
+ P(BgHyEs) + P(E1EaEs) =°70. J 
9g, A problem in statistics is given to three studsaits A, B and 
Q whose chances of solving it are 3, 4 and } respectively. What 
is the probability that the problem is solved ? 
[ E,=‘the problem is solved by A’, B,=‘the problem is solved 
by B’ and H, = ‘the problem is solved by C. 
Required probability = P(#, +H. +2Zs)= P(E,) + P(E) + P(E.) 
~ P(E, E,) — P(EaEs) - PEs Ex) + PUB E;E;) Fr -) 
99. The odds against A solving a certain problem are 4 to 3 
and odds in favour of B solving the problem is 7to5. What 
is the probability that the problem is solved if they both try 
independently ? 
[ 4,='4 solves the problem’, 4,=‘B solves the problem’. 
P(4,)=}) P(4a)= 2s: Required probabiliiy=P(4,+ A.) 
=1— P(Ay-+Aa)=1—-P(Ay Ay)=1 - Pid) P(A.) = $4. 
30. (a) If A and Bare mutually exclusive and P(B) > 0, then 
prove that: P(A | B)=0. 
(b) If A, B and C are any three events, then prove that 
P(AtB | C)=P(A | C)+P(B | C)— P(AB | C) 
where P(C) » 0. 


{(a) AB=0, .*. P(AB)=0=> P(A | B)-P(AB)_o 


P(B) 
4b) P(A+B| C)=? ee ~PA0}+ BOBO P(ABO) 


=P(A | C)+P(B | 0)-P(AB | 0).] 


31. For any three events A, B 
PUB | O)4. D145 : »C prove that 


| O=P(4 | 0), 

[ Since ABC and ABC are mutually aan 

P(AB | 0)+P(AB | ¢)=PLABO)+Ptapcy P(40+ 489) 
Pl PC) 

=P(40)_ 

7 , oy =Pl4 10) | 

32. For any three events 4 


» B, ; 
prove that PBI A)< Po} y, Ett BCC, P(A) > 0, 


=P(CA)_P(BCA+5 
[ Pcl =i Ay BA = PBO | 44. PCO 4) 
=P(B | A)+P(Gg | 4), since BC ¢, 


P(C | A) > P(B| A),} 
33. If A and B are two events and 
P 
A\B)=PAY=PLAB) oy (B) # 1, then prove that 
P(A }- 1-P(B) ~~ Hence show that P(AB)>P(A) + P(B)~1, 
Also show that P(A) > or <-Pi4 | B) scenrdingsas 
P\A|B)> or < P(4), 
[4n+4B=A. 
mutually exclusive, 


Also P(AB) = P(A)P(B | A)= PCR)P(A | B). 


P(A | B)_ PB! A)_1-PB I A) 
P(d) “PB 1 P{B) 


P(A | B) S P(A) according as 1-P(B| A) S 1-P(B) 


: _P(A)- P(A 
PEAY B) =P PAB) 1B and AB are 


‘ : P‘B | A) 
i.e., aocording as “2 1 
Bas 2 


ie., according as Pa ly 
P\AB) = P(A)P(B | A)=P{B)P(A | B) 
ie, according as A) < or > PiA| B)). 


$4. Anurncontains 7 red and 6 black balls. Two balls are 
drawn without replacement. What is the probability that the 
second ball is red if it is known that the first is red ? 


36 MATEEMATICAL —— 
Aw first ball red". oe ae el =i | 
PA}= ey AaB isp, ” Fi a conditiona} 
annie re oo if nis tow tat total is iis 
by 5. B = ‘two fives occur.’ 


5 a = ‘total is divisible by 5". eee 
; i i je events—i{l, 4), (4, 1), ( 9 “Is a hy to, ), 
Acontains 7 Simp a MeN 


employees have scooters and 20% have 
perenne re ie go% do not have cars, 


cars. Among those who ‘ 
What is the probability that an employee has a car given that he 


does not have a scooter ? 
tS = ‘an employee has a scoote 
“pisjars, PICI="2, PT | S)-°8. 
_ PES=P(S\PT | S)=°32. 


r’, C= ‘an employce has a car,’ 


Now PESEPTS<POI=B.  °. POS)='B~"32— 48. 
Finaly, PUCS)+PCS)=P(S)="6- P(CS) =°6 -°48 = "12. 
PCS). 
Ho |3)- 2 B= 2] 


37. A and B are two independent witnesses in acase. The 
probability that 4 will speak the truth is x and the probability that 
Awill speak the truthis y. 4 and #agreein a certain statement. 
Show that the probability that this statement is true is 

xy 
i—-x-yt2xy 

(4, = ‘A and B both speak the truth’, 4, = ‘A and B both 
speak the untruth’, ¥ = ‘A and B agree ina statement.’ 

We observe that ¥=4,+A, and Ai, A, are mutually exclusive. 
Then P(X¥)=P(A,)+P(Aq). 

So P(X)=x. y+(1—x\(1-y). 

—P(ArX)_ PIA (As + As)h_ Pls) x. 
Ps ye a PO) Tica cy Poa | 
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g. An urn contains 15 white ang 
ataias 7 white and 8 black batts, 
m the first urn and placed in the ‘ 
en from the latter, 
ite ball 1 
[ Let Aw Az, A, and X be the events 
” plack balls transferred’ 


5 black balls, another urn 

Two balls are transferred 
cond urn. Then one ball is 
What is the probability that it is a 
wh 
i ‘2 white balls transferred’, 
» I white and 1 black balls transferred’ 


4 ‘one white ball drawn from the seco : ‘ 
Required probability nd urn’ respectively. 


=P(A,X+4sX+4,X) 


=P(A;)P(X | As)+P(A,)P(X | Ay)+P(A,)P(X | A,) 


a Cs 2 °C, 7 15C. x5C 
OC, 17+ ™C, *i7t oC, 1x 


3. 


39. Two urns contain respectively 5 white and 3 black balls 
gnd 4 white and 2 black balls respectively. One ball is transferred 
from the first to the second urn and then a ball is drawn from the 
second urn. What is the probability that the ball drawn is white ? 

[ C. H.(Math.) 63 } 

40. Three urns contain respectively 1 white and 2 black balls,- 
2 white and 1 black balls, 2 white and 2 black balls. One ball is 
transferred from the first to the second urn, then one ball is 
transferred from the second to the third urn, finally one ball is © 
drawn from the third urn. Find the probability that the ball 
is white. 

[ W; = ‘a white ball drawn from the /-th urn’ 
B, = ‘a black ball drawn from the /-th urn’ 
PW) =PW,)PW, | W,)+P(B,)P(Ws | B,) 

=%-$+$ .j=7, 
a e i ye 
P(B,) =l-yge-a5 
P(Ws)=P(W4)P(Ws.| W2)+P(Bs)PWs | Bs) 
=a + 5. 2.,381 : 
IT BTUT + FEO 


\ im1,2, 3. 


41. What is the probability that each of the four players, in 
a bridge game, will get a complete suit of cards ? 
MP-7 , 


—— 


MATHEMATICAL 
ta complete suit 0 


pROBABILITY 


98 f cards’. 


( Ay « ‘ith player will 


1 4,)P(ds | ArAsdP(AG | 42404.) 
1 

2 1 43) See Ex. 15}. 
xa *T5G,, 52! 


A,)= Pi Ar )PLA 2 


f the same appearance bave the following 
') 


and black balls : 

hite and 2 black balls. 

1 black balls. 

2 black balls. : 


tion of white 

Um I: 1* 
: 2 white and 
: 2 white and 
ted and one ball is drawn. It is found 


s is selec 
ae it comes from urn Il? 


One of the es 
to be white. What is the probability that 
{ See Iitustrative Examples, Ex. 24. ] s 
In a bolt factory, machines 4, B, C manufacture 25, 35_and 
43. of the total respectively. Of this output Be 4 and 2 p., 
: one bolts. A bolt is drawn at random. from the product 
aieboel defective. What is the probability that it was manu- 
factured by 4, B and ¢ respectively ? 
be the eveats that a bolt is manufactured 


Ay 4s and A 
{Let dards ‘ yely and E be the event that “a bolt is 


by 4, B and C respecti : 
F Then Plds)= 3s Bide) = vo» Pl4s) = 3. 


defective”. 
PE | A;) = go P(E | As) = vss P(E | 43)=¥o: 
PiB| As) 25. _ 28 
Then Pld, | B= ee | As) =a i Plds | B= G- 
SiRAOPEE | A 
t=1 
Pd, | EI=§p 


44. There are 3 coins, identical in appearance, one of which is 
ideal and the other two biased with probability } and 3 respectively 
fora head. Onecoin is taken at random and tossed twice. If a 
head appears both times, then what is the probability that the ideal 
coin was chosen ? 
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= ‘the ideal coin was chosen’, 


4,zithe biased coin, with Probability } for a head was chosen.’ 
,z'the biased coin, with probability 7 for a head was chosen’. 
4 ‘two heads by two tosses by the chosen coin’ 


P(A,)=P(4a)=P As)=}, Pla | 4:)=4.3=4, 
P(A | A;)=3 é t=. 
P(A ] As3)=3- ie 
Required probability =P(4, | 4)= Pls) | PALA) 9 4 
29° 
> PAdPiA | A) 


43. Urn contains 2 white, 1 black and 3 red balls ; Urn I 


contains 3 white, 2 black and 4 red balls ; Urn III contains 4 white, 


3 black and 2red balls. One urn is chosen at random and 2 balls 
are drawn. They happen to be red and black. What is the 
P robability that both balls come from urn I? : 
[B= ‘i-thuro chosen’, i=1, 2, 3. 
A= ‘two balls drawn found to be red and black’. 
P(B:)=P(B2)=P(Bs)=3- 
P(A| Bi)=B-E +4 .$ (first red and second black, first black 
and second red) 


P(A | B,)=$-2+3-4=5 P(A | B,)=3 ~$t+é. 
< 53° 
> PwBIPA | Bi) 


f=1 


Required probability=P(B, | 4)= 


46. Two urns contain respectively 3 white and 2 black balls 
and 2white and 6 black balls. One ball is transferred from urn 1 
to urn 2 and then 1 ball is drawn from the latter. It happens to be 
white. What is the probability that the transferred ball was black ? 

[ A, = ‘transferred ball is white’, A, = ‘transferred ball is black’ 
and B='‘ball drawn from the second urn is white’. 

Then P(A, j p= aE Aaa since P(A,)=3, 

P(A.) =, P(B | Ar) = $s P(B | 42)= 5-1 


ROBABILITY 


100 
“te and 5 black balls, 4 bay, 
7 , ay 
From this vessel a ball: i, 
8 


47. F 
what is the probability that 


drawn and it 1s 
out of four balls 


[Bz white balls are trans 


Lis drawo from the s 


pe ‘one white bal 1, x0 
5 sg,x "Cs i Gat Ss, 
PB) 2G" PES)" "8G, ee a, 
3 .] 
Pepe) 
4 


P(B | Eo)=9 P(B| Bi)=% P(B | E,)=p PB | Hs)=% 
P P(B | Es) —! 

ite | y= ORE LBS a7) 

ae (E,)P(B | Ei) 

t=1 
jon of Cyprus is 75% Greek, 25% Turkish; 
0% of the Turks speak English. A visitor 
who speaks English. What is the 


4g. The populat 
20% of the Greeks and 1 
to the town meets someone 
probability that he is a Greek 1 
[G = ‘a person is Greek’, T= 
A = ‘a person speaks English’. 
P(G)=%, P(T)=% PIA | G)=4, P(A | T)=s0- 
= P(G)P(A |G 

PG | A= pa REPEAT pro! 


‘g person is T urkish’ 


49. Suppose that there is a chance for a newly constructed 
house to collapse whether the design is faulty or not. The chance 
a the design is faulty is 10%. The chance that the house collapses 
: Fs pas is faulfy is 95% and otherwise it is 45%. It is seen 

at a house collapsed.. What is the ili it i 
pe probability that it is due to 
= = ‘Design is faulty’, B = ‘the house collapses’. 
(A)= 1, P(A)="9, P(B| A)="95, P(B | A)="45. 
required probability=P(A | B) 
= _PAP(BI A) 
PORE A+P@HBTD |! 
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30. From an urn containj 
: ing 3. whi : 
transferred ite and 
— fee and — an empty urn. selserionis balls, 4 balls 
are i" third bal ey happen to be white. a eC secod ura? balte 
that the third ba I drawn from the same Sr at isthe probability- 
0 will be white ? : 


Aa 


i 


.*2 white and 2 bl 
ack balls are transferred to the second 


Aa = *3 white and 1 
a : black balls are transferred to the second 


ur. 


4, = ‘1, white an se 
~ : 3 black balls are transferred to the 
d cond 


urn. 
= ‘4 
As black balls are transferred to the second 
nd urn.’ 


= ‘both 
A ‘ a 7 drawn from the second urn are white’ 
gp = ‘third ball drawn from the second urn is ane. 
; 
P(A, )=-22% Ge ae 
Dyer, Magietye "OL 


A tae 


Now we can write A= A( 
Ficus =AAi +4A+4As+/4 
are pairwise mutually exclusive sient 1 ane Aa, As» As, Ag 
oS note that AA,, AA, are both ‘eationaibie event #AstA,=S. 
(e) = iam S. 
ey A A(A, +42)=44,+44, where, (AAy)(AA )=0 
gis 


Pi = 
(A) =P(4As +4d2)=P(A,)P(A | Ay)+P(42)P(A | Aa) 


P(A;)P’ ‘ 
By (3.10.4), wei et P(A | AdP(B | Adi) 


S Padre | 4) 


¢=1 


Case I. 
iy ‘ eee ee 2 balls be replaced before the second draw. 
\ | AD)=% P(A | Ao)=3s PB | AA,)=%3 P(B-| AA,)=% 


P(B l A)=qz- 


Cas 
Pirie Let the two balls be not replaced before the second 
. Then P(B| Adi)=0, P(B| 442)=3- P(B | A)=i 1 


MATHBMATICAL PROBABILITY 


black halls and 6 white balls and urn B 
white balls. Two balls are transferreg 


102 


51. Um A contains B) 


contains 8 black balls and 4 
from B to 4 and then a ball is drawn from A- 


proba ‘white ? 
-obability that the pall is w ‘ 
* a. ths ball fs white, what is the probability tha; 


at least one white ball sus transferred to A ? 


i from B to 4’. 
= ‘2 white ball are transferred 
ve = : ‘wii ball and 1 black ball are transferred from 
.= 
Bto ds’. 
B, = ‘2 black balls are transferred from B to Aa. 
.= 


‘ 0, **Cs pip jas’s. 
PB sos PBA) = tag, * PBI s3G, 
(a) A=‘one white ball drawn from A’. 

P(A| Ba)=a'sr P(A | Ba)=a'e P(A | Bs) =35- 


P(A)= > PUBIPLA | Blea 


t-1 
(b) Required probability =P(B. | 4)+P(B. | A) 
_ PIB NP(A| Bs) 4 P(B»)PCA I B,)_34 
3 


2 fa0Pa | Bi) 
dd 


52. From the numbers 1,2,...... ,2n4+1, three are chosen at 
random. What is the probability that these numbers are in A.P. ? 
[ d=common difference of the numbers chosen. 
When d=1, possible selections are : 
(1,2,3), (2,3,4),.02-++9 (2-1, 2n, 2n+1) 
ie., (2n—1) groups in all. 
When d =2, possible selections are 
(1,3,5), (2,4,6),... +5 (20-2, 2n—1, 2n+1) 
i.e., (2n—3) groups in all. 
When d=2-1, possible selections are 
(1, 1, 2n—1), (2,41, 2n), (3,42, 2n +1) 
i.e., 3 groups in all. 


ra 
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nen d =, there is only 0 i i 
“ ly One Possible selection, namely, 


(1,41, 2n4 1). 


Broups of 3 numbers connected 
s VHe $5434] 
oe (1 +2n-1)=73, 


Thus total number of selection of 


to the given event =(2n— 1)+(2n_3 


". required probability = x ee 
n+ 4n? — 1 J 
53. From an urn containing n balls any number of balls are 


n. Show that the probabili i 
draw ai ility of drawing an even number of 


s 2 
palls 8 “guy 


[ Total number of event points in the event space 
="C,+"C.t Siaidieiste +"C,=2"—1. 

The event ‘drawing an even number of balls’ contains 
"Ont Og tern: +"C, simple events. 


fa, if nis even 
where 7 j - -1, ifn is odd’ 


ie, 2"~*—1 simple events, etc, ] 


54. Froma pack of 52 cards an even number of cards are 
drawn. Show that the probability that these consists of half red 
and half black is : 


52! 1 
612 [ C.H. (Math.) °62] 
=. 
{ Total number of simple events in the event space 
=520,+57O,+ sisters +520, 253-2 — 1=251-1, 
Now r red and r black cards can be drawn In 2°C,x ®*C, ways, 
(there are 26 red and 26 black sards in all), 
total number of ways in which an even number of cards 
With half black and half red can be drawn 
=?"G, x 26G, + 28, x 280g Fete t 260, 4.x *8Ceg 
= 32! | 
(265? °° 


MATHEMATICAL PROBABILITY 


as $2! 4) /Qs-1) 
required provability=|iog it i} / ( 
Cn are the’ binomial coefficient, 


1h 


Remember that if Cos Qi 


in the expension of (1 4.x)*, then 


n-l,if nis odd 
aprt-l where r={ 


n, if nis even, 
Cyt Cyto +r B 


(an)! 
+ C= 1.] 
the probability that the sup, 


re thrown. Find 
$5. Four dice are thr [o.H. (Math) 66} 


of the numbers will be 18. 
ber of simple events in the event space=6*. Now 


Total num spac 
sees s sum of 18 from the face values of 4 dice is the same gg 


obtaining 2 solution of the equation 
(1) 


a,+0,4+0,+0,=18 


where 4, dq) Tn) 2, are variables taking values from the set 


ft, 2, 3, 4, 5, 6}. 
Now if we multiply (x+x%+x*4x¢+ x*+x°) four times by 
itself, the product will contain terms like 
sak teak Dited Mad F) 
Hence the total number of distinct solutions of (1) is equal to the coeffici-nt of 
x™ in theexpansion of (x4 x7 4x7 4 x4 432° +3°)6 
Now (xx? px" txttxt tx") 


orl! = x*) =x*(1 -x*) (I -x)"4 


(1—x)* 


exx(P—dx® 6x1? — 2.) x 
{1 +4x+ 10x? pen pHEMT Denna gd 


Nag 3-4-8 


-. coefficient of x'*= 
6 6 


15.16.17_4 9.10.11 
pelt 4, 


=80, 


: . size 80 5 
.’. Required probability= 6-81 am | 


‘ diagonosed as tubercular. 


. 3 at random and 
Wh mand puts 
at is the Probability that there will be 


[C. . (Econ.) 904 


‘room is dark’. 3 
m are good, 


the 

jight z 

[4 = “the room is lighted, then 7 < 

nappens, When none of 3 bulbs chosen at rando 

6 

Pizi= Ca ys 

tA “iG, ae “ PlAmgy 

57. A club consisting of 15 married couples chooses a 

resident and then a secretary by tandom selection. What is the 

probability that (i) both are men, (ji) one is a man and the 

other is 4 woman, (iti) the President.isa man and the hate 

jga woman, (iv) both are married couple 2 [ C. H.(Econ.)°89] - 

fIt is to be noted that the president ig to be chosen first and 
then the secretary. Y 


[C. H. (Econ.) °88 ] 
[Taking the group of 3 digits (1, 2,3) as one digit we have 
9-3+1=7 digits in all and these can be arranged in 7 ! ways. 
is : Nitve: te 
Hence the required probability=5 =. 
59. Assume that neither A nor B has zero probability. 
(i) If A and B are mutually exclusive, will they be independent ? 
ti) Tf A, B are independent, will they be mutually exclusive ? 
[ See note (iii), § 3.13. ] 


60. The probability of detecting tuberculosis in x-ray exami- 
nation of a person suffering from the disease is 1-5. The pro- 
bability of diagonising a healthy person as tubercular is a. If the 
tatio of tubercular patients to the whole population is c, find the 
probability that a person is healthy if after examination he is 
( [ C.H. (Math.) '94 ] 
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ai. Both 4 and have coins. If they [oss their coins 


simultancounty what is the probability thet 
(i) 4.and B will have equal number of heads ? 
(ii) A will have more beads than B? 
(ii) A will have fewer heads than B? 
ted among @ boys and bgirls. Prove 
ber of balls are distributeg 


62. m balls are distribu 
that the probability that odd num 


to boys is 
1 (b+a)"-(b-4)" 
2 (a+ 
Answers 
2A(n-1!_ 2 
Bh. vse roo by TH 12. - 
880 Qe 
18. (a) Iago (6) 20,6 


4 29g, x ?°C, 


14. yh. 18. Ge 16. cg 


17. We * Et * oth * si- 


Ay ay ng Oe BI, 
a rs ee 


a T+" -L5I} 


where [x] is the greatest integer not greater than x. 


i 12! : 8 -/ 37 
22. (21° 6 23. 25 re 39. $t- 42. 3. 
. «1SK14 15 x SIS x 1S _ 
a oot " 0 30x29 
. ISx15_, _ 2xIS_ 
0x29 i) 39%29° 3 


a (t—c) 
at+e—cla+b) 


a1. () Pe esard (i) H1-PBLI}s (iti) $f P(E) 


CHAPTER Iv 
COMPOUND oR Joy 
NT EXPERIMENT 


4A Compound or Joint experiment 
Let F and B’ be two random ex 
peal h consists in perf 
whic ¢riorming pf fi 
event space S” connected to E” ig gi Tet and then EF’. Then the 


a} ven b = ’ 
- eriment E” is called the com ¥V=Sx S!, The random 


POund ex qd 
we observe that any outcome belonging to pay ayia and zi 
pair o 


(uj, uy’) where u, j 

ee ae i a. i“ ban belonging to S and uy,’ is 
a and {u;"} isa simple event sued ce ie ria ba 
connected to the compound €xperiment E” can ne simple event 

‘kt which is also d iiiiddianen 
f(uis 4 It : Snoted by (fud, fui). Thus we see that if 
Uzi bea simple event connected to F and if Uj={u;"} be a 
simple'event connected to 2’, then (U,, U;') is a ‘simple event 
connected to E” and conversely any simple event connected to 2" 
is of the form (U,, U;'). 

Let E be the random experiment of “tossing an ordinary coin 
and E’ be the random experiment of throwing an ordinary die. 
Then the corresponding event spaces S, S' are given by 

S={H, Th, S’={l, 2, 3, 4, 5, 6}. 
So here the event space S” connected to the compound 
experiment E’ (BE is performed first and then FE’) is given by 

S’={(H, 1), (A, 2), (A, 3), (H, 4), (H, 5) (H, 6), (T, 1), (T, 2), 

(T, 3), (T; 4), (T, 5), (7, 6. 

We have defined above the compound experiment resulting from: 
two random experiments #, EH’. We can define the compound 
experiment # resulting from a finite number of random experiments 
Ey, Hayeoeeee » EB, as follows : 

A performance of # consists in performing H,, Bgy..---» En 
successively in the order mentioned, Then the event space S 
connected to # is given by 

SHS 1X Sq X eX Sn 
where S; is the event space connected to H; for i=1, 2,...+05 
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‘ nd B have m coins. 
61. Both A a ileytht 


have equal number of heads ? 


simultaneously what is the probabil 
(i) Aand B will 


(ii) A will have more heads than B? 
(tii) A will have fewer heads than B q 


62. m balls are distributed among @ boys and b girls. Prove 


that the probability that odd num 


to boys is 
A (bta)e=(b= a)" 


ber of balls arc distribute 


2 (a-+b)" 
Auswors 
2(n-1)1_ 2 
5. h re vo , df. 12. " ZS 4 
199 9! Q 
18, (a) I~ ag (b) wae 
4 99g, x 29g 
14.. Yr 16. mC," 16. “0g. 


1%. vs x totes x wotdy x wis 


© tI ay Qs OPN ; 
- 3 (s-$5, Taba ay 5) 


T+ ESN) 


where [x] is the greatest integer not greater than x. 


12! ; 8 4 | 
2 peg get 8 Ako. 
. 15 | ‘ # 5 5 
a rie ~ (ii) Pa bteet =1h, 
iy XISiae , Gy 2x ISS 
GH aga (iv) ai 
gp —2{l=e) 
a+ce-c(a+b) 


22"(n 12 ’ 


1.) Pima (i) H1-PEA)}s (iti) H1-PEW 


ia 


If they toss their Coing | 


CHAPTER IV 
COMPOUND OR JOINT EXPERIMENT 


ele Compound or Joint exporiment. 


tet and A’ be two random experiments and let S, S’ be the: 
respective event spaces. Now we consider the random experiment 
pr’ which consists in performing 7 first and then Z’. Then the 
event space S” connected to 2” is given by S'=Sx S', The random 
experiment E" is called the compound experiment of Hand FB’. 
We observe that any outcome belonging to S” isan ordered pair of 
the form (1, 4’) where u; is an outcome belonging to S and u;’ is 
an outcome belonging to S’, /.e., {a} is a simple event connected to 
E and {u,'} is a simple event connected to E’, So any simple event 
connected to the compound experiment E” can be expressed as 
f(tugy ts which is also denoted by (fu,}, {uj’}). Thus we see that if 
U,={ui} be a simple event connected to E and if Uy'={u;'} be a 
simple’event connected to #’, then (U,, Uj’) is a simple event 
connected to E” and conversely any simple event connected to. z” 
is of the form (U,, U;’). 

Let @ be the random experiment of tossing an ordinary coin 
and £’ be the random experiment of throwing an ordinary die. 
Then the corresponding event spaces S, S' are given by 

S={H, Th, S'={l, 2, 3, 4, 5, 6}. 
So here the event space S” connected to the compound 
experiment Jo” (Z is performed first and then 2’). is given by 

S’={(H, 1), (H, 2), (H, 3), (H; 4), (H, 5), (H, 6), (T, 1), (7, 2), 

(T, 3), (T, 4), (T, 5), (T, 6)}. 

We have defined above the compound experiment resulting from: 
two random experiments FE, EB’. We can define the compound 
experiment FZ resulting from a finite number of random experiments 
Ey, Egy... » By as follows : 

A performance of # consists in performing Ey, Egy...) Bn 
successively in the order mentioned. Then the event space S 
Connected to F is given by 

S=6.45, 2 x Sn 
where S; is the event space connected to Ey for i=1, 2y...-..5 M 


at 
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4.2. Independence of Random Experiments - 

Let S and S° be the event spaces connected to the random 
experiments E and 5B’ respectively. Let FE be the Compoang 
experiment of performing E first and then b'. Here we assy, 
that Sand S are at most enumerable. Two random experiments 
E, E’ ate said to be independent if for any simple event [u,, U;} 
connected to the compound experiment 1, the probability o¢ 
(U,, Uy) is given by 

PIU Us P= PUNPU; ) (4.2.1) 
where PUU,) and P(U;") are determined respectively with respert to 
Sand S’. 

To justify the above definition of independence of two random 

experiments we must prove that p(S")=1, where S=Sx« S, 


Now PiS)=P{ es a (UU; ) \ 


iecT ied 
where S=fu,:i¢ I}, S=f{u; sj ¢J;and U,= ‘uy, U) =fu, t. 
Here index sets J, J are et most enumerable. 


Then p {> > Uo Ui) }= > SD PiU Us 


ie] icJd iel fed 
=> >, Po. PU} ) 
iel jed 
=( >Pv | [>-pw ) | 

ied jes 
=P(S} P(S-5 
=Ixl=I, 
Hence P/S=1. 


So the above definition of independence of two random 
experiments is justified, 

Ne. can define the independence of a finite number of random 
experiments as follows : 

The random experiments E,, E,,......,E, are said to be 
independent if for any simple event (O,» igs core 9 ,,) connected 
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the compound experiment E which consists in performing: 
> ys vette Ein in the order mentioned, 
1° 3 


Pl(Ui,» Tage 00" ’ ig h=P(Ui,)P(Ui,)-+-ee0ee. PUUi,) (4.2.2) 

qpere Ui? Uigs oe -, Uy, are simple events connected to E,, 

Bee” «Eis respectively. The justification of this definition can 
3° 


pe given as before. 


THEOREM 4.2.1. If A and B are two events connected to the 
random experiments E and Fi respectively and if Hand E are 
independent, then 

P{(A, B)}=P(A)P(B). (4.2.3) 
proof: Let the two random experiments E and £’ be 
respectivly described by the event spaces S and S’, where 
S=iue: xe I}, S'={up, 6 € J} 
(u, and ug are outcomes connected to respectively E and E’). 


Here we assume that the index sets J, J are at most enumerable. 
Then A, B can be expressed as 


A= >) Ue B= > Us 
xel, Bed, 
where I, CJ, J, GJ and Us={us}, Up = {up}. 
Now the event (A, B) connected to the compound experiment 
E" can be expressed as 


.0=( See 5 


axel, Bed, 


where we note that (Ux,Up) for all possible values of < and p 
are simple events connected to E”. Since E and E' are independent 
experiments, we have 


P{(U«, Us)}=P(U«)PUB). 
Now, P{(4, B)} 


=? Sue Si ve)}=?{ > Dl > %)} 


el, ped, sel, ped, 


=> DF PW U8) =>, > AUaRUs) 


axel, ped, ael, Bee's 
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=[ > ava] > 200] 


fe( 5 lel So 
=PIAPE). - 


‘Hence the theorem. 


4.3. Independent Trials. 


Let E be a given random experiment whose event Space js 
If E be repeated times, where n is a positive integer, then the 
resulting cxperiment gives a compound experiment E,, whose event 
Space is the cartesian product S*=Sx Sx...x S (n factors), This 
compound experiment £, results from n trials of E. These 
n trials are said to be independent, if for any simple event 
Ui,» Uigs es Ui) connected to £,, 


S, 


Pi(Ti,s Tags sereees Ti, =P, )Pi,)++-++"PU;,) 4.3.1) 


where Uy, (r=1, 2, «000 ,n) is a simple event connected to E, 


and where P(U;,) isto be determined with reference to the r-th 
trial of F. 


Independence of m trials of EF is realised in practice, if F is 
repeated m times under identical conditions, 


4.4. Bernoulli Trials. 


‘ Let E be a random experiment where the event space 5S 
connected to £ contains two distinct outcomes called ‘success’ and 
‘failure’. If B be repeated m times under identical conditions 
then we get » independent trials of E. These trials are called 
Bernoullian sequence of trials if the probability of ‘success’ jor 
‘failure’) remains constant in’each trial of p. 


If an unbiased coin be tossed n times under identical conditions, 


we get Bernoulli trials where the probability of getting a ‘head’ 


{i.e., success) ineaeh trial is 2 and that of getting a ‘tail’ ‘ie. 
faijure) is also 3. 


“n-i places. Since the probability of success (or failure) rema 
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ae If As denotes the event. 
iy i sue cesses’ (i < n) connected to th 
¢ 


THEOREM 4.5.1. (Binomial Law): 


oe psa & compound eXperiment - 
ae from Bernoulli trials with repetitions of the parent 
res ment for n times, then 
expert PiAd=(t)p'a* for i=0, 1,2, 0... 2H (4.5.1) 
— ais the probability of ‘suecess’ in each trial and a=1-p, 
o<P< 1. 
scape Est the random experiment E be described by the event 
sa S, given by S={s, ff, where ‘s’ and ‘f? are Tespectively the 


two outcomes ‘success’ -and ‘failure’, 
exactly / successes’ connected to the 
sesulting from a independent. trials of 
each simple event connected to 4; is of the 


Let 4; denote the event 
compound experiment En, 
E. Now we observe that 


form 15, 5, £8. f,...f)] 
containing i Successes in any i places and failure in remaining 
ins 
independent, the 
probability of each simple,event connected to A; is p*(1—p)n-*, 
Further the event A; can be expressed as the union of a number 
of distinct- simple events of the type mentioned above. The total 
number of such simple events connected to A: is equal to the 
namber of permutations of 7 things of which i things are alike 
(success) and the remaining (n—i) things are also alike ( 
but different from the former. 


constant in each trial and since trials are 


failure) 

Evidently number of such 

permutations -=— 7 ("). 
; i! (n-i)! Vi 


P(A)=p'(L — py* + pi(1 — p)®-t 4 eento (7) times 
=(F\p%( — prints (Pptgrs, i=0, 1, 2, reac Me 


Note. PiAs)=(")ptgr-* is the (i+1)+th term of the binomial 
, i 


expansion of (p-y)™, i=, 1, Qyveeeary I. Hence the name binomial 
law, : . 
Further, the events clo» Ads wee > An being mutually exclusive 
ind exhaustive, we have, if S* be the corresponding event space, 
P(S*)=P(Agt Arter tn! 


| COMPOUND OR JOINT EXPERIMENT 113 


112 MATHEMATICAL PROBABILITY 
i=0, Lt (" \pt(t—pyr-to _B\" 
-> i )p* q®-*=(p-+q)"=1, since g=1—p, (4.5.2) cas® II- If ne (; P) wet (1 *) 
-2) 
as is expected, by ‘é concept of probability. = ii (+42, r) 
n—e 
4.6. Poisson Approximation to Binomial Law. as B 
TuHEoREM 4.6,1. Jf p=", where 4 is a positive constant ang Bid 
eG d that und i iti “ 
0 <p <1,nisa positive integer, then Thus it 1s prove at under the se a 
n ‘ net THB , 
as Dt , lp il=p) =e © 10, 1, Zjeescerase 
lim (7)es(t—py-#=e™™ -. (4.6.1) i ) - df ’ 
— . ‘ « Thus vif the probability of success pis smalland the number 
Proof: Case}. Leti x0. oftrials # is large, such that w=np is of moderate value, we 
have the approximate formula 
nm) 161 — p)n-é ‘ 
We have (7) p*(l—p) P(A;) = enne (i=0, 1, 2,......), 
=5 IGE . —_(t J’ (1 “ pat This is called Poisson approximation to Binomial law. 
|} (a—-i)! n . “ 
Remark: If S@ denotes the corresponding limiting event space, 
=+(I- ey". n(n— DasenlO i+!) the events Ao, Ay» Agy..----being mutually exclusive and exhaustive, 
(i-F) P(S®)=Pldo + Aa + Ag to) 
( -1 (1-2)... (4 =! as enh Meme Steer =! (4.6.2) 
#1 a)" i i} it 
= ae =o t=0 
fi (4 
Rn 4.7. Most Probable Number of Successes. 
Now using the well known result, Lt ( 44 ae, fa 0, THEOREM 4.7.1. The most probable number of successes’ in 
X20 x Bernoullian sequence of n trials is the integer (s) im given ey the 
we get, lim (1 _# Pi | 1 ) —nlp |7# ey inequality 
n> n n-s20 -4) =e . (nt+l)p-1 <i, < (n+1)p (4.7.1) 
; [ where p is the constant probability of success in each trial. 
ies (1-2)(1-2).....(t £51) Proof: Let A; denote the event ‘i successes’ connected with 
n 
sees [ Fi y =I. the compound experiment E,,. 


Then fe=P(A)=( : Jot(t - p)n-t 


“lim (")p6.1 — pyn-t eB! 
| tim ({)estt—pyentmer" 1 0. Fors =Pldeor) =()f ]Pt are 


MP-g 


114 MATHEMATICAL PROBABILITY 
Now fia = J, according as 


a (i) afer pyres = (7) S(t pyc 
i.e., according as 


ni 4417] _ p)\n-i-1 > ny 
GaleniGepi? UP) <i Tap Pps 
; ' >itl , i 
tt according as -P- nap? AM (CS O<pe 1) 
ie., according as np—ip = i+1-pi-p 
ie., according as i S (n+1)p—1. (4.7.2 
CaselI. Let (n+1) p and hence (n+1) p—1 be integers, In 
fact (n+1) p is a positive integer and (n+1) p-lisa NON-Negative 
integer. Hence i can take the value (+1) p—1. So taking 
k=(n+1) p-1, P(Ax)=P(Axe.) when i=k=(n+1)p-1, (4.7.3) 
Also k+1=(n+1) p > (n +1) p-—1=k. 
from (4.7.2), P(Axss) < PlAxss)- 
Similarly P(Az4s) < P(Axs2) and so on and finally 
P(An) < PlAn-:)- 
P(Ax)=PlAn+s)>Pt Ansa) >P(Anes)>+*>P(An-1)>P(An) 


(4.747 


Again k-1 < k=(n+1) p-1, so that again by (4.7.2) 
P(Ay) > P(Ay-1). Similarly, P(A,-1)>P(4z-.) and so on and 
finally P(A 1)>P(Ao): 
*, PlAo)<P(Ai)<P(Ag)<++*<P( Aza) <P(4p)=PlAngs). (4.7.5) 
Combining (4.7.4) and (4.7.5) we get 
P(Ao)<P(A1)<P(Ag)<***<P(Ap-1)<P(Ap) 
= PlAns1)>PlAk+2)>***>P(An-1)>P(An)- 


P(A,) is maximum for i=k and i=k+ 
where k=(n+1)p—-1. ‘ 


_ Casell. Let (n+1) p be not an integer. Then (n+1) p-! 
18 also not an integer Then (n+ 1)p-l<r<(n+1)p, where 
r=((n+1)p], the greatest integer not greater than (n+ 1)p.” 
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> (nt lp-t, which again implies, by (4.7.2), 
P(Ar+s) < Pi{Ar). 
n (r+ 1) > (1 +1) P~ Land so Pldrss) < PlAry,) and so 
nd yltimately P(An) < P(An-1).* 
ona P(Ar) > PlArs1) > Pl(Arag) >> P(An-3) > PtA.). 
(4.7.6) 
Again F< inv apes r= 1) <(n+1)p-1 and then by 
(47.2) P(A,) > PlAr-1). Similarly P(4,.,) > P(A,-.) and so on 
vd finally P(As) > PlAo)- 
P(Ar) > PlAr-1) > (Aya) >*-> P(Ai) > Plo). (4.7.7) 
Combining (4.7.6) and (4.7.7), we get 
Pldo) < PlAs) < P(As) <+-< Pldy) > PlArer) > Pleas)... 
>> P(An) 


Then? 


ie., P(Ai) is greatest when i=r=[(n+1)p] 
je, P(Ax) is greatest when (n+1)p-1 <i <(n+1)p. 


Combining the two cases, we find that P(4;) is maximum when ~ 
jis the integer i,,, called the most probable value (i.e., the most 
probable number of successes) where 


(n+ 1)p-1 Sin < (n+1)p. (4.7.8) 


4.8. Multinomial Law. 


Let H be a random experiment such that the event space S 
connected to E has exactly m distinct outcomes, say a,, a, 


dries » Qn 
Then S={a,, dg,...... » 4,}. The simple events connected to 
Eare A,, Ag, ...... ,A,,, where Ay={a,;} for i=1, 2, ...... »m. Now 


let E be repeated n times under indentical conditions.. Then we 
get n independent trials of £. Further we assume that the 
probabilities of A,, As, .....- » Am remain constant in each trial of # 
and let these probubilities be p,, Day «+++. > Pm Tespectively. Now 
let Ai styrene, denote the event “‘A, occursi, times, A, occurs 


rigrrrety is an event connected to the compound 
experiment resulting from nm independent trials of Z. We observe 
that a particular simple event favourable to A;, 4... 


{(@,, 4, seeseey Any Any Ags covneey Age servers Amy Amy sveveey am)} 
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where a, occurs in the first i, places, a, occurs in the 
tg places, ......, a,, occurs in the last i,, places. Then the probaune 


. iit 
of this simple event is Pattpa‘®...--Dm* ™. Further we Observe 


the number of distinct simple events favourable to ‘the Tt 
vi 
Ag gg _ nee eee «. is equal to the number of permutations of 7 vent 
1*a m z thing, 
of which 7, are alike, i, are alike, ......, im are alike, 


Now the above number of permutations is equal to 
it 
7, !) fg lim Y 


So PAG, ogee tz) = Pa *P a ® 


where 


7 tn nt} 
ps**ps 2 eceeeDm ™ OCCUTS Fe ee a times, 
Bg tigt-csss>tim=n and py-+Ps---'-pm=1. 
. : aon 72 | ts 
os PlAc tg t,t fists! (e2 *Pa*?.--Pmém) 
(4.8.1) 
where i, tigt---*-- tim =, 


Pat Pat + Pm), 
and ‘i3, ia,-.----» im € {0,1,2,.-----}- 


The above law of finding probability is known as Multinomial 
law. 


Note. The above value of P(A<_< 


“ decoccucae) is the general term 


of the multinomial expansion of (pZ+Pa+--*:*:+ Pm)? and hence 
the formula is called the multinomial law. 


Further, the events Ag ytgrce tm for all i,, ig,.--im € {0,1,2).0:5 n 


being mutually exclusive and exhaustive, we have, if S" be the 
corresponding event space, 
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PS”) = > PCA 4, tgeeee-e,) 
iy ig toes etinoen 
ni 


ta Vigticsdm! Pitt Pat 2....0-Pmim 
i, tigate tim an 


=/Pa + Da terre + Dm)®™ 
s expected by the concept of probability. 


| -> 
| 


| asi 
| Deduction of Binomial Law from Multinomial Law. 


iere mm =—2,i, ~i, ig=n—i, Pi=p, pal -— Pp, since p, + pa=1. 
penoting the event Ai,<, by A;, we have by the multinomial law, 
PAD=Pl At, 1.= FS Pitspats 
ea ttal 
ny 
il f(m—i)! 


p*(l—p)*-*. 
—("\ pt nt : 

Thus we get P 4d=(7)p d-—-p)y for i=0, 1, 2,......7. 

Hence Binomial law is deduced from multinomial law. 


4.9. Infinite Sequence of Bernoulli Trials. 


Let S={s,f/} be the event space corresponding to the random 


experiment Z, where s stands for the outcome ‘success’ and f stands 
for the outcome ‘failure’. Here the possible events are L={s}, 


F={f}, O and S. An infinite sequence of trials of E will be called 
| independent if for any infinite sequence of events 
>» Ans-.-.-- connected to EF, 
the probability of the event (4,, Ag,------ >» Ans------) is given by 
P{(Ai, Aaseeeeees Ans----e- 0} 3 = P(A,)P(Az).--.--P(An)------ 


provided the infinite product in the right hand side is convergent 
| and where we note that each 4,=L or F or S or O. 


| An infinite” sequence of independent trials of £ will be called an 
| infinite sequence of Bernoulli trials if P(L) and P(F) remain 
constant in each trial of Z. 


| 4.10. Poisson Trials. 


Let S={s, f} be the event space of a random experiment B wher: 
5,f denote respectively the outcomes ‘success? and ‘failure’. We 


to. 
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consider n independent trials of H where the probability of 
in the k-th trial is p,, and that of failure is 1-p, for km a 
If py, Dayessere , Px are not all equal then the Sequence ar 
independent trials of H is called a Poisson sequence of trials, i 
As an application we consider the random experiment 
observing a house in a city on a given day where the Possible 
comes are ‘the house is not burnt on the given day’ and 
is burnt on the given day.” We denote the former outco 
letter ‘s’ and call it a success and the latter by ‘f 
failure. 


SUcceg, 


Out. 
“the house 
and Callit a 


Let there edu in the city. We denote the houses by 
Hei, HS iveiey Heys Let 7 — ; be the probability that the house H, is 


burnt on the given day, : Or F=1, 2,.00 »”, Then the sequence of 
n independent trials which result from observing each house of the 
city on the given day is a poisson sequence of trials, Unlike 
Bernoulli trials it is difficult to obtain a general formula for finding 
the probability of any given number of successes in poisson 
sequence of trials. But we can easily find the probability of 
particular events connected to the compound experiment resulting 
from a sequence of possion trials. In the example of poisson trials 
mentioned above we see that the probability of the event “only the 
houses H,, H, are burnt on the given day” is 


1 1 a oe, pee 
;(I a(t 5) ( ai 
If A,, denotes the event ‘'n successes” in thi 
ees es | es eee ee 
P(4,)=(1 Ale 5]! a] (1 im 
4.11. INustrative Examples. 


Ex. 1. A coin is tossed 4 times in succession. 
probability of getting 2 heads. 

Let ‘success’ denote the event ‘getting a head’. 

Then probability of success=p=3, 

and probability of failure=q=4. 


required probability =(4)(4)#(4)?=2. 


s example then 


Find the 


pentat 


COMPOUND OR JOINT EXPERIMENT A19 


Adie is thrown 10 times in ‘succession, Find the proba- 


ie vf obtaining six at least once, 
pilitY 


Le et ‘success’ 
qhen p=probability of success = 2 
q=probability of failure= 


denote the event ‘getting a six’, 


and 
pet A denote the event ‘at least one six’, Then the comple- 
y event Z is ‘no six’. 
Then P(A)=(‘o) Pog??? =(§)?°. 

+, P(A)=1-(§)*°% 


Bx. 3 What is the probability of obtaining multiple of 3, twice 
in a throw of 6 dice 1 
Here pr of getting ‘a mNDIE of 7 =8=2 
q=l-3= 


aed crisis (8)(5)* (8)4=885- 


Ex.4. In 10 independent throws of a defective die the probability 
that an even number will appear 5 times is twice the probability 
that an even number will appear 4 times. Find the probability that 
an even number will not appear at all in 10 independent throws of 
the die. (C.H. (Math.) ’68] 

Let p=probability for an even face on the die. 

q=probability for an odd face on the die. p+q=l. 

Since the probability of an even number to appear five times 
is twice the probability that it appears 4 times, we get 


(2) vera 


or, 3p=5q, p+q=l. 


Hence probability for no even face in 10 throws 
/ 


=(')) prgre=(5) 
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Ex. 5. A series of tests ona certain type of electric rela 
revealed that in approximately 5% of the trials, the relay als 
Operate under the specified conditions. What is the Probability Py 
in ten trials made under the conditions, the relay will fail 1 Shean 
one or more times ? . : 

Let ‘success’ denote the event ‘relay operates under SPecifieg 
conditions’. 

Then p=probability of success="95 and q=1—-—p='05, 

.". probability of no failure in 10 trials 

=(29) (*95)2° (705)°=("95)2°, 

.. probability of getting one or morefailuresin 10 trials 

=1-(°95)?°="401. 

Bx.6. At a busy street intersection, it is estimated that q joy. 
walker will be hit by a car with probability -01. Assuming tha 
individual trips form independett trials, find the probability of a 
joy-walker remaining unhit if he crosses the street twice per day for 
50 days. [C. H. (Math.) "84 

Let ‘success’ denote the event ‘a joy-walker is hit by a car’, 

Then p=probability of success=°01 and g='99. 

Now the joy-walker crosses the street twice per day for 50 days, 
i.e., he crosses the road 100 times in all. 

.. required probability=probability of ‘no success in 100 trials’ 

=199¢, cOlyje (-99)2°9 = (99169, 

Ex.7. Two dice are thrown together a number of times in 
succession. Find the minimum number of throws to ensure that the 
probability of obtaining six on both the dice at least once is greater 
than }. 

When two dice are thrown, the event space S contains 36 simple 
events. Let the two dice be thrown n times so thai the correspon- 
ding event space S" contains 26” siniple events. 

Let A denote the event ‘at ieast one double six in n throws’, 
Then the complementary event 4 is the event ‘no double six’ and 
so 4 contains 35” simple events. 

Pa)=(32)" and so P(4)=1- =", 


136 
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3s" 1, 35\" 
Now 1- =) > 2 if log (=) < -log 2 
log 2 


je. if "> tog 36—10g 35247? Nearly. 


Hence the least number of throws required is 25, 


Ex. 8 A missile has probability 3 of destroying its target and 

pability 4 of missing it. Assuming that the missile firings form 
ee ndent trials, determine the least number of missiles that 
wane be fired at a target in order to make the probability of 
aaa the target at least 0°99. [C.H. (Math.) °82] 

Let n be the number of missiles to be fired so that the proba- 
pility of destroying the target is at least 0°99. Let A, denote 
the event ‘hitting the target at the rth trial and missing in the first. 
(r-1) trials’, r=1, 2,...... n. Now, 

P(Ar)=(1 - 31 - §)---(L-3)4, where (1 —3) occurs (r—1) times, 


for r=1, 2,......m. 


aor 
Let B denote the event ‘the target is destroyed in n trials’. 
Then B=Ay+Agterrees +4An, where A,, Ag,---... » Ay ae pairwise 
quutually exclusive. 
n 
- a NG seis Sen 
P(B)= >) Paap tag te +55=1-5 


rel 


Then P(B)>°99 if 1-5, > 99 ie, if(5)" < 01; 
F : a 
ie, ifn > log 2 == 4 nearly, 
required least number of missiles that should be fired =7. 


Bx. 9. Suppose that probability of a new-born baby a boy is *45. 
Ina family of 8 children, calculate the probability that (i) there 
are 3 or 4 boys tii) number of boys lies in the interval [3, 7]. 

We consider successive births of babies in a family as indepen- 
dent Bernoulli trials. If ‘success’ means the event ‘a new-born 


baby a boy’, we have 8 Bernoulli trials with p=probability of 
Success =*45 and g=°55, 
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(i) If Abe the event ‘there are 3 or 4 boys’, then 
‘P(A)="Os p?qe +°C, ptgt="S19% 
(ii) A, = ‘r boys out of 8 children’, then required probability 


=P (S Ar) = > P(A.) 


raj ra} 
=1-P(A)- P(A1) — P(As) —P(As) 
= 1 —(°55)® —(8)(°45)(755)" — (8)(°45)*(°55)9 — (8)(°45)°(°55)° 
= 0-778 

Ex. 10. Suppose that the probability of an item being defective, 
in amass production process of that itemis 0°01. If 20 items are 
selected at random, then what is the probability that exactly 2 will 
be defective 2 

By Binomial law, probability of getting exactly 2 defectives — 

= (22) (01)8 (Y9)2® = 0158. 
[ Again by poisson approximation to Binomial law, where 
punp="2, 
probability of getting exactly two defectives 
=e" w= (2)? e~"2='0164. 
2! 2 

The error in the approximation ="0164 - "0158 = "0006. ] 

Ex. 11. A system consists of 1000 connected components, where 
each component may fail independently of the others. If the pr a 
bility that a component fails in one month is 10-°, then find we 
probability that the system will function (i.e. no component W 
failthroughout a month. aie 

If ‘success’ means the event ‘a coniponent fails in one mon” s 


P eich . = bein large, 
then probability of success being small oe pe probabili y 


we apply poisson approximation to binomia 
of success =p=10-* and p=mp=1000x 10-° = 1. 


° 
required probability =e” “ v1 =e7! = "368. 


ny trial of 4 i 
'y of getting 7° ” 
then prove 


Ex. 12. The: probability of success in al 
random experiment is 3. If py be the probabilit 
consecutive successes inn trials of the given experiment, 


that Pa=t Pa-1t 3 Pu-a* 
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Let 4, denote the event ‘no two consecutive successes in 
trials.’ Then A, can be expressed as A,=B,+B, where B, and 
B, are two mutually exclusive events defined by 

3 
B, = ‘failure in the mth trial and no two consecutive successes 
jn the first (n—1) trials’ 
qnd B,2‘success in the nth trial, failure in (n—1)th trial and 
no two consecutive successes in the first (m — 2) trials’. 

Then P(A,)=P(B,)+P(B,), where 

P(B,)=probability of failure in the nth trial x probability 
of no two consecutive successes in the first (n—1) trials - 

=3 Pa-1 
and P(B,)= probability of success in the nth trial x probability of 


failure in the (n—1)th trial x probability of no two 
consecutive successes in the first (7 — 2) trials 


=< 3% Pros =5 Pn-2- 
P, =3 Pue-i +5 Pn-oe 


Ex, 13. A class ha 
class independently, 


0 Tando 
nd M €xpe 
Ve de "sidering th 'ng Bernoulli trials with n=92 — oe 
eng : three € attendances of B and Cc P=3 and 
Mpound experiments Tespectively, 


‘Pectively 5 esulting from abave 


es 2S 
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Now the required event can be decomposed into 
events : 


the following 


EM (2) (3 
I: :2fIl: B :2f IW: B : 2s IV: E :2s 
1 1 1 


2) 
E. ein if a” = 5g zB 46.3% zn” of 
2 2 
(2) (3) as (2) (2) 
B :2s BE :ls,Uf- EB :2f E :1s,lf 
3 3 2 3 
(2) (2) te) 
V: BE :ls,lf VI: B :1s,lf (Vil: BE : Is, If 
2 1 1. 
(2) (3) (3) 
E :2s E :2f E :ls, lf. 
= 2 2 
(2) 2) (3) 
: of EB 32s we: 1s, lf, .. 
3 3 3 Z 


the required probability=(§)°(i)($)(3)(2)° + (3)°3)°(DG®) - 
+(3)°(25))E)” +(3)2(8)2()? 2D) + (ENE) ENE)? )* 
+(2E8)8)28)? + (DDE) EXOHENG)- 
Spetdctristdetietesti=t- ; 

Ex. 14. If rnumbets are selected at random from ten numbers 
py ae Pemeeer , 10 repetitions being allowed, then show that the pro- 
bability that the product of the numbers is of the form 3n-1 
or 3n+\1 (n being a non-negative integer) is (q5)"- 

Any integer is always of the form 31 or 3n—1 or 3n+1,7 beins 
a non-negative integer and the product of the r numbers selected 18 


cof the form 31, if at least one number vite 2d is 3 or 6 or 9. 


° . Tt 
Let us coosider the random experiment of selecting @ numbe 


from 1, 2, 3y-.--+-» 10 and let ‘success’ means ‘numbers selected is # 
multiple of 3’. ; 

Then p= probability of success=yi, 

q= probability of failure=¥%- 

the required 


i itions of the above experiment, ; 
Now in r repetitions p ; sabilit 


event is the event “no success’? and so the required pf 
="Cop°g” =(r0)" 
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P 1 2 3 5 
15 Three coins having probabilities ofhead 5+ 3° 7 respectively 
Ex I 


ethrown. ind the prob 


ict 2 =i, Pa" Bs Ps= $, where p; denotes the probability 
of getting ‘head’ with the ith coin for i=1, 2, 3. 
p (exactly one head) =pidsds +4sPads +91 92Ps 
HEX EX GbEX EX ETE EX T= TOs 
p (exactly two heads)= pi Dede +P19sPatQiPePs 


ely32y441y 8 _ 
EX EX GHEE EX FFE FX FHT. 


ability of obtaining exactly one head and two heads. 


kx. 16. Find the most probable number of times the event 
multiple.of three’ will occur when a die is thrown 100 times. 


Following theorem 4.7.1 if i,, be the most probable number, 


then (n+ I)p-1 < in <(t+1)p, where »=100, 


p=probability of getting a multiple of three = 2 


—_—i1 
' Ss 3 
'. (nt Ip71 =23+-1=28 and (n+ 1)p=292 
in=33. 


Br. 1%. Find the probabilit i : 
y that in 8 throws ; 
my of a d 
mber 1, 3, 5 turn up 2, 3, 3 times rasneesively: of ie, the 


F nee 
tom multinomial law, the required probability 
— 8! 


since the probabi} 


ities of gett; 
“Atal to 3, es of getting 1,3,5 from a Single throw are all 


R 
bay ye DPawi 


ng with 
4, Of which replacement): An 
; a . urn contai 
HELy from che , red and N, are black. If » balls sal 
P babitiry ‘ies “rn and are replaced each ti are drawn 
Og WaMiNgS will yield red balls," Find the 
NS. tH oe 
. <Ln<n. 
4 S”,0<r i 
* denote the one 2 < min, (n, ans 


r red ball Pe 
Wa 8 drawn’ in : 
?=Probabitity of de — 


awing a red ball Vx 
N 
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The balls being replaced after each trial, the 
qadependent and 


Pude()rorre(2)() Oa) 


Ex. 19. An urn contains | white and 99 black balls. if 
1000 drawings are made with replacements, then what is the proba. 
bility that 10 drawings will yield white balls ? 


trials are 


Here p=_3z, n=1000 and w=np=10. Then p is small, », is 
large while » is of moderate value. So we apply poisson 
approximation, 


Required probability ~ e-1° a =: 


Ex. 29. (Drawing without replacement). <Anurn contains N 
balls of which N, are red and N, are black. If n balls are drawn 
successively from the urn without replacement, then find the proba- 
bility that r drawings will yield red balls. 
binomial law can be obtained as a limiting case. 

[N=NitNa, 0<n <N, 0<r<min(, N,)). 

If n balls are drawo without’ replacement, it amounts to 

drawing » balls simultaneously. 


Hence show that 


N 
probability of drawing r red balls=— Sr = 


wow (Ne) a 


a 
x NalNe- 1)...(Ne —ntre+l). 
i ee 


* NOW a. toa) 


n! x NilNa = 1).. {Ny —1 +1) Ni’ 
=——luHnt ic 


. N.(Ns -1)...(N, -nt+r4+1) xN,"7 
° Ne" 


eee eres 
NW -1)..(V-n+1) N* 


ey, i clon 


PREAH 
ise h (i ete yy: 

“pve eeaed ia 
pation 


n = Ni ’ 
(* )e" al » fp=F : qa" are fixed 


aa rene 
al 


and so NV, 


>, N,—+ «as N—o, which is the probability 
of rsuccesses in » trials, 


Thus binomial law can. b . 
"lining case for drawin e obtained 


g without replacement. 


~ Bx. 21. Ifadie is thrown n 


ti spe 
(i) the scifeg. mes, then find the probability that 


(ii 
) the least number obtained will have a given value r. 


i) Let xq 
enote the event ‘preatest value is r’, 


Also 1 
toy”, *t A: denote the event « 


each value is less than or equal 


The 
sn can write 4,— 
‘vents, 


te ~ Pde a)+ P(X) ” 
or, = P(4,)_ = PLA. ; J 


ratX, where A,_,,X are mutually 


PaO 


Bi since A, happens‘ if a and onl 
Ongs tot 


a 
ft : 
bs set Ho - y he value 10 each 


¥ ” : } 


i el 
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Similarly P(A,.,)=@ oss 
Hence P(X pS 


(ii) Let Y denote the event “least value is r”. If B; denote the 
event “each value is greater than or equal to i” then we can write 
B,= B,r., + Y,where Y, B,,, are mutually exclusive. 

Hence P(B,)= P(B,.,)+P(Y). 


Now P\B,) = SFE" and P(By,,) 9 EE, 


So pryaeaet ir -Gy. 
_(7-r)*_(6—r)* 
6" 6" 


Ex. 22. Ina Bernoullian sequence of n trials with probability 
of success p, find the probability that the ith success occurs at the 
eth trial. 

Let A denote the event ‘ith success occurs at the nth trial’. 

Let A, denote the event ‘i-1 successes in the first n—1 trials’ 
and B denote the event ‘success in the nth trial.” Then A happens 
if and only if 4, and B both happen. So 

P(A) = P(A, B)= P(A,) P(B), since the trials are independent. 

Now P(A,)=*-?Cy_, pt-? (L—p)"-* and P(B)=p. 

So the required probability is 

"-2C,4 ptt(L— py patty. pi(l—p)**. 


Examples IV 


1. Find the probability of (i) getting 3 sixes, (ii) getting at 
least 3 sixes in 5 throws of a single die. 
A coin is tossed & times in succession. What is the probe- 


2. . eee at 
ii) 3 heads and 5 tails, (ii) 


bility of obtaining (i) Sheads, ( 
least 2 heads ? 
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3, 4 and B play @ game in which A’s chance of winning is 2. 
to. series of 8 games, what is the chance that 4A will win at least 
g games 2 

4, If there are on the average 5 per cent colour-blind, ther: 
ghat is the chance of having at least 2colour- blinds in th 
population of 100 people ? 

5. If there is on the average 1 left-hander in a population ot 
100, then what is the probability of getting 3 left-handers ina 
population of 150 ? aie 

6, Show that the probability of obtaining no head in an 
infinite sequence of independent tosses of a coin is zero. 

[C.H. (Math.) °97 

[ Hints: p,= probability of getting no head in n independent 


tosses = ( -s)(t -5) vee seeld times= 5. 


1 
x70. | 


Pe If the probability of hitting a target is 2 apd 10 shots nae 
independently, then what is the probability ci 

ab : 
shot at least twice 2 P ility of the target being 


& The probability of hitting a ta is O° 
ie nee ca is of hitting he face aa. elena Hs 
er Of shots is 5,000. 
[Hints : 
bere n= 5000 
Required 


Required probability = Lt 


N— cc 


wo or more bullets 
y . 
Applying Poisson approximati 
» #=5000 x -001 =5§, 
Probability = | — 
ability = | {P(4o) + P(A,)t, where 4;'is the event 
‘i successes in 5,000 trials? 


= 1 —6e-®~.-9596 J 


on to binomial law, 


=l-e-s_Se-s 


mes from » firings? 
wy ) é bis once > 
. n ~1-PlA)=1 —"04(2)°(3)n 
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Now, 1-(2)" > 3 | (i) if Ar denotes the event ‘r successes in 100 trials’, the 

t) 
if ("<3 | sequited probability = P(4o +41 +4s) 
: ‘ log 3 5 =P(49)+P(41)+P(4q), the events A>, Ai, Ag being 
ee log 4 — log a . mutually exclusive. 

n= —1 (Hog wy Be 

panes =“ “(ttt 


10. The probability of a man hitting a.target is 3. How many 
times must he fire so that the probability of hitting the target at 
least once is miore that 90% ? . : 

41. If the chances of a child being male or being female are 


= 5e- 2 676, 


; ‘ 
(iii) required probability -e—» . 7: . 2="09. ] 


: sae . : in with constant probabilit of showing head in 
equal, then find = ae that among 4 children of a family Se oiisg te cee Ginee ae ise. ase fn aie 
ae ae organisation has announced 100 prizes outof of heads. . [C.H. (Math.) ’80, ’88] 
10,000 tickets. Find the minimum number of Hekots @ person [ Hints: Ifi,, be the a probable number, then 
should purchase so that the probability of his getting at least one— (2n+ 1)p—1 < in, < (2n+1)p by Theorem 4.8.1 
prize is greater than 2. ; If (2n+ 1) p is a positive integer, then i,,=(2n + 1)p, (2n+1)p—1. 

[ Hints: Purchasing tickets one after another form Bernoulli | If (2n+1)p is not a positive integer, then i,,=integral part of 
trials, probability of success p=ro0- (2n+I)p. 


- Probability of at least one success from n tickets — 1 - P(Ao) 


In particular, if the coin is a fair one, P=% im=n. ] 
. : o\n 
(where .A; is the event ‘# successes in » trials’ )= 1 —(x0'o)"- 


15. (a) If aday is dry, then the conditional probability that 


1-Gie)" > 2 te (ae) <4 the following day is dry is p; if a day is wet, the conditional 
> 1084 _ ~ 137-935 | Probability that the following day is dry is p'; if u, is the 
or, ™ — 2=log 99 Probability that 


the nth day will be dry, then prove that 
-p'=0, n> 2. 


) if ag first day is sure to be dry p=3, p’=i, then find u 


- n=138. | nee ae Webs. 
. rew manufacturing factory, the probability as en 
oe *Q2. 100 screws are taken for inspection I 


F i defective screw? 
bability that (1) there 18 no r defective [Hints : 


13. 


. ae 
screw is defective 18 


[ C.H. (Math.) '79 ] 


oo pe defective screws; (iii) exactly fou yn Let 41,4, and ¥ denote the events ‘(n-1)th day 
(ii) at most : — ape hen day wet? and ‘nth day dry’ respectively, 
screws. The process of inspecting screws from A sorew i Md 4 oi l4i)=p, PX | As)=p', P(X)=uq, P(Ar)=Ug_y 
ee. ns Bernoulli trials. Let the Oe at (a hed Sl~u,_,. 
4 ons oO \ Ww - 
after another ied a success. Then p= probability co n=100, tite are ee x YA, +XA, and the two events on the right hand 
defective’ bec pproximation to binomial law, ually exclusive, 
ne Poisson 4 = 
Using aay. 4 j (¥41)+P(XA,)=P(A,)P(y | A,)+P(A,)P(X A 
02=2, ° e, | 2) 
b= 100 * . Lb ee om °135. bt) u, =pu + r6 
ired probability =e~* 0! re es PU —un-3) 
(i) requie "~@~P')uy-s - p'=0, n > 2, 


- 
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(6) u,—(¥-Puq-1 -4=0 
or, 27u,,—2u,-,-1=0 
or, 2°*'u,,—2"u,_, —29-2(2-1)=0 


or, 2"(2uq—1)=2"-2(2uy,-3 —l= ee =2(2u, —1)=2, 
as the first day is sure to be dry, u, =1. 
1,1 
Un moat ad 


16. A player tosses a coin and is to score one point for every 
head turned up and two for every tail. He is to play until his 
score reaches or passes 7. If p,,is his chance of attaining exactly 
n, then show that 

Pa=4(Pn-1 t+ Pa-s)- 

Hence find p,, and its limit as n>. [ C.H. (Math.) 63, °67 ] 

[Hints: Let B,, B, and A, be the events ‘head turns up’, ‘tail 
turns up’ in any trial and ‘score is exactly 7’ respectively. 

Now a player can score exactly n in two ways : 

(i) scoring n-2 ata certain stage and then getting a tail in the 

next trial, 

or, (ii) getting a head in the next trial when he had just 
scored n—1. oes 
*, Ap=An-1Bit+A4n-2Bz and the two events on the "8 


oe < , . nt, 
hand side being mutually exclusive and the trials being independe 


Pa=ilPn-a +Pn-2): 
-. PntkPn-1=Pa-1t3Pn-2 = wenger =PatyPr- 
Now ps=probability of scoring 2 
=P(B,+ B=tti=b ; 
where B denotes ‘head in the first trial and head in the seco 
and p,=probability of scoring 1=% 


d trial” 


PotkPa-=a te gels 
To find pn we write, Pn — ke -4(Pn-s -¥) 
feu Pot tPa-s~ 3K 
+ gkal ies k=¥. 


3 
1 py de Honea “9 
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Replacing 7 by 7 — 1,n-2,...... » 2 successively, we get 
Pa-1 $= —2(Pn-2 —3) 
Da-2— $= — 3 Pa-s ~ 3) 


P2-3=— 3(P1 —3) 

From the above relations, we get 
Pu-3=(—3)"""(D, — 3) =(- 9)" «3 
jen Pa ¥{2+(—1" . a} 


Lt Pa=3:] 
n—20 
17. An urn contains a white and b black balls, and a series of- 
drawings of one ball made at a time, the ball removed being» 


returned to the urn immediately after the next drawing is miade. 
If p, denotes the probabilit 


th : 
dow tai y that the nth ball drawn is black, then 


—b- Pn-1 
Pr a+b-l° 


Resi When the nth ball is drawn, 
Wing is still not Teturned. 

Hence the a 
y the event 


[ C.H. (Math.) °70 ] 
[ Hints : 


the ball drawn in (#- 1)th 


Ppearance of a black ball in the nth trial i 
"| : lal is f 
(n~1)th ball is black or white.’ ollowed 


Pa=D, 6-1 b 


= 4$(] =p,’ ' _ b= pa_ 
a+b-] PaaS b 1 at" | 


18, A die ; 
fe le is ¢ : . . 
bility of the ei {0 times in succession, Find the proba 
mee each urrence of six 4 times, five twice and all other faces 


Prove that the Probab 


t ility of nt ! 
Nal of Bernoulli Ss hae the time of 


bilit equence is (*%-1) nok 
lay - Success in each trial and a) = : 
. et : 
_ 4, B, C denote the events: § 


‘kK failures ; 
’ Sin (n+h~ Fale? 
"spectively, estas 


» Where p is 


nth success at the 
and ‘success at the 
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A=BC. 
P({A)=P(8)P(C), the trials being independent. 


i. PAy=("* 5 "ae — ayn -p=("*E- Nprg*. } 


20. Banach Match Box Problem: A mathematician always 
carries two match boxes, each containing n matches. Whenever he 
needs, he chooses a box at random and draws a match from it. 
Find the probability that when the first box is found to be empty 
for the first time, the second box will contain exactly i matches. 

| C.H. (Math.) °66 | 

{ Hints: When the first box was found empty for the first time, 
it was chosen (n+1) times so that matches were drawn already 
and at the time of (n+1)th selection it was found empty. Also 
since the second box contains exactly i matches, it was selected 
f- ijtimes. Hence if we consider the random experiment of choosing 
a box at random we have (n+ 1)+(n- i)=2n—i+1 trials, where we 
call the event ‘selecting the first box’ a success. 

required probability 
= probability of n successes in 2n-i trials and success a! 
the (2n -—i+ 1)th trial 


=(", ‘\(5) ‘() “G) the trials being independent 


“sur 


In a sequence of Bernoulli trials, with probability i 
what is the probability of ‘a’ successes before ‘b’ er 
o»9, From anurn containing n tickets paca L. ae 
ee i fore the 0 2 
t a time and replaced be ine 
tickets are drawa @ ie wi 
Find the probability ¢ g at saeinas 
1,2 ,r do not appear 
ry peeve? 


p for 
21. 


success, 


hat in r such draw 
in the Ist, Ind... 


: H ; appear im 
gas ies Let £, denote the event ‘ith ticket dces not app 
Hints: ‘ ! ses 
the a drawing of k tickets’ ; where i=!, 2s 


_ _aok 
Then ped=("7 Wf ()="s 


~ 
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Now the required event is (E,, Hy,.:...., Ey) of the corresponding 
compound experiment of r independent trials of the above experiment. 


P{(Eys Egy-s.-s » Er)} = P(H,)P(H,)......P(Ey), 
trisls being independent 
n 


33. 4 and Bplay a game which must be either won or lost. If, 
the probability that 4 wins a game is P, then find the probability 
that A wins m games before B wins n games (m,n > 1). 

[ Hints: Let E be the event ‘4 wins m games before B wins nr 
gmes’. We consider m-+n—1 Bernoulli trials with the event 
‘awins’as success. Then # happens if and only if in (m--n-1) 
trials we have at least mm suecesses. 

m+n—1 

The required probability = > 


i=m 


the 


(” _ '\pta ag ty 


24, An urn contains n tickets numbered 1 to n, from. which a 


ticket is drawn and replaced r times. What is the Probability that 
the greatest number drawn isi? 


(Hints: 
tickets one q 
‘all the event 


We consider the random experiment of drawing r 
ie another with replacement as Bernoulli trials and 
number drawn is less than or equal to i’ as success. 


Then P=probability of success— ! ‘ 
n 


Let x 
tual to — tae ‘the greatest number drawn is less than or 
'lckat a mene nappens when each 9f t 
Ose number is less than or equal to i 
PX a { # )’ 


\n 


Tequired Probability =P(X,)— P(X, -,) 


he r drawings yields 


up 
bed gay ns the m 
coin °st probable numberof h i 
| -Of heads in 10 throws of a 


Probabilj j 
ability of &¢tting a head ina single throw js ! 
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Answers 
1. (i) (3X5)°(8)?=veay 5 
(di) C5)(H)2 CS) 9 + EN) FU) = ie. 
2 (i) (BYE) 8(R)P aes CH) (35)? = ee; 


9 247 
(iit) 1-4" Oo(4)* +20, GG)" t= 1 - S555. 


8. If Ag denotes the event ‘A wins / games’ the required 


8 
8 2 Tr V 8-r 
probability=P(4,)+P(4,)+P(4e)= > (1](5) (5) 
T=6 
4. The probability of any member of the population being 
colour-bjind = 555 = yy. 


the required probability=1 — (8%)(}8)2°° —(*2°)(3)(48)"*, 


-_ 10-r 
(SYR) SCI) (0) 
10. 6.: 41. £C,(3)9(3)7=38- 
18. ats) by multinomial law. 
a1. SH (#4 Mptgertnsnt 25. 3. 
t-a 


CHAPTER V 
PROBABILITY DISTRIBUTIONS 


51. Random Variables : ete 
We know that the results of a random experiment are objec 
hich are not necessarily real numbers and so it will not be casy 
' ; velop a mathematical theory dealing with these objects. Now 
“4 tepostlble to establish a correspondence between outcomes of 
saline experiment and o given set of real numders by means oh 
a mapping defined on the event space of the given random experi- 
ment as domain and by such correspondence it will be convenient 
touse algebra and analysis of real numbers in the development of 
the mathematical theory of Probability. With this motivation we 
introduce the concept of a random variable connected to the event 

space of any given random experiment. 


Definition of a random variable : 

Let F be a random experiment and 

Let 4 be the class of subsets of S for 
connected to EF, A mapping X of S 


Yariable or a Stochastic variable or a 
the set 


S be the event space of E. 
ming the class of al] events 
to R is called a random 
variate, if for any xeER, 


fo: “=< X(a)<CxwESteg 


(5.1.1) 

len if for: — —< Xo) Sx, we S} is an event connected 

The range of the mapping ¥: S —+ Ris called the Spectrum 
tte random variable Y. 


: Te <X(a) <x, 065}, 


fa: ¥(e) >c,o€ 5}, 
»™ES }, ete, 
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Answers 
1. (i) (3X8)°(S)* = aes 5 
(di) C5)(3)9(S) 9 + (3) +N) = eee. 
2. (i) (305)9G)® Sse 5 CH) (3)5)°G)? = ves 


9 _ 247 
(iit) 1-4" Oo(4)* +20, GG)" t= 1 - S555. 


8. If Ag denotes the event ‘A wins / games’ the required 


probability=P(4,)+P(4,)+P(4s) = > () ‘G) 


T=6 ; 
4. The probability of any member of the population being 
colour-bjind = 55 =. 
the required probability=1 —(? 9°)(38)299—( 2°)(x5)(45)°*. 


10 


10-r 
5 (Mw) (a) SUA) (8) 
10. 6.: 11. £C,(3)9(5)7=8. 
18. atts) by multinomial law. 
21. SH (a4 Mptgertnsnt 25. 3. 
t-a 


a 
bp 800F S) belo 


CHAPTER V 
PROBABILITY DISTRIBUTIONS 


51. Random Variables : — 
We know that the results of a random experient are objec 

hich are not necessarily real numbers and so it will not be casy 
: : velop a mathematical theory dealing with these objects. Now 
. fepoasible to establish a correspondence between outcomes of 
aati experiment and a given set of real numvders by means af 
amapping defined on the event space of the given random expel 
ment as domain and by such correspondence it will be convenient 
touse algebra and analysis of real numbers in the development of 
the mathematical theory of Probability. With this motivation we 
introduce the concept of a random variable connected to the event 
spice of any given random experiment. 


Definition of a random variablo : 

Let F be a random experiment and 

Let 4 be the class of subsets of S for 
connected to EL A mapping ¥ of § 


Yariable or a Stochastic variable or a 
the set 


S be the event space of E. 
ming the class of al] events 
to R is called a random 
variate, if for any xeER, 


fo: ~@9<X(a)<SxwESteg 


(5.1.1) 

ley if {o-: ~9< Le) Sx, eS} is an event connected 

' The range of the mapping ¥: 5 + R is called the spectrum 
*tandom variable ¥. 


»O ES}, {o: 


ees Tile we 


th "A<X (a) <4 


Te sXe) <x, 065}, 
OES}, fo: ¥(e) >c,o€ 5}, 
7 ES}, ete, 


nging to 4 and SO are events connected 
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Sai ts 
In fature, we will write the even 
{o: uae ries, e945], 1° X (w)=%, w ES}, 
{w:a < X¥(a) <b, a€S$ and so on, in short as 
(-« <¥< 2), (%=-3), (@<X< b) respectively and so g, 


Ex. Acoin is tossed twice. Here, 
S={o, =(H, Hf), o:=(H, T), os =(T, H), o.=(T, T) } 
A mapping X¥: 5—> Ris defined as follows : 
X(w,)<k, where k is the number of heads, i=1, 2, 3, 4, 

Then X(wi)=2, X(os)=X(m%)=1, X(w.)=0. Here xX is , 
random variable defined in the domain S and the spectrum ( range) 
of X is {0, 1, 2}. Here, according to our notation (X=0) repr esent, 
the event {(7, T)}, (0 << X¥ < 2) isa certain event and (1 < x <y 
represents the impossible event O. | 

The above random variable X: S— Ris also described in the 
following manner. The random variable X, in this case, defineg 
oa S denotes the total number of heads in two tosses of the coin, 
Later, we shall often use this convention of description of 


random variable. 


5°2. Distribution Function. 
Let P: 4» Rbe a probability function, where 4 is the class 


of subsets (of S) forming the class of events. We remember that, 
the ordered 3 tuple (S, A, P) is called a probability space. 

Let X be a random variable defined on the event space S 
connected to a random experiment HZ. The distribution function of 
the random variable X with respect to the probability space (S, A, P) isareal 
valued function F(x) ofa real variable x, defined in (co, 00) , where 

F(x)=P(-0 <X <x), forallxe(—o,e). © (5.2.1) 

It is evident that the range of the distribution function isa 

subset of (0, 1]. 


Properties of Distribution Function : 


I. 05 F(x) < 1, forall x €(- ©, @), (5.2.2) 

Since 0< P(-~ < ¥ <x) <1 forallxe(-~-, ~), 
wehave 0 < F(x) <1 forall x ¢@(- ©, «), 

HW. Pla < X¥<b)=F(b)- F(a), (5.2.3) 
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The events (-° <X¥ <a) and @Qcvye b) are mutually 
usive and 
(-2 <4 <at(a<X< ba(-o <¥< 8). 
“. P(-@ <X¥<a)+Pa<X¥< b)=P(-0© <X <b) 
or, F(a)+P(a<X< b)=F(b) 
or, P(a<X < b)=F(b)-F(a), 


excl 


yl. F(x) is a monotonically increasing Sunction. 
Let x, >%,- Then by (5.2.3), 
P(x, < X < x)= F(x.) - F(x,). 
But P(x; <*X <%,)>0 and so F(x,) > F(x,) whenever 
Xo > %1> . 
Hence F(x) is a monotonically increasing function. 


(5.2.4) 


1V. F(x) is continuous to the right at every point a,i.e., 


lim |, F@)=F(@), or, Fia-+0)=Fra). (5.2.5): 


Let us construct a sequence of events {A,,}, defined by 
An={ oi4< Xo) < a+!, wes}; where n is a positive 
integer and S is the corresponding event space. We see that 


“AyD Ay DB By Disecss ie., {Ant is a monotonically decreasing. 
sequence of events. , 


by (3.6.1), P(tim Ay} = lim P(A,). (5.2.6) 


Now lim An=[] Ay. If the intersection is not empty, then. 


there exists at least one point », (say) such that o, €A, for all. 
neN, 


a<X(wij< a+s forallne N 


ie, a<cc<e a+! for all n, where X(w1)=c. 


by na ¢~a>0. Then consider the numbers 1 and c—q(> 0). 
he Archimedean Property, there will exist a positive integer k 

au 
Ch that kK(c-a)>1, i.e, c> ate. But c< apt for all 


neg 
N. Hence we get a contradiction. 


-aRILITY 
A ROBABILIT 
ATICAL P 


" QO, the impossible event: 
EUs 


This implies that A An 
Then from (5.2.6), 

P(0) =lim Pl49)= lim 

te ad ” 

= lim { F(o+) A } 


(aa) - F(a). 
= lim F (+5) (a) 
one increasing, iita F(x) exists 


1 
plac x< ary) 


Now F(x) being monot 


finitely and cent 
¢. 1 = i F(x)=F a+ . 
ne Flats ote 
+. 9=F(a+0)- F(a) 
i.e, F(a+o)= F(a). 
Hence, F(x) is continuous to the right at every point a. 
Y. For any real constant a, 
F(a) - Lt F(x)=F(a) - F(q-0) = P(X=a) (5.2.7) 
x—a-0 


We consider the following sequence of events {A,,} defined by 
A={u - a-b < X(0) < a,we S \, nisa positive integer 
‘and S is the corresponding event space, 


Evidently, A, 2 A, DA, D....4i.., the sequence {A,} is 
‘monotonically decreasing and go 


Lt A,= a An. 
Nn-+20 n=1 
We now show t T ={o: 
hat 5 A,={o: X(o)=a, we he 
We note that for any oe S, where Xx 


. =] 
ae o€ Tt dy where X(w) =a, 


If possible, jet. ¢% 
4 en. An, where X(w,) 34 g, 
Then o, ¢ As for all n, 


(o)=4, w € An, for all n. 
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1 * 
a- = < Xo3) <a for all n 


1 
of, a= <¢ <4 for alin, where elar=e, 


yere a-o > 0. Then considering the two n 


umbers: a—c and 
1 by Archimedean property there will cxist a positive integer p 


. l ae 
guch that P (a-¢) > Lie, e< as and this isa contradiction. 


to the fact that a—+ <¢ for ail n, 


pence, 1, An=lm? Kolm w'e Sl=(K ma), 
A= 


Now since {An} is monotonically decreasing, by (3.6.1), 


P( lim A,)= lim PiA,) 


Noo 


or, PC i An)= lim P(A,) 


a= 


ot, P(X=a)= lim P(a-7< X <a) 
= lim {Fa)-F(a-2)} 


=F(a)— lim F (2-"). 


u-~n 


Now F(x) is monotonically increasing. 
lim F(x) exists finitely and — 


x-a-0 


lim “F (a~-=)= lim F(x). 


Naxx x-a-0 
P(X =a)=F(a)- lim F(x) 


or, F(a)-F(a-0)=P(X =a). 
VI. F(o)=1, where Floo)= lim Fx) (5.2.8) 
We consider the sequence of events {An} defined by 

A,={o : —-ao< Xv) <7; wé S} 


, d'1g event space. 
Where n is a positive integer and S is the correspon “6 7 
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Cc A eacece . 
en Ar © sonically increasing sequence of events 

° mo 

ie {Ast is 8 
tim b= D, - 
P nel 


n=l 
ro) ‘ ( 
Ac 5.2.9) 
since An € 5 forall 2, 
Since As © | 
Now let « be any element of S and X(o)=d, a real number, 
ow let w be 


real numbers d and 1(> 0), by Archimedean 
xists a positive integer ™ such that m.1l>q 
m, of, - © < X(w) < mand this implies that 


Considering the 


property, there ¢ 
ie, -2 <d< 


Cd 
o€ Ags i.€.5 of > Ag: 
n=1 


io) 
Thos o €S implies that w € > A,- 


n=1 
b=] 
s e* Ai. (5.2.10) 
n=] 
From (5.2.9) and (5.2.10), » A,=S. 
n=l 
Loe) 
J #|> A, )=P(S)=1. (5.2.11) 
n=] 


Now P( lim 4,)= tim P(4q), by (3.7.1) 


or, (> Ay}= lim Pl- 0 <¥ <n), 


net 


or, lim F(n)=1, by (5.2.11), 


MOnotonj - 
nically MCreasing ang 
exists finitely and et i 
It F(x)= 
FaTOm Ut Hes 
Hence it is proved that F(co ==] | 
Vil. F(- ©)=0, where F~ w)=73 F(x) , 
Lt (5.2.12 
We consider the sequence Of events {A — b : 
— . ‘ 
n={o: ~@ SX) <=, we Sh : 


and S is the corresponding event 
Here. A, D A, 24,2 
1.€.5 {An 


nis a POsitive j 
i 
Space, nteger 


bisa monotonically decreasing sequence of events 
a e 
ie Lt A,= O An 
n=1 


nso 


oo 
We show that [I 4A, i aC F . 
nai” 18 an empty set, i,e., at is the impossible 


event O. 
Tf possible let » € A, forall n. 


4 “. 0 <X(w) ¢—n for all n, 


ie, — 0 <¢ <—n for all n, where X(w)=c, 
This implies that n <~-c for all n, i.e, the set of positive 
integers is bounded above, which is a contradiction, 
7 A, =0. 
n=1 | 


Now, by (3.6.1), Zt P(A,)=P (Lt A,) 
uN- © n>co 


or, Lt P(—«w <X¥ <-n)=P(0)=0 


li co 


or, Lt F(—n)=0. 


au=so 


Now F(x) is a monotonically increasing and bounded function. 
Hence Lr F(x) exists finitely. 


x——0o 


Lt F(x)= Lt F(-n)=0, 
n—co 


x—— 00 


Libs F(- «)=0. 
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of discontinuity of @ distribution 


vit. The sé of points 
fanction is at most exumerable. 


We know that every monoton hie 
nts of discontinuity. 


property follows. 
rties I-VII we conclude that the 
onotonic nonedecreasing bounded 


ic functicn can have at most a 
‘ Since every distribution 
countable sét of pol 
function is monotonic, the 

Remark: (9) From prope 
distribution function F(x) is 2 
function such that 

(i) F(- 0)=0 

(if) F(x)=1 

(iii) it is continuous to the right at all points 
s to the left at every point x=a,if 


(iv) it is discontinuou ci 
mp discontinuty, the 


P(X¥=a) > 0 and the discontinuity being 2 ju 
heignt of the jump (or saltus) is equal to PiX=4). 


(5) The converse of the remark (a) is also true and so we 


conclude the following (without proof) : 

Any fanction F(x) with domain (— o, oo) and range a subset of 
[0, 1] is a distribution function of a random variable with respect to 
a probability space (S, 4, Py if and only if F(x) is such that 
() K-~)=0, di) F(~)=1, (iii) F(x) is monotonically non- 
decreasing and bounded, (iv) F(x) is continuous to the right at all 
points, (vy) F(x) is discontinuous to the left at every point x=a, 
if P(X=a) > 0. 

(c) The curve y= F(x) is called the distribution curve of the 
corresponding random variable X. It is evident that the distribution 
curve lies between y=0, y=1. 


Probability distribution and the concept of probability mass: 

If the distribution function F(x) of a random variable X be 
known, then for any a, b (a <5), the probability of the event 
{a <1< 5) can be determined. So the distribution function 
Xx) gives the distribution of probabilites of various events and 
so we 83y that F(x) determines the probability distribution of the 
random variable X. Then the problem of determination of the 
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robability distribution of x j, t “S 

gading the distribution function F(x) of ° © problem 
From the properties of the distr 7 i 

45.2 (I-VII), it will be possible to make 


, an * 
of an event and ‘mass of a particle analogy with ‘probability 


‘ 0 
The aforesaid analogy can be done as rie pies of particles.’ 
. € assume that 2 


certain amount of matter is distributed o : 

(on which x Ls measured) ia such a way that es 4 given straight line 
matter distributed from —0o up to the naint 7 total mass of the 
here F(x) is the distribution function of the Py equal to F(a), 
Then the property ‘F(o)=1’ implies rammed ges Om variable Y. 
mass of matter distributed on the line is | aie that the total 
Pac Xx< b) = F(6) — F(a)’ reflects that the lata The property 
a< X < b) is equal tothe mass of the matter ae, f the event 
gmi-closed interval (a, 5]. The relation irixala ata ai be 


ibution function Proved in 


shows that the probability of the event (¥ =<) can be interpreted 
Tp: 


gs the mass of a particle placed at the point x=a 
The hypothetical distribution of mass descri 2 
ip : ribed above ji 
the probability mass and in many situations it will shige ae 
to think probability in terms of mass by the aforesaid false 


where the probabilty of an event is identifi i = 
i ed wit 
certain amount of matter. h the mass of a 


We shall restrict our discussion to two types (unless otherwise 
itated) of random variables, namely discrete and continuous which 
will be explained in the following sections. 


53 Discrete Distribution. Probability Mass Function (p.m.t.) 


he random variable X defined on an event space S is said to be 
sao the spectrum of X is at most countable, i.e., if the 
: trum is finite or countably infinite. In this case the probability 
isttibution of X will be called a discrete distribution. 


Pal the spectrum of X be { x; :i==0, + le E 2scecerrserreees L 
me Xe << Xu <Q <M <x,<0 
i let P(X¥=x,)=f,, x; being a spectrum point. A. function 
‘R- (0, 1] is defined as follows : 

{®)=f, if x=x,, which is a point of the spectrum, 


=0, elsewhere. 65.3.1) 


MP9 
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ve is called the probability mas, 
Ss 


The function 7 defined abo ji 
function (p. TM. f.) of the random variable x. 
The distribution function F(x) of @ discrete random vant, 


Xis gives dy: ' i 
pX=x))= > fi if SX < xy, 
j=3° 

(120, £1, +2.---)- (5.3.2) 
action which remains constant over every 
onsecutive spectrum points, has a jump 
rum poiot %;, the height of the jump at 
It is continuous to the right but 
pectrum point. x 
—" 


Fix)= 
x3 ome 


Thus F(x) is a step fu 
interval in between two ¢ 
discontinuity at each spect 
each point being fp=P(X=%i)s 
discontinuous to the left at each s 


F(x) 


i 
1 
! 
| 
I 
l 
| 
J 
! 
| 
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I 
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nN 


3 


Fig. 5.3.1 Distribution Function of a Discrete Distribution. 


5.4. Some important results on discrete distributions. 


jar 


By (5.2.8.), F(co)=1, 


But fi 5.3. = - 
rom (5.3.2), F(0o)= > ti 


J=-@ 


(5.4.1) 


PRO) 
BABILITy DISTRIBYT 
-UTION 


tI. At each non-spectrum po; 
_ 147 
P(X=a)=0, al 
we have P(X=a)=7R 
)=Ra)~Ma~), py Ge x (5.4.2) 
“erties Now a being a 


non-spectrum point, there exist step poi 
Oi 


pine nts x 
; e ® and x44. such that 


k 
Now F(x)= > Sj. wh 
. e 
’ a %% SX < xy, 


j=-o 
; k 
Since X; <2 < Xn, Faj= 
Dd 
jz 


Also F(a-O)= Lt Pix 
s x —-a-0 ), where eX <a< Xay, 


F(a)=Ka- 0) and hence P(¥= 
non-spectrum point. (¥=a)=0, whenever a is a 


Mm. Pla<X <b)= 2 A 
ie 5.4.3 
a<xi<b 
Given any half open interval 
a<x 
points x; such that a < x; < b. ——e 
Now P(a< ¥ < b)=F(b)- F(a), by (5.2.3) 


st a<x,< b 

re the summation is taken over all values of i such that 
<x; < bd. 

te Let X¥ be a discrete random variable with x; (i=0, +1, 
42,...)as spectrum points. If P(X=x)=fi be given, for 


ts 4 
» +1, +2, ..., the distribution function can be determined and 


} bé the spectrum of X, where 


Ha {x : i=0, +1, +2, ecoese 
’ and let P(X¥=x)=fa« 


HS Xag <SXLy < Xp << Ha See 
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We define 3 fenction F as follows - 
(i=0, + I, + a aaa) 
for % S* Xow 
Ase >, f 
ae th distribution function of X. 
is the G1 
Then Fixjis tribution function Fix) of a liaise, 


Conversely, let the dis 
random variable 1 be given, 
« fxe0, 1, £2 }. 7 
eon P(xXex,) denoted as f;, is given by fi=P(X=x) =F. x,) - 


-0) for i=0, +1, + oe 
se discuss some important discrete distributions. 


where the spectrum Of X’is the sey 


6.5. Important discrete distributions. 


1. Binomial (n, P) Distribution. 
A discrete random variable ¥ having the set [0 i. ee alls 
the spectrum, is ssid to have binomial distribution with parameters 


n, p ifthe p.m. f. of X is given by, 
f= (2) 70 =—p)**, for x=0, 1, 2) ....009 
=0, elsewhere, 
where n is 2 positive integer and 0<p <1. 

We now give one example of binomial distribution from real life 
titustion. Let £, be the resulting compound experiment arising 
from n (a positive integer) Bernoulli trials, where p(0 < p < 1)is 
the probability of success in each trial. If we are interested only 
in the number of successes, then the event space corresponding to 
E, is the finite set {0, 1, 2, ......, n}= S (say). 

A random variable Y is defined on S as follows : 

Nij=i where ic S, 
aie X is a discrete random variable where the probability mass 
fanction f(x)=P(X =x) is given by 


2 fay=(?) eu ~p)*"* for x=0, 1, 2,...2 


=0, elsewhere, 
va that X has binomial (n, P) distribution. 


(5.5.1) 
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Il. Poisson » Distribution, ai 

A discrete random Variable y havi 
io Dy avis } as the spectrum, js Said to i ps he ioebtibe 
© Poisson distribution 


witb parameter H(> 0);if the P.m.F. is given by 


eT pt 
x= a » for x=0, 1, 2, 


Pot ees 


=0, elsewhere, 


Let us now give an example of Poisson distribution f; 
jife problems. If X be the random variable denoting the “ (os 
of telephone calls in a given interval (0, 1), satisfying the iain 7 
in a Poisson process (see § 5.11), then X is a discrete variate aon 
spectrum is the enumerable set {0, 1, 2, .....0}, the correspondin 
probability mass function f(x) = P(X =x) is given by . 


—NA x 
fix) - = for x=0, 1, 2 ss... 


=(0, elsewhere. 
(a is the average number of calls per unit time). 
(5.5.2) shows that X has Poisson distribution with parameter at. 


(6.5.2) 


1. Geometric Distribution. 

A discrete random variable X is said to have geometric 
distribution with parameter p(0 < p < 1), if the probability mass 
function f(x)=P(X=x) is given by 

J(x)=pq" tor x=0, 1, 2, 3, ...... 
=0, elsewhere, 
where q=1-p, 


(5.5.3) 


© 
We observe that > py al. 
x=0 
In an infinite sequence of Bernoulli trials, 
dumber of failures preceding the first success, the 
above distribution. 


if XY denotes the 
n XY has the 


IV. Negative Binomial Distribution. 
the random 


In an infinite sequence of Bernoulli trials let X be i 
Yatiable denoting the number of failures that precede t 


sitive integet Then X ig, 


150 uit 
i a x eye : 
success, ee r = i, whose probability mass function 
discrete 18D! om ; 
feyeP(Xenris Bm by 
XT Nu-sye" for x= 1, 29 see 
f=" x 
(5.5.4) 


=0, elsewhere- 


om variable xi 
eters Ty DP 


5 said to have negative binomig} 
This rand | 
distribution with param 


J 
_ It can be verified that ») f(xye!. 


x=0 


¢ Distribution. 

tive inte 
e hypergeometric disribution, 
probability mass function 


v. # ypergeometri 
Let Vi, NV; be two given posi 


m variable X js said to hav 
N, and-m, if the 


gers and let VN, +N2=N. 


A rando 
with parameters Ni 
I(x*)= P(X =x) is ‘given by 
Ns) Ns 

(5.5.5) 


where ‘max. (0,n-N,) <* < min. (Ni,%), * is a non-negative 
integer and n is a positive integer (n < N). 
Let a box contain V1 


drawn at random from t 
random variable denoting the number of white. 


xX has the above distribution. 


he box without replacement. If X be the 
balls drawn, then 


We note that 
n . . 
Sree) 


ream Seles 


re 


TOE ee 


+ STRIBUTION 
5.6 continuous Random Variabje, ° 
, te (eae variable defined 
the distri ution function of Xx. a 

* Then 


pe said t© be continuous if 


es space § ie 
€ random variable 


distribution function P(x 


) is Cont in (0) 


f : 


jnts.0 
Alternative definition of continuous yariate 


A randoo variable X defined on the event 5 ace: 

continuous random variable if there exists rhe said tobe — 

glued function f(x) such that (i) f(x) js net e teal 

ii) the distribution function F(x) of xis 2 ae co) 
€n by 


f infinite discontinuity) and Je) dx is sane 
: nvergent. 


sad ( 


_— 


white and WN, black balls. ni balls are 


* fit) dt for any real x. 


sl=| 
The equivalence of the two definitions will follow from (5: _ 
snd note. (2) of §5°8. If Xisa continuous random sbi me 
2 eu! 


the probability distribution of X is called a continuous distributi 
ion. 


57. Probability Density Fuuction ( 
p.df) of ‘ 

Distribution. a Continuous 

Incase ofa continuous distribution, we denote F(x) by f(x) 
vhere f(x) is called the probability density function (p.d.f.) of X 
Nee the distribution function of X. From definition the 
ensity function is continuous in any finite interval [a, b] except for at most 
finite number of points of discontinuity. We note that F'(x) may not be defined 
values of 

: of x and consequently f(x) may be undefined at some points. 
. a alternative definition of a continuous variate X, the non- 

ai ‘ ; 

ative real valued function f(x) is called a probability density 


funeti 
tion of X. Here from the relation Fa)=|" f(jdt we get 


P(g) 
(2)=f(2) at a point of continuity 2 of f(x). 
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5.8. Some Important Results on the probability density function 
f and the corresponding distribution function F of 4 
continuous variate X. 

I. f(x) > 0 for all x where f(x) is defined. (5.8.1) 
We know that F(x) is a monotonic increasing function. g, 
F'(x) > O whenever F'(x) exists. 
“. J(x) > 0 for all x, where j(x) is defined. 


I. Pa<x< b=(" (x) ax. (5.8.2) 


- 


We have Pia < X < b)=F\b)- Fa). 
Now F'(x) = f(x) is continuous in [a, b] except for at most a finite numbe 


i F'(x) dx 


of discontinuitiesand So, we have is convergent. 


Then, J ¥ fle) dx=F(b) - F(a)=Pla << X< Dd). 


Itt. rx)-{ f(t) dt. 


(5.8.3) 


We have, by (5.8.2), 
Pa<X< x=" f(t) dt 
a 


or, F(x)—F(a) -{" fit) dt. 
Proceeding to the limit a —> — ©, we get 

FQR)-Lt = a)= Lt f: ft) dt 

a-—-o a--—-wo J@ 


x 


or, Fx)-K- =)-| ft) dt 


—oo 


or, F(x) =| f(t) dt, since F(-co )=0. 


Iv. \r. f(x) dx=1. (5.8.4) 
We have, by (5.8.3), 


[., AOa=7. 
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proceeding to the limit x — co, 
a 
t) dt= ; 
ue. \". MN dt= Lt Px)=Fo)=1 
. dx=1, 
o {_, Sada 
v. P(X: =a)=0, where a is-a given constant. (5.8.5) 


We have £{a)-F(a-0)=P(X =a), 
Now X being a continuous random variable, F(x): is continuous 
forallx. Hence F(x) is continuous at x=a. 


Lt BHA), 


z—-a— 
ie, Fa-0)=F(a). 
P(X=a)=F(a) - F(a-0)=0, 
je. P(X=a)=0 for any real constant a. 


Note: (a4) We see that the distribution function of a 
continuous random variable X¥ is completely determined by the 
corresponding probability density function f(x), using (5.8.3). So 
the probability distribution of a continuous random variable is 
completely determined by the corresponding density function f(x). 

(b) We observe that the probability density function defined 
in the two ways mentioned in § 5°7 may differ at some points but 
they will determine the same distribution function F(x) of a 
continuous random variable X. Further we observe that if the 
values of the p.d.f. (in any definition) be altered at finite number of 
points or if the p.df. be defined arbitrarily at finite number of 
points where it is undefined, then the corresponding distribution 
function Jz) is not altered. 

(c) We know that P(O)=0. If, however P(A)=0, we cannot 
conclude that A is an impossible event. In this case, we say that 
: EPs: y impossible. We now give an example to show 

n event may be stochastically impossible but not impossible.’ 
ea be the random experiment of selecting a number at 
i fom the open interval (0, 9). Let X be the es variable 
impose the number chosen. Then an event ‘x =6’ is not an 
© event. But it can b: shown that X is a continuous 
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So the event ‘X=6" is 
ossible event. 


MATHEMA 


P(X 
jable and 50 
om varie ple event 


stically impossi , 
“a Every non-negative real valued ‘ 
(@) oo) and for which | f(x) dust, 


ae ble in(- >» 
fits) that is integra nuous distribution. 
(5.8.6) 


'y density, function of a conti 
now that there exists a distribution function 


it =6)=0. 


but not an imp 
piecewise continuous function 


is the probabilit 


It is sufficient to 5. 
F(z) corresponding to fix). 
We define a function F given by | . f(t) dt=Fl*) , 8.7). 


which exists for zny real x- 
=x x dt 
Now Fi)=|"_ fede "fe 


any \" flt)dt ~ Po 0) ar] 


-@ 


B —-> cs 
=Lt [F(x) - F(B) 
Ras =e 
=F(x)}-H- ~)]- 
F(-2)=0. 


Also from (5.8.7) proceeding to the limit x > ~, 
Flo)= | ” 42) dt=1, by the given condition. 

Finally, let x,, x, € R,where x, > *,.- 

Then Fex)=|"*_j() dr=("* fli) dt+ “2 it) dt 


Z. 


> ie fit) dt=Plxs), 


since f(x) >'0 implies i S(t) dt > 0,when x, > %;. 
a 


Thus F(x,) > F(x.) whenever x, >x,. Thus F(x) is mono- 
tonically non-decreasing. 

Finally, f(x) being piecewise continuous, from (5.8.7) it can be 
shown that F(x) is continuous everywhere; further at a point of 
continuity of the function f(x), the derivative of J(x) is equal to 
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. F(x) =f(x) and so F'(x) i : 
ies / 8 also ; 
for” og that F(x) is a distribution po ee Continuons, 


2 Vv! n fi 

s pro da Unction 

rio Hence the proposition, of a continuous 
j 


onsity curve : The 


Braphical representat; 
eqe t 
probability dens ntation of y 


ity curve of the Corresponding co 


=f(x) is 


the é 
sled Ntinuous. 


jistribvtions 
Ww Probability Differential, 


pet X be continuous random variable and 4x > 0 
Pix < XS *+) ME Oz) — F(x) ax P(g) 
E=x+05x,0<g< 1, 

. Lagrange’s Mean Tene Theorem of Differential Calculus 
wy PESXSxt) yy 
oe Et PDI, 

frisa point of continuity of F'(x)= F(x). 


~ fejetr PR<X<x+ox) 
: ix—0 5x 


qhen 


i 


=Jt P(x < X < x4dx 
dx—0 dx : 


since sx=dx, the differential of the variable x. 
Henceforth we shall write f(x) dx for P(x < ¥ < x+dx) ee 


willactually mean Lr P(x < Kee X+dx) _ (x) 
dx—0 dx 7 


The expression P(x < ¥ < x+dx) will always be used in the 
above limiting sense and so there will be no ambiguity throughout 
our discussion. The expression Pea x < x+dx) which is taken 
tobeequal to fixjdx, 
| he, Mx) dx=P(x << ¥ < x4dx) (5.8.8) 
8 called the 
Variable XY. 


probability differential of the continuous random 


© now discuss some important ‘continuous distributions. 


49, i 
Important Continuous Distributions. 


: Uniform or Rectangular Distribution. 
Continuous random variable -Y, is said to fallow a uniform 
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distribution , if its probability density function (p.d.f) is given by 


__l 
fix)=5—~, a <x<b 


= 0, elsewhere, (5.9 \ 
where a and b are the two parameters of the distribution. “el 
We note that f(x) > 0 for all x. 
Also {" f(x) dx=|" aX 1, 
. = a b-a 
The distribution function F(x) of X is given by 
F(x) =0, -2 <x<a 
x-a 
5a acxx < b 
=Ib<x<o- (5.9.2) 
: F(x) 
1 } | 
1 4 
| 1 
1 I 
0 a b O a b x 
Fig. 5.9.1 Fig. 5.9.2 


Rectangular Density Curve Rectangular Distribution Curve 


Note: The rectangular distribution gives a useful model for 
random experiment jike ‘a point is chosen at random in a given 
interval’. In this sase, we are actually thinking of a random 
. variable X such that the probability of the event ‘X lying in-any 
sub-intsrval’ is proportional to the length of the sub-interval, 1.e., 
X is uniformly distributed in the given interval. 


Ul. Normal (m, c) Distribution, 


A continuous random variable X, having (-«, ©) as os 
spectrum, is said to followa normal distribution if its pro ability 
density function /(x) is given by 


_(x—m)? 
f(x)= 


(4 20" 
where o > 0. 


1 
V ln oO . 
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is a probability distribution with tivo 1357 
. genoted by N(m, a). ") Parameters m, o and 


articular if m=0, c=], we Say tha 
yariable X is a Standard Normal Var; 
fs 


t the cory 
eS He 
ota. Ponding 
Seen er —(%—m)° 
a ee nda e 25% 
"Since Jn o . 


bs hence f(x) > 9 for all x 
(1) add 


: a _ l wt _(a— a ; 
Agaio Ne I(x) dx=—s | e a dx 


TojJ-a 


i . 
S NON-negative, for all values 


—e=mji 


Q 
= 1 Lt | e 21 dx 


Vino Q>» JP 
P>—>2 
Q-m 
1 Ni2e 
amare [ya Lt | “= x-m 
Vn 6 ee pom ° + N2o-dy where rm: 
2a 
l a Q-m 
a a N2e va 
“Fa ot [Pet apal ™ or ay 
Po, [Pam 0 
N2¢ 
1 0 De 
=— Lt | —n = 
™ Ono | e ae) ge? asl 


N2¢ ‘ 0 
where in the first integral we put y= —¢ 


, —P+m O—m 
= N25 32 1 Nae PY 
a hy | a eee [ ev 
ade P>—xw Jo Wx Q—0 Jo - 
=. | et? dry J_{ e-¥" dy, 
7%. 40 Ax 0 


since the integrals are convergent 


=Jofo ew dye Pf tr (Lara. Gta. 
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fa normal distribution is given by 


The distribution function 0 
‘ _(@—m)? 

f° e 20? dx. 
o 


Rx) = = (5.9.4) 


Ir X is a standard normal variate (i.e.. m=0, c=1), the corres. 
-ponding density and distribution functions are given by 
eo at? 2 


Ha=Ge & = and ¢(x)= Fs \. e a. dt. 


; 
Oo x 


Fig. 5.9.3 Standard Normal Density Curve 


(0,1) 
O x 


Fig. 5.9.4 Standard Normal Distribution Curve 


(x) 


D(x) 


One of the most important distributions i 
probability and statistics is the normal distribution an 


’ foregoing chapters we study this distribution in detail 


in the theory of 
d in the 
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Gamma Distribution, 
continuous random variable X is said to follw a Gamma distribution 
probability ‘density function f(x) is given by 


il 


if its 


fixe" x “,0<x< oJ > 


= 0, elsewhere, 
eing the only parameter of the distribution, ; 


jb 
“We note that f(x) > 0 for all x. 
o % me gta dx 


oo 
(x) dx=1_ 
Also {_. Sf FO woe 
The random variable in aiesian is referred to as y(/) variate 


" (5.9.6) 


1. 


IV: Beta Distribution of the First Kind. 
“ “A continuous random variable X is said to follow a Beta distribution of the 
“first kind, if its probability density function f(x) is given by : 


"=a * 
Lara, a) 


=0, elsewhere. 6. 9: 2) 
The parameters are m(> 0), a 0) and the random variable Y 


iscalled 8,(m,n) variate. 
Evidently f(x) > 0 for all x. 
Now \ f(x) dx= 5. x™-1(] —x)n-1 dx=B(m, n) n)_ 
-© = 


Bim, n 
V. Beta Distribution of the Second Kind, 
Acontinuous random variable X is said to. fellow a Befa distribution of the 


»0<x<lim>Qr>0 


im n) 


second kind if its probability density function f(x) is given by 


= mat 
I= i mae 


Th =0, elsewhere. 
€ random variable Yis called ,(im, n) variate. 


Evidently /(x) >Oforallx.’ 


O0<x< o;m>0,n>0 
(5.9.8) 
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Also. si al a. 

o since B(m, n) {: (4x7 dx, we get 
o _ 1 _ co xe-2t = 

[" foams al. a pare eI 


VI. Cauchy Distribution. 


A continuous random variable X is said to follow a Cauchy distributjo, « 
its pretability density function f(x) is given by . anit 


> a ee 
: fix) x 22 +(x— ph)?” 
3 > O and p being the parameters. 
It is evident that {(x) > 0 for all x. 
Also in f(x) dx=1, can easily be verified. 
The distribution function F(x) is given by 
re)=|" J one dx 
-e x A2+(x—2)* 
a4 t ’ _ ax 
% P~—2 IP a?+(x—p)? 
= Lt [+ tan! oa] 
= P+-2 2 A dp 
_l P~ z) 
=— Kt ——— 


( tan-? ~—#— tan-* 
2 P-—»7 A 


wb pop FHL (5.9.10) 
ar tan ar a + >: 

Vil. Exponential Distribution. 
A continuous random variable X is said to follow exponential distribution 


if the probability density function f(x) is given by 


x 
fAiz)=Le i,x>0,a>0 


=0, elsewhere, (5.9.11) 


a >0 is the only parameter of the distribution. 
We observe that f(x) > 0 for all x and (. f(x) dx=1. 
. wo 
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pistinetfon between Discrete , 
Variables. | 
A random variable YX is discrete 
- enumerable Set, i.e, either § 
s in the case of a conti 


540» and Continuous Random 
when its spectrum is at 
post nite or countably infinite 
eres j nuous random variable, the peblent 
,,usuallY an interval or union of some intervals 

) The distribution function ofa discrete random variable is 
step function, whereas in the case of a continuous random yariable 

jatribution function Ffx) is continuous for all x and in any 


interval [a, b] F'(x) _ is conti 
pounded inter : . inuous except fi ite” 
qumber of points of discontinuity. pe Soaeeea ne 


(c), In the case of a discrete random variable P(Y—a)=0 if 
js not a spectrum point, while in the case of a continuous ne 
yariable P(X=a)=0 for any real number a, j 
~ (d) The random variable denoting the number of telephone 
qlls id a given trunk line in a given interval of time is an example 
of a discrete random variable (see Poisson Process)a The randam 
ystiable denoting the number chosen at random from a given. 
interval, say (4, 7), is an example of a continuous random variable. 
5,{1. Poisson Process. os 


random 


Before describing Poisson process, we -shall define stochastic 
process. Let X(t) be a random variable depending on a real variable 
1, which is usually time in real life problems. A given set of random 
variables {X(#) : t € D} where D isa given subset of R-is called a_ 
stochastic process. 

The random variable denoting the number of persons ina queue 
at time ¢ for different values of ¢ form a stochastic process, 
Another example of stochastic process is the set of random 
vatiables giving the number of persons injected with a given 
disease (in a given time ft) for different values of t. 

THEOREM 5.11.1. Number of changes of a stochastic process 
ina given interval of time follow Poisson law under certain 
conditions, 

Proof: Let X(t) be the random variable denoting the number 
of changes of a stochastic process in a given interval of time 0, 4), 


MP-11 
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where 1 > 0. We make the following assumptions regarg; 


probability distribution of X(1) : 8 the 


) If & be a positive number, then the number of chan, 
nd the number of ch : anges j 

changes in (ty fh) Q 

sh) are 


(i 
the interval (0, t) a 
independent. 

(ii) “The probability of exactly one change in the int 
(t, t-+h) is ah+0(h), where 0 (A) denotes any function of i 

; ties 


that Lt O(hy_9 and 2 is a positive constant. 
bh—ot h 


(iii) The probability of more than one change in (s, th) j 
O(h). . 
We shall now show that under the above conditions, the distr. 

bution of X(t) will follow Poisson law. 

, Spectrum of X(t) is given by 

X(t) =i, =0, 1, 25-0 
‘Let Ebe the random experiment of counting the number of 
changes in (0,1) and “g' be r 
number of changes in (t, t+). 
that # and Bi’ are independent. 
‘Let P,(t) be the probability of the event 
ex(t)=i?, 10, Le 2poreees 
Then P,(t+h) is the probability of the event 
‘x(t+h=?. 


Casel. i> 1. 
P,(t-+-h)=Probability of the event ‘i changes in (0, t+h)’ 
" ==P(A1) + P(As) + Ple) 
denotes the event ‘i-1 changes in (0, #) and one 
change in (t, ¢ +4), 
‘7 changes in (0, ¢) and no change in 
(t, t-+h)’ and 


where A, 
Az denotes the event 


As denotes the event ‘more than one change in (1, t-+h)’ such 
that the total numbor of changes in (0, t-+A) is i. 


andom experiment of counting the: 
By the assumption (1) we can say 
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. note that Ai» Ay, Ay are mutually exclusi i 
ie experiments E and # are ee Segal Ge oe 
19009 (Ay) = Pea (0) * fah+0(h}} ; 
p(As)=Pilé) x {l-ah-O(A)- O(”)} 
p(As) can be expressed as 0(h), by assumptio: 
; t si 
Pit + h)=Pi-1(2) x {ah + O(A)} + P,{t)- eh - 
— P,(t)[O(h) + O(h)] + C(h), 
(Hl ere,0(h) + 0(h), Pi(t) x O(A),— P,(2)[0(A)+-0(h)] can all be replaced 


by o(A)) 


and 


=AhP;-1(t)+0(h) + P,(t) — ahP;(t) +-0(h) + O(4) 
=AhP,-1(t)+P.(t)- AMP, (t)+-0(h). 


h oes 7 
Pot Eh PUD ap, (0) - aR, 


Hence proceeding to the liniit h>0+4, we get 


~ Pi(Q=APi-1(t)— P,()} for i > 1. (5.11.1). 


Casell. i= l. . 

In this case P,(!-+/) = P(B,)+P(B,), where B, denotes the e/ent 
‘ezactly one change in 0; t) and no change in (1, t-++A)’, and B 
denotes the event ‘no change in (0,f) and exactl : , ia 
(tt Ay’. y one change in 

So, Eand £' being independent, 

Py(t-+h) = Pi(é){l — 2h - O(h) — O(h)} +P o(e)fah + 0(h)} 
= P,(t) — AhP,(t)-+AhPo(t)+0(h). 


P,(t-+A)-Py 
Pat) Pr® _ P(e) - Pali) +, 


Hence proceeding to the limit h > 0+, we get 
Py(t) = {Po(t) —PQ)}- 

Case WI. i=0. 
—. ‘no change in (0, ¢-+h) happens if and only if the 
Hs s ‘no change in (0, #)’ and ‘no change in (¢, ¢+h)’ both 

Ppen, As before # and #’ being independent, 

Polt-+h)=P,(t){1 — ah —0(h) — 0(A)} =Po(t) — AhPo(t) +0(A). 
Polt+h)— 


a 


(5.11.2) 
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Proceeding to the limit h + 0+, we get 
Pride = APolt). 65.11 ) 
From (5.11.1), (5.1 1.2) and (5.1 1,3) we get 
P (Ne2aP,-1(t) APA) fiz } 
and P(N) =— AP alt) 
Solving (5.11.3) Pol!) = 4e~™, where 4 is an arbitrary const,, 
We csa assume the following initial conditions : A 
p,(0}=1 and Pi(0)=0 for all i 2 I. ng 


(S.t1g 


Using P,(0)=1, we get A=l. 
- P(t) =e7™ S.1L9 
Again, from (5.11.4), for i=l, 
P,'(t)-+2P a(t) = APolt) 
or, P,'()+9P s(t) 2e-™ by (5.11.6). 
Multiplying by the integrating factor eM and integrating, we pet 
ep, (i) = it-+constant. 
Using (5.11.5), P, (0) =0 and we get 
P,(t)=1e™. (5.11.7) 
Again, from (5.11.4), for i= a 
P,'()=4P (0) - IP,(:) 
or, Py(-rPalt) =aie™ by (5.11.7). 


Multiplying by the integrating factor e' and integrating, 


2 
wet get eMP.()= iAP constant 


Then using (5.11.5), p,(0)=0 and so 


2 
yy the™. 


Finally, by induction, 


Gc 
Pagan aM teeth, 1 Qgeoore(Se1.8) 


This shows that the distribution of X(?) 
with parameter 7f. 


is a Poisson distributio? 
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rs The Poisson process js 


Re & random 
“af numbers in 4 certain interval of is d sonia ts 
wn tH an 
co : i), (id), (i) stated above are satisfied Where the three 
ist ied. In Practical field such 


. be the number of tele 
ait La aioe oo ae of radioactive 
ae 4 instrument or the number of meteortecllsions ee nal suck 
ye feounting process, Poisson distribution serves the appro fa nei 
: . can be interpreted as the average number of changes Hs nm el 
the stochastic Sense ve 
ssh qranstormation of Continuous Random Variable. 

Let Y= g(x) beagiven real valued continuous function defined for all real 
yalues of x and let x = a random variable defined on a given event 
os s, Then gt X) is also a random variable defined by 
g(0 w=giX()], aor all o€S. If we denote g(X) by Y, we say 
wnat g(X) determines a transformation of the random variable X. 


15 FOREM 512.1. Let X be a continuous random yariablc und 
tet fal) he the corresponding probability density function. Also let 
x) bea continuously differentiable function for all values of % 


; 
=f, 


iffd) he the probability density function of the random variable Y. 
; _ oe - ; 
given by Y=g(X) sand if Fi is either positive or negative for all 
x, then . 
= dx 
folv)=fule where y€rangeofg , (5,12.1) 
and where we assume that f,(x) is defined for all values of x. 


Proof: Let X be a continuous random variable. Let the 
random variable Y be defined by Y=g(X), where y= g(x) is a 


continuously différentiable function. We assume that 2 is either 
Es 


positive or negative for all x. 


Caso I. 2> 0 for all x, Here y=g(x)is a strictly mono- 


Tocca increasing function of x, Then the event (X < x) implies 
and is implied by the event (e(x) < g(x), te, (XS x) and 
(Wz) < g(x) ) represent the same event. 


i 


pee a eee ee 


< Y<y) fy = sie 


ifverange Of8 (5.19 5, 
a the distribution functions of X and y 
s apd Feu) 3 


that X being a continuous Tendon, 


2.2) shows : 
(5.12.2) § sly differentiable function 


The relation 
. gx} being continued 


: nd v=) . 
variable Ine ys random variable. 


‘ TITEL S 
i a 8 Se [act 2.2) we Bt 


- d dy 
2 {ruo}-4,{F)} ae, 
dy 
ot, {kD WW) a 
dx dy. 
es finals) a:as(0)| FI ag dx > 0. 


dy 
a¥Y — OQ for all x- 
Cuse iI. Let i 

strictly monotonically decreasing, 
lies and is implied by the event 


nd (g(X) > e(x)) represent the 


“Here the function y= £12) is 
so that the event (X< x) imp 
So here (X < x)@ 


(1X) > (2). 
same event. ix < x= PlelE) > g(x) }=PY > y)-1-P(Y <y) 
ae (5.12.3) 


or, PX xenl-PlY < y), if y= 3 


Xf being a continuous random variable. P(X = x) =0. 


Bow 22 g=i-A-- < Y<y) 
o, Frxj=1—-Frly)- which indicates that Y is also continuous 


d __@ dy 
So, FF xll= — gta, 


ot, fals)= fats) 


=a dx_ ax : dx i 
or, frly) fie G-Sat2) | ri since 7 <0 
Hence the required result is established. 


Here we note that in any case f,(y) =0 if y ¢ range of g- 
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Remarks : 1. If fx () is undefined for some values of x, then 
iz Lis true for those valucs of x, where fa(x) is defined. 

a tx be a discrete random variable and if the transformation 
se pe such that the corresponding real valued function y=giz) 


’ satin uous and strictly monotonic for all x, then the probability 
n of ¥ can be determined as follows : 


gisteibUttO 
pet % (f=0- £1, £2, -~ ) be the spectrumof x. Then the 
aumof lis given by yw=a(x); imo, +1, +2, ...... (5.12.4). 


since the transformation Y=g(X) is strictly monotonic, the 
yo (xex implies and is implied by 
igiX)=g(x:)} ie. (Y=y,). So, 
P.X=x)=P{e(X)=s(x)}=PW=y,), 
ie. Sv =fej for i=0, + J, + 2)... (5.12.5). 
3, Since the inverse function x=g7*(y) exists under the 
¢ the theorem 5.12.1, the formula (5.12.1) can be 


(5.12.6) 


condition © 
sapressed as fot) =Sxt™ 10094 1S | 


If the function g(x) in theorem 5.12.1 is not strictly 
monotonic, the formula (5.12.1) cannot be applied to determine 
the distribution of Y. In this case, it is possible to find the 
distribution of ¥ by applying probability differential or other 


suitable methods. 


4. 


3.13. Mixed Distribution. 

So far we have discussed distributions which are either discrete 
orcontinuous. But there are distributions which are neither discrete 
nor continuous. In fact, there are probability distributions where 
the corresponding distribution is partly discrete and partly 
continuous. Such a distribution is called a mixed distribution. 
We give below a formal definition of a mixed distribution. 

A distribution is called a mixed distribution, if the corres- 
ponding distribution function F(x) can be expressed as & convex 
combination of the form 

F(x)=cF ,(x)+(1—¢)F 2(*) 
where F,(x) is the distribution function of @ discrete random 
pens and F,(x) is that of a continuous random variable and 

Se<l 


(5.13.1) 
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We complete the discussion by giving the following example 
mi i es 
a mixed distribution. f 
Let Xbe a random variable with distribution function Ply 
x 
given by 
0,x<9 
rey” g<x<l 
~ ght & 
F(x) 
1 
1 J 
. (0,3) 
7 : J 1 
oO (1,0) x 
Fig. 5.13.1 Distribution curve of a mixed distribution. 


From fig. 5.13.1, ‘we see that F(x) has a jump discontinuity at 
Tn fact, F(x) is not always continuous, nor is it a step 


x=0.. 
fi. ‘tion. Accordingly, the corresponding distribution is a mixed 
distribution. 
We can write : 
F(x)=4 F(x) +3 Fal)y 
0,x <0. 
where F,(x)= 
I,x>0 
0, x ‘<0 
and F,(x)= 4 x,0<x<1 
A, x>i1. 


F,(x) and F,(x) are the distribution functions of a discrete and 
a continuous. distribution respectively. The probability density 


ae K(x) corresponding to F,(x) is given by 
1o<x<I 
Slz)= { - | 
0, if wo <x<0,and I< x< ™. 


_ We observe that f(x) is undefined at x =0 and at x=1. 
In fact L F2‘(0)=0, R F,'(0)=1,etc. 
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errs Examples. 


? a 
el Five balls are drawn from 


whlte balls drawn without replacement, 


pet X be the random variable denoting the n be 
umber of white: 


from the urn 
alls drawn - Then the 
4 1, 2s 3s Abe spectrum of X is the set 

Now P(x=0)= ra y ayy P=) = 10s *0uxl 5 
re ah 

ae Cox1S _10 

i 1 "Be, “27 r 
PUxs3)— 2% *ORxIS _ 5 
Ms oO =51’ 


pinay Oe% Or x1 
top, 4a" 


Hence the required distribution at X is —— its HS ~ 
- rom 


$0, 1, 2, 3, 4} with 


px=N—d, P(X=Vew, P(x=2)-39, px. 

. = =s7, P =3 =,5 
px=4)=azs aa 
. Ex. 2. Consider the random experiment of tossing a fair coin 
till a head appears for the first time. Let X be the number of 


tosses required. Find the distribution of xX. - 
The spectrum of X is the set 1, 2, 3,......}. 
Now P(X¥=1)=P{H}=4, P(X=2)=P[(T, D=()*, 


P(xXx= 3)=P\(7, T, Hh= (3)8, seecee > 
P(X =m =Pl(T, Th... T, Ht=(%)" 


_ (n—1) times 
and ’ 
= a i where, ‘7’ denotes the outcome head in the “first toss’, 
’ enotes the outcome ‘Tail in the first toss and head in the 


~ ; 
ie toss’,eto. Thus the required distribution is given by X=i, 
™ 3 Zyesesees with . 


P(X=i)=()*. 


MATHEMATICAL PROBABILITY. 
17” 


1 |x| in(—1, 1) and zero els 
Show that the function |x eWhere 
ix . posible density function, and find Reiter lig distr, 
ion function. | 
bation f' eae 
Let 


We sec that (x) > 0 for every *. | 
nina (7 farden| sordrt |”, M0) axt\" fo dx 


=0+(" | x | dx+0 
-12 
=2 2 xdx, since |x|is an even function 
and |x| =x for every x ¢ (0, 1) 
=1, 
Hence:, f(x) is a possible probability density function of some 
distribution. 
Now let F(x) be the corresponding distribution function. 
if -2 <x<-l, ra=|"_ ft) dt=0. 


If -1<x<0, rxj=|"_ 1G) a= | Sa) a+(" S() dt 
=0+(" S(t) di=|" (-2) dtm 5 =. 


If 0<x<l, re)={"_ fle) dt 
=| roars? fo ara)” povar 


= -\" rat+(" tdt 
=-1 


z 


S(t) dt 


If l<x<o, F(zx)= 


Lae 


-(" 4 a(t f(t) dt + \. fl) dt 
=0+1+0=1, 


PROBABILITY py 


oe STRIBUTIO 
pence the distribution funct, « ‘ 17t 
i 10n is 8iVen by . : 
io) < me 
ly _xt *<~1 
Fx) 2 2° I<x <0 
1x2 
| 2 get S%<1 
4 1 »le xe< co, 
gr.4. Can the following be Probability mass functions ? 
2. for x=2 - ; 
| for x=1 a a 
ja) Ax)= 1 be & for x=2 
= for x=f (5) I(x)= ‘ 
0, elsewhere, \ He ies 
» €ssewnere, 
O°l for x=~—5 
O'S for x=~}]| 
(c) fx)= 0°2 for x=0 
0°2 for x=1 


0, elsewhere, 
(a) Since f()=-1<0, f(x) is not a probability mass. 
function. 


(b) Although f(x) > 0 for every mass point, sf(x) + 1. 
x 


Hence f(x) is not a probability mass function. 
(c}. f(x) > 0 for every spectrum point and xf(x\=1, hence f(x) 
* 
isa probability mass function of a distribution. 
Ex.5. Evaluate the distribution function of the following 
distribution : Spectrum of the random variable X is {-1, 0, 2, 3} with 
PX = -1)=F, P(X—0) =F, (X= 2)=}F, P(X = 3)=F. 
Let F(x) be the distribution fuitction. 
If -w<x< -1, Ax)=0. 
If -1¢ x <0, Ax)=P(X¥=—1)=%. 
IO< x <2, Ax)=P(X=—l)+MXH0=F + tH 4- 


MATHEMATICAL PROBABILITY 
172 -)+ P(x=0) + P(X=2) 


apegtict 

= ya IFEX +Pix5 
Fx=P( eres: 3) 
=1,. 


e the distribution function of a Tandon, 


tT 2 < b < 3, Fx. 


If 3 4< 


Bx. 6. Let Ax) 4 


yaorlable X. Prove that _ 
(i) Pa<x< b)=Fib—9)— Fla 0), 


Gi) Pacx< b)= F(t) a= 9) 
(i) The event (2 < X<6) can be expressed as 
(a<X <b)+(X=4) 
vw, P(a<x< 5) 
where wenote that (@< X¥ <5), 


-events. 
Again we can write 
a@<%X< d)=-(@< XY < b)+(X=8). 
No Pa<X <b)=Pa< X¥ < 8)+P(X=—>). 
P(a< X < b)=Pla <X¥<5b)-P(X=5). 


=P <X<4)+P(X=4); (5.141) 
(X=a) are mutually - exclusive 


Hence,by (5.14.1) we get 
Pac xX<b)=P(a< X < b|)—P(X=b) + WX=a) 
= F(b)— Fla) — F(t) + F(b—0) + F(a) — F(a—0) 
= F(b—0)—F(a—0). 
(ii). We have | 
a<Y¥<Sb=a< X<b)+(X=a), 
where (a < ¥ <b), (¥=a) are two mutually exclusive events. 
So Pac xX<b)=Pla< X < b)+P(X=a) 
= F(b)— F(a) + F(a)—F(a—0) 
= F(b)—F(a—0). 
Ex.7. Can the following function be a distribution function? 
0, -w<x<0 
40¢x<l 
Ss 1<x<3 
13Igx<o. 


F(x) = 


- PROBABILITY DISTRIBUTION 


If so, find the spectrum and Probability mass functi 
nction, 
negative and Flo) = 1, F(—0)=9, F(x) 
giscontinuous to the left of the thr 
continuous to the right everywhere, 
distribution function of a discrete, 
f 
spectrum oO 
X is {0, 1, 3} with 
P(X =0)=F(0)— F(0~0)=3, 
P(X =1)=F(1) -F(1—0 =f-i=2 
P(X=3)=F(3) — F(3—0)=1~358, 
+o gi babilit ss 8S 
which give the pro y masses at the spectrum poi : 
ae ‘ points and these: 
robability masses determine the required pep te 
rection. quired probability. _ mass. 
Ex: 8. 
defined by 
fed={ Cx(1-x),0<x<1 
0, elsewhere 
isa probability density function. Find the corresponding distri- 
bution function and P(X > 3). 
_In order that f(x) is a possible probability densi i 
we must have y density function,. 


io I(x) dx=1 


is a .step function, 
fe step points 0, 1, 3 and 
Hence, F(x) is a possible’ 
Tandom variable X. The: 


Determine the value of the constant C such nai A. 


i.e, C f. x(l—x) dx=l 


i.e, C=6. 
Let F(x) be the corresponding distribution function. 
In -~w <x <0, F(x)=0, 


in 0<x <1, F@)=6 |" 1(L—1) dt=3x* —2x8, 
Oo 
in 1< x <0, F(x)=6 { 1(1—1)dt=1. 
Oo 
{ 0, —2 <x<0 
“. F(x)=4 3x2-2x5,0 <x<l 
| lil<x<@ 


Rr. “ pietribat jon 


given bv et, x20 


aa ie elsewhere. 
Find p(X=0) and PX 7 1). 

p(Y=0)=F(0)- —-F(0- -0)=3 

PX > I=1-PXS I=! 1-AU=% 


1-0=§. 


Ex. 10. Let X bea random variable such that 
pa<xci=e n_—™ and P(X < 0)=0, 
ghere OS a<b< wandi is a suitable positive real rnbitber 
Find. the distribution of X. 
Let F(x) be the corresponding distribution function. 
In-o<x¢ 0, Ax}=0. 
Ax 
In. 0<2< &, F(x)=P(0< XK x)=1-e 
0, x <0 
A Faie| sii 
l-e ,0<x<0, 
Ex. 11. The distribution function of. a random variable X is 
given by 


0,x><0 
Fix)=} x, 0<x<1 . 
lLl<x. 
Find the probability density function and evaluate 
P(3< X <°5), 
Let f(x) be the probability density function, 


Then 


f=F')=  Pibdiciace 


| 


ined from. 


Pp 
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we observe that f(x) is undefined at 175 
*=0 and at x=] 
F(X) : 
(1,1) 
fix) 

| 

. 
“0 (150) IRE rier 5 ees 

Ms ° * . : 0 

Fig. 5.14.1 Distribution curve Fig. 5.14.2 Density curve ; 


PC3 < XS *5)=F('5)— F(-3)=-2, 
Bx. 12. The spectrum of ihe random variable x ens of the 


points 1, 2yerrey 2 and P(X =i) is proportional a rs Deter- 
ey 


mine the distribution function of x, Compute 3< X¥ 
st 5). <n and 


We have, fp=PLX =i) o Hy" 


_ 1 ses 
Let fi=K. ig+y’ where’ Kis a positive constant. to:be ‘deter- 


n L) 
>, AEK at I, 


ae 


EDA “Fa)" 


or, K(I at ‘Le, ae 1 


=P(Kepott! _ 1 
Hence, Sp P(X¥ j= = iis 1)" 
Let F(x) be the distribution functionof X. Then 
F(x)=P(-o-< X¥ <x), where i¢x<i+l,i=1,2,..0-1 


f=) 
‘ 
“HSN 1 
n Ey rsh 
TeL1 
2+] n+l i 
n torn na itl 


THEMATICAL pROBABILITY 
“MA 
R ) ntl i .iexs j$1 for i=l, 2,...n-1, 
Thus FRI i+ — 
H(x)=1 for all x > n, and Fis)=P 1S =O ifax cy 
Also E(x)= : atid 
Thus ste distribution function B(x) is give y 
fics <itligl 2 ce n=] 


176 


ntl_ i 

“n itl 

Bx)= 1 ,ifxoen 

0 ,ifx<l. 

Now P(3 < x¥< n)=F(n) - F3)=1->- a 4n 
n+1 5 n-5 


ss 


AX > 5=1-PXS5)=1-FUIRI-“ TG 
x. 13. Consider the distribution function of X given by 
0, for x <0 
r= 1-ye* for x20. 
Determine P{(X=0) and P(X > 0). 
P(X=0)=F(0) -— (0-0) =(1 4) : 0 “a 
PX > 0)=1-P(-= <X< 0)a1-H0)=1-(1-4)=3. 


E 


[(C:H. (Math.) "81 


Ex.14. A motorist encounters n consecutive traffic lights, each: 
likely to be red with probability p or green ‘with probability 
q-=i-p. Let x-1 be the number of green lights passed by the 
motorist before being stopped first time by'a red light. Show that 
the probability distribution of x is given by 

S(x)HG* tp, XL, Zyros n, 
=q",x=n+1. 

Let ‘success’ S denote encountering a.red light and ‘failure’ F” 
denote encountering a green light. . Then the event space consists. 
of finite sequence of outcomes $, FS, FPS, FFFS,......, FF......F. 

| n times 


(CH. (Maih.) *80 | 


The corresponding random variable X can take values-. 


1,25 Syveovey%, M1, where X—1 is the number -of fallures before 
the first success, 
“. P&=lN=p, P(X=2)=gp, P(X =3)=g%p, 
P(X=n) = "1p, PX=n-+1)=q*, 


i 


_ teplaced during the first 150 hours 


| 


PROBABILItTy DISTRIBUT, | 
‘ON 


eaceythe probability distributian Of X is gi ” 
fi)=PIX=2)=9" *p, for x=1, 9 ae 
=q" for x=n+1, oe 
45. The life in hours of g certain 


jlity density function kind of radio tube has 


robab 
wP 100 
f(x)= | xa? * = 100 
0, elsewhere, 
' bability that 
What 1s the pro none of three tubes in a pj gs 

will have to be replaced during the first 150 hours of inate : 
nm! 


. bability that all three | eee 
phat is the pro of the original typ, 
yo be replaced during the first 150 hours 9 ene eae 


Let A; denote the event that 
jo hours’ (i=1, 2, 3). 


co 
Then P(4)=| 
150 


‘the life of the ith tube is at least 


Now the events A,, A, and 4, are independent, 
probability that all the three tubes last 150 hours or mor 
none of them will have to be replaced during the first 15 
operation) 

t = P(A,AAg)=P(A,)P(Ae)P(As) =a 

: Again’; is the event that ‘the life of the tube is less than 

10hours’, P(A,)=1—P(4,)=}. . 
Hence, the probability that all three tubes will have to be 


Hence ‘the 
e (so that 
0 -hours - of . 


=P(4,)P(4.)P(As)=34- 

Ex. 16. The probability that a screw manufactured by a machine 
tobe defective is x5. A lot of 6 screws are taken at random. Find 
the Probability that (i) there are exactly 2 defective screws in the 
lot, (ii) no defective screw and (iii) at most 2 defective screws. 

We consider the event ‘getting a screw defective’ as ‘success’. 

hen P=probability of success=75, n=6. So if X be the random 
"atiable Corresponding to the number of defective screws, then X 
"4 binomial (6, p) variate. 

12 ‘ 


oF TY 
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Nity=P(X=2)=(2)(eo)7(58)*- 
' ired probability =P( cot ae 
i sh ied prota ee ; 
(i) ired probability=P(X=0)+ sk aaa ) 
.,tiy The requ =(42)° +(2)(e5)(48) +(2)(e5)"(¢8)¢, 


he probability of 4 product produced by a machine . 

Ex. M. x . Sal If 30 products are taken at random, find the 
be i. tia —_ y 2 will be defective. A Pproximate by 
ie aieitaien and evaluate the error in ee ait. 

As in Ex. 16, required probability =(*°)(01)7(°99) =0027 6 

Since the probability of success is anil, we approximate by 
Poisson distribution, the parameter of the distribution being 
p=np=30x °01=0°3. . . 

Hence the probability of getting exactly 2 defective 


ae 4 ~# (03) ,-0.8 903337. 
2! 23 
the error in the approximation = 0:03337 — 0:03276 = 0°0006}. 


Ex.18. Some airlines find that each passenger who reserves a 
seat fails to turn up with probability 0°1 independently of other 
passengers of these airlines. Airllne A always sells 10 tickets for 
their 9-seat aeroplane while airline B always sells 20 tickets for their 
18-seat aeroplane. Using Poisson approximation to binomial 
distribution, find which one of A and B is more often overbooked. - 

[ C. H. (Math.) 83] 


Let X¥ and Y be the random variables corresponding to the 


number of passengers who failed to turn up in the airlines .4 and B 


respectively, 


For the random variable X, we have n=10 
X is approximately a Poisson-variate with pa 
Y is approximately a Poisson-variate 
p=0'1, .=2), 


The probability that the airline 4 is overbooked 


; p=0°l and so w=1. 
rameter 1. Similarly 
with parameter 2 (n= 20, 


=P(X=0)- cise 


PROBABILITy DISTRIBUTION 


again the probability that the Airline B is g 179 
e~*2° 4 €7 7522 


= 


01 ito 
3 _1l3-e. y 
tw 4 ae 0, since 2 <e<3, 
3 
= >-~andh irli i 
= : ence the airline p 1S more often Over- 
pooked. ; 


Ex. 19. Jf there is a war every 15 


Years on the averg 
the probability that there will be no w 


: 8e, then find — 
ar in 25 years, 

. ,=number of changes per unit of time ont 
ybe the random variable denoting the nu 
interval (0, 25), when the unit of time is 
Poisson distributed with parameter pP=it= 


he average — ve Let 


mber of wars in the 
one year, then X is 
Tr * 25=8, 

probability of no war in the given interval of time 


e~Fyo 


5 
=e 8, 
0! 


=P(X=0)= 


Ex. 20. A radio active source emits on the average 2°5 ‘particles 
per second. Calculate the probability that 3 or more Particles will 
beemitted in an interval of 4 Seconds, [ C.H. (Math.) °87 } 

4=number of changes per unit time on the average 
=2°5. 

Also the given interval is (0, 4), where the unit of time is- one 
‘cond. If ¥ be the random variable denoting the number of 
Particles emitted in the given interval, then X is Poisson-distributed 
With parameter mw =at=10 

the required probability=P(X > 3)=1-P\X < 3) 
=1-{P(X¥ =0)4+P(x=1)+P(\xX=2)} 


-10 
=] — e710 _ 19 e-10~ 190 e-10=] -6] em? 


° . . the 
Bx 21. 4 car-hire firm has two cars, which it hires out by 


ay i isson 
day, The number of demands for a car on each day is Poiss 


i i days 
Mibuted with parameter 1°5, Calculate the proportion of 


qiCAL PROBAB cee 
js used, and the proportion of day. 


s 
neither of aor met for tack of cars. 
conn [ C.H. (Math.) "80 


yAaTHEMA 


denoting the number of demang, 


jable oe 
random vatl y is Poisson distributed With 


Let X be the day. Then 


ye 


ion of days 01 which neither car is used 
io: 


oport 
(a) Prope 108 =0'223. 


=P(x=0)-¢ 
(5) Proportion of days 02 which so 
| =X > Qe1-P( X< 2) 
a1 [AK =0)4 P(X HIF P(X=2)} 
we , (US)? 
er-ert{1+h5+o>~ 


me demand is refused 


=0°1916. 


Rx. 22. Let X denote the tangent of an angle (measured in 


radians) chosen at random from (-=,5). Find the distribution 


of X. 
Let H be the random variable denoting the angle chosen. Then 
# is uniformly distributed whose distribution function s°(6) is 


given by 


0,-02 <9a@<-- 
| 
_ 3 8-(-9 = 2 
FY@) } ee 7S b<, 
1 , ~<Sa<x, 
L 2 


Now X=tan H, and hence 


xv =p" , 
P( < x) PitanH < x=P(-3 <H <tan7? x| 


tan71 x-(- 


xz 
= 3) 1 1 
yt—tan-* x,-co <x <e. 


PROBABIL 
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thus the distribution functio, of x; 181 
. Is 


Fya=yth tae", =. Vis 
we PSX Sw . 

Bx. 23: A point P js Chosen at rand, 
snd A is a fixed point on the circle, 
git BP will exceed the length of di e 
in the circle. 


Let X be the random variable cor 
Tesponding to the an 
gle A’ AP, 


where 4 A' is the diameter through 4 ee 
giveD by the density function - The distribution of X is 


nm na circle of radius a 
Ind the Probability that the 
quilaterg] triangle inscribed 


1 13 
faye fe? ~2S* <5 


0, elsewhere. 
Z| 
A 4° 


Fig. 5.14.3 


The side of an equilateral triangle inscribed within a circle 
being 4/3a, where a is the radius of the circle, the: required 
probability . , 


=P(2a cos X > V3a)=P ( cos X >) 
=p |x| <2)=P (-§ <x <z)=(" f(x) dx=5. 
on :3 


Ex. 24. Three concentric circles of radii nat land /3 feet 


“4 J _ 
drawn on a target board. Ifa shot falls within the innermost 


182 
circle 3 points are scored ; if 
the scores are respectively 2 and 


falls outside the outermost circle. 

" distance of the hit from the cent 
find the p 
Let X be the random variable 


R be the random varia 
the centre O of the target. 


MATHEMATICAL PRO 
; within the next two ri 
it falls ° TINBS, then 


robability distribution of 


BABILITY 


1 and the score is zero if the 
If the probability density i 
e 


the target is ———_ 
re of 8g n 1+r2 ’ then 


he score. 


corresponding to the score, 1, 
. et 


ble denoting the distance of the hit P ¢ 
Evidently R is a continuous es 
om 


variable, whose density function is given as 


a 
bd alo ar? 


grew. 


The spectrum of X is {0, 1, 2, 3 }- 


ane 


Fig. 


Now th ‘x=0° i 
e event ‘x=0’ happens if and only if the event ‘R >V3" 


happens, 


ZS 


5.14.4 


'. P(X=0)=P(R >V3)-1-P(0< R < V3) 


=-(" 2 
0 


dr 


ar _i 
I+r? 3° 


Simil =j)= - 
( 


2(8 
== 
ae | 


dr 1 
l+r? 6’ 


P(x==P(S ck c =P| , 183 
an asney 
=e Be os 
i) l+r2-6@> 
P(X=3)=P(0<R Poe 
7 vi P(v<rc dy 
2,08 dr ot 
“ar ltr 3 


Hence the required probability distrip 
ibutio 


given by, X=i, i=0, 1, 2, 3 with n of the score Y js 


P(X=0)= 5, P(X=1) =4=P(X=2), PY a3 
’ = )=}. 


Ex. 26. If X is normal (m, «), then p 
” rove that 
Pa<X< b= a2 _ 4 (°-™) 
os! 


o 
and P(| ¥—m | >ac)=2{1 -H(a)} 


where d' 
e (x)denotes the standard normal distribution f, 
unction. 


Pla<X< b)=P(acX <b) 


=P (P< kame m) =p (‘= <Ye< ona) 
o 5) 


o CG 
o 


where Y=*—"j 
= is the standard normal variate. 


_» {o-—m 
= if a-m 
—|- (= 
o a ). 
Agai ( 
gain Pi | Y¥-m| >ac)=1-P( | X¥-m | < ao) 


=1-P(-as < X —m & az) 
=1-P(m-—ag < X¥ < ag+m) 


=] agi (amare (2) by first part. 


=] —D(a)+p (-a). 


yr AND STATISTICS 


proBAB 
ical = 
yaTEEn’ 6 x Bi j mod 
3 ne dt 79. Bo—o}JB * at 


-*: gu, where u=—t 


z-axis from 
axis at a point * 


of P. 
The line through Q(0, 1) cu 
id int P a 

varies from = to >" The point 


3 the x-axis at (—tan 6, 0), where ; 
Iso moves along x-axis ftom 


"_ @ t0 »- 


Fig. 5.14.5 


The density function of His f(6) -1, = <6< > where 7 


is the random variable corresponding to 9. We now find the 
distribution of X, where Xis the random variable defined by 
X=-—tan H. 
In real variable x=—tan 6. 


. ax 
. a” ~%2"9 < O forall g¢(-%,-*]. 


g(x)=fi6) \s2|=1 oe 
*l x Tex? —? <x<e, 


This shows that Yis Cauchy-distriput d 
ed, 
Ex. 27. Let X bea Standard - 
, n 
pability density function of Y, where oa4 variate, Find the pro- 
= X%, 
CG. , : 
Here Y= x’. [ H. (Math.) 81, 84, 86, 93 } 
In real variable, y=} x2, _, es 


dy _ i j 
te x, which changes Signin—-e <xyew 


Now we have 
Py <¥ SV+dY)=PUE x < 4X2 < Hx 4dx)2) 
= P(x? < X8 < (x+dx)9), 
Let x>0. Then the event (x3 
< X32 < (x+dx)2 
expressed as (x<X¥< X+dx)U(—(x+dx) . Sede’ = 
we note that the two events (x <¥ < x+dx) and Cn a 
< X < —x) are mutually exclusive, “a 
. P(x? < X? < (x+dx)?) 
=P(x << X < x4dx)+P(-(xt+dx) << X < -x), 
Now due to symmetry, | 
P(x << X < x+dx)=P(-(x+dx) < X¥ < —x) 
Ply <Y < yt+dy)=2 P(x < X¥ < x+dx) 


or, fr(y) dy=2 fx(z) dx, 
where fy(x) and fy(y) are the density f:nctions of X¥ and Y 


Now f; 1) <= ext. 


respectively. L 
w 
. fijertin Be be oh et seve 


1 

. -Vy-F 
Thus if x > 0, fd="F ay »0<y<e. 
Zz 
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It can be shown similarly that if x <9, 
oy OS VS 
Sri) Ta) ; 
te 0 << y <0 . 
Thus we get, in either case, Ke(y= Fa)’ , Which 


shows that Y is » (4)-variate. 
Alternative method : 
Here Y=3X* where X is a stan 


dard normal variate. The | 
distribution function #(x) of X is given by | 


wl=ze| etedt, -«e LX < o, 

V2n 

—@ 

Let £() be the distribution function of Y. 

Then Fy) =P < J) for ally é€ &. | 
If y <0, then < yore y), where (3 X* < y) is an 


impossible event. So P(Y < y)=% if y<0, ie, F(y)=0, 


iv y< 0. 
"Now let y > 0. In this case 

DY < y=P(E X? <b X)=PK? < x?) 

where x > 0. 


=P(-x<X<x) 


=P(—-V2y < X <V2y), (here x=2y) | 
=P(-V/2y < X¥ < V2y) , 
[ X being continuous, P(X= - A 2y)=0] 
=4(V2y)- 1(—V2y)- 
Thus we get Fly)=0, if y< 0 
= 0(V%y)-H—V2y), if y > 0. 
Then if f(y) be the density function of Y,we get 
fy)=F(y)=0 if y<0 
and ify > 0, 


a ee te oe 
fie F l= Gee awt Ty f'( — 1 2y) 


x 
=reyg ete [vege * 
e-vyz? 


1 
= envy F= 
I) 
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0) can be defined ...... and we take S(0)s0 


‘t is proved that the ili 
thus } Probability density function of ¥ is. 
give? by 


-ypart 
ee 4 
L9=T® 


=0,elsewhere. 


if0<y <0 


ie above density function of Y: shows that Y is a y(2) variate 
gx. 28 J” the equation x"+2x—g—0, ¢ isa random variable 


niorl distributed over the.interval (0,2). Find the distribution 
function of the larger root. [ C. H. (Math.)’83, °88 107) 


Here 7 has uniform distribution over (0,2) So the density 


- function Ss @) of q is [ q within the paranthesis is regarded as a real 
-yariable ] given by 


fi (Q=% if 0<q<2 
=0, elsewhere. 


Now the larger root of x*+2x—q=0 is —1+ Gina 
q: 


Let Y=-1+/Vi+q. In real variable we get. y=-1l4+V1i4¢ 
where the real variable corresponding to q is also denoted by q ° 


dy_ l 
Now dq IVTTG > 0 for all g € (0, 2). 
Then the density function fy (y) of Y is given by 
d 
fe = |44 4. 
Sowe get fy (yY=2V14q..3 if 0<q<2 
or, fr(yy=ytl if O< y <V3-1 
=0, elsewhere. 
Let Fy (yybe the distribution function of Y. 
; vy 
Then Fy(y)= i. Fy (t) at, for all real values of y. 


Now if —o <y<0, then 


Fy(y)= \" O.dt=0. 
, \ : 


PROBABILITY = | 


a adil PROBABILITY, DISTRIBUTION 
If 0c ysv3—hs then Now OP =X=cos Y, 189: 
Fy o=(? fr a+, noe | Ip sen — eee Dh e SI <5, ~l<x<] 
=\_. : 
. -0+" fe (tat . ay as ¥<0 when 9 <yex, 
0 
= { : (t41).dt 


avy 
a ae | 
Finally,if y> 3-1) then 
- oo y . 
Fy vi=[" fr (t) a+\5 fz (t} at+| p— Pulde 


Fig. 5:14.6 


Then fe) =S: | | : 


=0+| = —) 44) dt-+0 


=i. rn 2 ? 
So,the required distribution function F,(y) is given by where Sx(*) is the density function of Y. 
Fy(y)=0,' if -o <y <0 > 1 af(x)V =e 


see ae 29-1 - . 
= +y, if O<y j.z., the density function of X is given by 


im Jfl—x® ae 


Ex. 29. A point is chosen at random on a semi-circle having falx) = 
entre at the drigin and radius unity and projected on the diameter. 
Prove that the distance.of the point of projection from the centre has 


0, elsewhere. 


Ex. 30. Find the distribution of the square of a Poisson 
= for-1<x<l and zero elsewhere. pevariate. 
il . Let X be Poisson p-variate. 


the probability density 
- [ C.H. (Math.i87] 


a Ae i=0, 12; Deans pee 


Then P(X =i)= a 


‘We consider a semi-circle of unit radius. If O be the centre and 
P be the point of projection, on the diameter AP of the point 2 
lying on the semi-circle, then the position of Q is determined 
by the angle Y, shown in the figure. The point Q being: chosen 
at random, the density, function of Y is given by 


Oe eae 


Let Y=x%, Then Y¥ is alsoa discrete random variable having 
the spectrum, . 
{0, 1°, 2 a }, ie, {i? : i=0; 1, 2, Syreree h- 
the probability distribution of Y is given. by 


—p pt 
PY 18) = P(X =i")= PED 


pICAL 
=. iven by the spectrum 
19 2 
ail aistribtl© ¢ P 
renee fhe ait ia 1, 2° : 
yr ee 
é gonrer i! 
with J#™ ; wie giseributed in the interval (_, 
upifo 
yz cil: 
Bs Ope distribution en, | 
we = |Xl- x>0 
“ -_ oe x<0 
jvariable 11g "x= 0. 
In real ¥: 
ax , «ct for x=0. Also dx changes Sign é 
and d¥ goes’ n0t exis 
dx 
it exis : 
(ay aymbere remiss 
ouel ™ uae pjxl<l4! < | x+dx|) 
+ = 
py< Vs J. =P(x < |x1< x+dx), x being POSitive. 
< x+dx) 


= antes 
+P(-(x+dx)<¥<-y 


=2P(xr< X < x+dx) 
m distribution. 


metry of the unifor. 
doe to sym ere fx(x) and Fe(y) are respectively 


Sol) dy=2fa(2) dx, wh 


functions of X and Y. - 


the denitiy 
Now frj=h —! 2e<_l. 
2. flat) BaF =| since x > 0. 


. fey) =lywhen xis positive andO<y< 1. 
Case I, Let x< 0, then we have 
By <¥< ytdy)= =P([x]<|XI<! x+dx]) 
; “sP(-x < [|X] < -(x+dx)), x being negative 
=Pllxtdx) <¥<x}+Pi-x< X < —(x +a} 
=2P(-x << ¥ < -(x+dzx) ), due to symmetry. 


PROBABILITY DISTRIBUTION . | 
KO! dy=— f(x) di dx, - 
F2(¥) = =2fy(x): 

x( ) dx dy =~2.4/ 
qhus fe(v)=1 when x<0 ang 9 <<" 


Thus we see that in either case Kivi- {i Dey 
0, els 
prs Y= | x| is uniformly distributed j in ec 


] 


=1)5 since x< 0, 


< 32. The random variable X has 


ction SA*)“BE'"', - 0 <pceo, 

function of Y=X%, 

In real variable y— xs 
: ’ 


the. Probability denny 
“i Find th 
density the probability 


re Y=X". 
ee Te IX <<, 


o8 dyY 2x which: ¢ 2. < Be 
- dx | Changes sign in —0 <x <o, Then- 
ceeding as in Ex. 34, 

Sly) dy=2f x(x) dx, if x> 0, 


where fz(¥) is the probability density function of Y, 


‘ pro 


‘Hence, if x>0, AON=Z Salah eb, Oo<y <0 
“It can, be shown aan thatifx< ; then also we have : 


h=z, a Se pies 


" Thns we get, in either case, 
1 f 
- | ayy e- if y>0 
SAY) = 
\ 
Ex. 33.. The random variable X is uniformly distributed in (0, 1). 
Find ;the distribution of Y = —2 log, X. 
If fx(x) be the probability density function of X, 


1o<x<1l 
Fx(*) Le elsewhere. 


Now, Y=—2 log, X. In real variable y= —2 log, x. 


0, elsewhere. 


dy _~_2 <0 for every x €(0, 1). 
dx x 
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the distribution of Y is given by the density function 


Falv) ~fxt0)| 5% 
4. The random variable X has the probability density 


. 


ee’ ,0<y<. 


Ex. 3 
function f(x) given by 
sh e-Ax%,x > 0 
Sele) = 0, elsewhere. 


Prove that P(X > a+b|X >a)=P(X >b),a> 0,5 >. 
Let F(x) be-the distribution function of X. 


Then for x > 9, F(x) = f- Ae x dx=1-—e- x, 


_and F(x) =0 for x <0. 
Now “P(X > a)e =1-P(X <a)=1-F(@)=e™ a> 0. 


Similarly P(¥ > by=e™ P(X > a+b)se —(atb)r, 


‘where a>0,b>0, 
P(X > a) P(X > b)=P(X > 2+). 
_P(X > a+b)_ 
P(X > atb|>X > 4) FES a P(X > 5). 


Ex. 35.~A random variable X has the following discrete 
distribution : 

xii 3 —2 -1 

fyi 2k? k ‘2k 3k 2k 

Find k and also distribution of Y where 

(i) Y=X*, (ii) Yo |[X-1/+1X%+11-. 

As in Bx. 12, k=x0» 8° that the distribution of X is given by 

eit 2 =f © D2 2 ® 4 

fi: 02 ‘1 3 “3 2 ‘1 °07 = “Ol. 


(i) The distribution of Y is given by . 
yi,=0, 1,4, 9% 16 with 
fr=PY= =0)=P(X=0 ="3, 
fr=P(Y “N= PH N+PE= -N="4 
feaP¥= =4)=P(X =2)+P(X= —2)="2 


function f(x) 
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ON 


EPL = N=P(Z=3)+ P(X ~ ~3)— 49 “193 


Ie pr = 16)~ P(X =4)= 01, 
. The distribution Y in this case, is 
(i) 9, 4, 6, 8 with 
eP(Y = 2)=P(X= -1)+P(X=0)4 
pa 
=P ie P(X a4 DS 
=P 2 


Biven by 


f= 
fs 
fs 
fe 


y=8)=P(X=4)="01, 


be arandom 

36» Let x variable whose 

-{ ye * x > 0 density function is 
ives by (*)=\ 0, elsewhere. 


pind the distribution of v=x?, fist 
rox. In real variable eat, ities t. 


Then 7= A pate, y > 0 for every x > 0. 


aS 
Oa 
py? ccording as 8 2 > 0, for every y >0. 


zy 
i fr(y) be the density function of Y, 
a - B—-1  —py® 
por-se) [FEE Lela! ey >o, 


abich gives the required distribution of y. 


Ex. 37- Let X be a continuous random variable having density 
Prove that the density function 

of the rand i 
y=X! is given by om variable 


1 


0 . > elsewhere. 


gly) = 


Hence find the aistribution of Y, when X is uniformly distri- 
buted in(—1, 2). 
Let F(x) and G(y) be the distribution functions of the random 


Variables X¥ and Y respectively. 


= y<0, the event (Y < y)=(X* < y)=O, the impossible 
and so G(y)=P(Y < y)=0 if y < 0. 
MP-13 


4 saarneoaTIcal pROBABILITY 
19. — | 
Also G(0)=PA(¥ S 0)=P(X? < 0)=P(X=0)=9 since X ig 
so = 

continuous variate. - hee 

Let, y > 0, then Gty)=RIY SY) Pl we 

“=A{- yy <%< Vy, 2KV))-A- y 
bale (- Vy) ] 
Gectn (ECW t Fl 

=n [hale tH(-MW) LY > 0. 
)=0, RG'(0)= 2. 


. Also G'(y)=0 ify < Qand LG'(0 , 
(0) can be defined arbitrarily 


So G'(0) does not exist. Since g 
we take 2(0)=C. 
Hence the density funct. 


1 
| if ytl- Shy > 0 
aya 2V9 


0 ’ 
If X be uniformly distributed in (— 1,2), . 
aftr -1<4< 2 2 

f(x) (é elsewhere. 


u[h0<vy <2 _* 
Then fy) =| 0, elsewhere, 


1 -1<-vVy <0 
= =i 
and f(- 7y) if elsewhere. 


Now 0< Vy <2 implies 0 < y < 4, and 
-1< -WVy <0 implies OS y< 1. 


ion of Y=X? is given by 


elsewhere, 


Hence fvy)=| no<y<4 
%, yo4 

“and f(-vy)={ OS <1 
, y>l 


oe or) ee | 

sala ts],90<y<l 
Hence g(y)= rs ; 3) 
ays tL < a <4, 
1 
z70<y 71 
he 3 ili 
$.0sy s(y= 5 v7 

tyy S94. : 


the : : 
xX being 84mm distributeg 


tion fx(x) is given by wih Parametere’ 1, the q 
oe ensity 


fone 
e7* xb-a 
fsi= | FD 9S *<m1> 9, 
, mo 5 elsewhere, 
Now Y= X?. In real variable Y= x2, | 


dy_ 
avn > 0 for every x >, 


The distributi is pi 
ution of Y is given by the density f : 
gies y unctio: 

Sey) =f x(x) | ax j=“ 7 (2y)¥2 ‘ 
= ——__{<y)" 

“Ex. 39. Uf th d. : i Rane 

3x. 39. @ random variable X is 

Ba(m, n) distributed - 
» prove 


4 nd i =!; 
shat the random variable Y=a-. is g.(n, m) distributed. 


X being 32(m, 1) distributed, its density function fx(x) is given b 
en by, 


f{x)= | aon Fx 9<X<0,m>0n>0 
0 » elsewhere. 


m—1 


ens! 
Now Y=-y. In real variable, ax! 
x 


dy | 
i ee og for every x € (0, 0). 


Hence the density function fx(y) of Y is given by 
fly) =fo(x) l= at 
‘dy Bim, n\(l+x)"*" 
_ yn 
a Bem mle 9 SIS. 
Hence Yis a gg (n, m) variate. 
Ex. 40. Ifa real number X be chosen at random from [1, 50] 
\ 
hen find the Probability that X+ ie > 40. 
4 ae a real number chosen at random from the interval 
Saar the _ corresponding random variable X is uniformly 
uted with density function f(x) given by | 
Six ={ ise 1<x< 50 
) 0, elsewhere. 


\ 


Jt 11 
st aa co1 OM 21-0-68=0.3, 
in a college +8 normally distribute; 
Ki nd the percentage of the Student, 
kg. (0) greater than 50 kg, 


a5 


greater than 40 


“4 e 


1. | e 2 dt="6554 


nes 1 


e 


—_—20 


[Given that al 


2 
Fo 


rt 
; | : 2 dt='9918. | 
and Tn 


X be the random variable corresponding to the weight of 
Let 


astudentinkg. Then X is normal (40, 5). 
| X-40 , glaP(Z > 0)=°5, 
(2) P(x > 40)=P(A5— = 
since Z is the standard normal variate. Hence the required 


percentage is 50%. 
6) mx > s0=P FP > 2) =71z > 2) 


2 _# 
1 2 = °0228 
al-PZ 22)=1-—4.| « * at 
(Z <2) El 


—oo 


Hence the required percentage is 2°3% (approximately). 


PRO. 
BABILITy DISTRIBUTION 


cc) PG8< X< 52)=P( eT 


38 ~4 
ais Soe 
=P(-+4 bs 


vel Fa 


~ 4 oo 

1 =; 
zl a+ | e 2 dt—1="6472. 
decal the required Percentage is 64°79, 


Ex. 42. The length of bolts produced bY @ machine is normally 
distributed with parmeters m=4 and g=0'5, A bolt is defo if is 
tls 


). Find the Percentage of 


Let X be the random variable corresponding to the length of a 


colt produced by the machine. Then X is normal (4, 0°5). 


The required probability =1-P(3-3 <xy< 4°3) 


=) p[#8-4_- xX=4 
OS ~ 05 


=1-P(-4<Z<'6) 


43-4 
0°5 


< 


where Z is the standard normal variate. 
=1—[v (6) 6(—"4)] 
=2—[h ( 6)+ ('4)] 
‘ig 4 
e 


-2-[f /. z ar+| 


—o 


_F 
2 at | 
co 
=2~(°7257--°6554)="62 (approximately) 
Hence 62% of the bolts produced are defective. 


pouaTIcAl pROBABILITY 
H 7 

= rinally distrib, 
X is 10 re : 


‘6 -—a 
1 e 2 gt = 07257. 
en thal 75. 


=) 


al variate, 


Find m and oe giv 


4 norm 5 
If Z be the oe nets a0) -F(-0 6) 
p(-06 < 6 Pt 

| ‘ 2 dt-1 

=2¢(06)- =e 
-2 

<7 04514 
= 0:7257-1 : : : 
POS < xr< 14°6)= a . 


: is given by 
A solation for m, o 15 & 146-11 _ 96, 


9'8-m_ _ 06 and ——— 


_ ¢ 
Solving m= 12'2 and ss 
ioht line is drawn ; ; 

om “es is chosen at random in the interval (0, ») 
oa as Prove that the intercept on the y-arts, Vhas a Cauchy 
with i : 
Jistribution with parameters % B. 

The equation of any line which makes an angle X(O< X< z) 


with the y-axis and cuts off an intercept Y from that axis is © 


through a fixed point (x, B)(x>9) | 


0 


Fig. 5.14.7 


If this line passes through (<, 4), Y=p-< cot X, and the two 
randon varisbles X, Y are connected by this relation. The density 


PROBABILITY | 


| ISTRiBUT, 
sotio fx'x) Of the random variable x ON 199 
is given b * &, bei i 
jn (01 a)» 18 BIVER DY 8 Uniformly distributed 
—y 0 <x < 
fro=_ 7 : 


0, elsewhere, 


Now in real variable, y— 5_ “cot 
‘ x 
dy 
—- =x cosec? 
a x cosec*x > 0 for every x eg . 
9 ble 
Also as x varies from 9 ton 
» Y Varies from 
—~w to 00, 
Y is Biven b ~ 
de y 
fel v=fx@) | dy I- ae _ 
Y! x Cosecty ale pipoayyn © <y <a 
Hence Y has Cauchy distribution wit ae i 


Ex. 45. A point X js hos: 


The density function Fuly) of 


the sides of @ triangle. 


A 


B 
| Fig. 5.14.8 
Let AB=2a.and ¥ be any point taken at 
AB. lf AX=Y, then y js uniformly dist 
function fiy) given by 


Tandom on the segment 
tibuted having density 
1 
a VO< yc 


0, elsewhere, 


If O be the mid-point of AB, then the segments AX, BX and AO 
will form the sides of a triangle if 


A 

X+BX > AO, i.e.,if 2a>a,y>%,y < 34 
. [ ‘i a > 

ad Bx¢40> ax} ber <P <5 


34 
a 


| 
the required probability=| Ay)¢y=,,. 


- 


[> 
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200 random on @ line scomens ” 
Bx. 46, 4 point ty that the area Of the » 
of tagth 2a Find he roi Man 


Fig. 5.14.9 


-. nnjformly distributed wi 
Let AP=x. Then x — : " density 


_! #f0< x < 2a 
function f(x) given by fx ag me 
=0, elsewhere. ~~ 
Me wey exe P(X(24—X) > 54") 
The required probability a —2aX+ ta? < 0) 


=P {(z-a+ 75 (x-2-~4,) <0} 


a a 
=P (a- 55 <X<a4Z, 


a bo 
| fayix= 7. 


oe 

2 

Ex. 47 X is a Poisson variate with parameter u. Show tha 
© oo” dx, where n is any positive integer. 


1 
0.0 <2) = 
a , [ C. H. (Math.) '94} 
We have P(X < n)=P(X=0)+P(X=1) +--+ P(X =n) 


Now 


[ na" e dr 


B 


=Lt [-ere=]! +Lt 
Bo it = Be 
B 

| e-* 2-1 de, 


B* i 
oo n being a positive integer. 


eye “+n Lt 
Bo 


i} 


since Lt 
Bow 


PROBABILITy Dis 


T 
so we set RIBUTIon 
r 201 
[ e77xn enK 
ni x" dus i % 
—s nt tend 
au (n=Ty | enF yn-7 dé 
similarly, we find that i 
Le >} 
| c 
— wT yne 
(n— 1) i) ern ghar ites pra 0 
uv no = 
I)1 wai eFyh 3 ae 
u 
ww 
| e-= x de= n 
1! . “Trt e7? _ emu 
u dra ew 


Adding we get 
foo] 
AI “2 e-H yn 
mer eo at” le OM Om yt 
mi nt) ta 


/ nT Gan ayy te tee, 


eo] 
So it is proved that P _1 . 
Ws n=] ena den, 


u 


Ex. 48. A point chosen at random in a yiven inierval of length a 


divides i info two subintervals, Find the probability that the ratio of 


_ thellength of the left sicle interval to that of the right subinterval. ix less 


than a constant K. 


O P x 
Fig. 5.14.10 


Let X be the random variable denoting the length of the left side 
interval, The density function of the random variable X is 


1,0<x<a 
Ie) -{ 0, elsewhere. 
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at Yat, 
Let aes 
In terms of real yariable Y=g=x | 
0 for every * ¢ (0, 4). 
dy_ 4 _ _4_5 
y varies from 0 to +0, 


to 4a, 
Also as x varies from 0 n fey) of Vis -_ by 


the density function 


oo 
fe! xe) = dy t\- 


> V<y< ow. 
K 


oge = y = re Zl 7 
required probability P( f (+o) ige 
X is normal (0, 1), then find the distribution of ek 
181 ’ 
2 haeaes (0, 1), its density function fx(x) is given by 
4 ein > ’ 
_ 1 OE, pe SE Se 
fAx)= fie 
Let yer. : 
In terms of real variable, y~¢"- 


dy 98 > 0, forall xe(-—~, o ). 
dz 


As x varies from — #to =, y varies from 0 to «,. 


- the distribution of Y is given by the density function 


: 1 0? Lf 
fuird=fite) Ble = ee 
_ (log y)? 

2 


é 
— ——— ,0< yo. 
Vin y? y 


Ex. 50. Suppose that a projectile is fired at an angle X with the 
horizontal and with a velocity u. X has uniform distribution in 
& ‘|. Find the probability density function of the horizontal range 
B of the projectile. 


et R be the random varj le 

f the particle with; ‘ 
a0Ze (¢) 1 ial y : © the lori | 
sri the pe density fn : ast zontal, 


oe ’ ifé <x<% X is given by 
z 


=0, sear: 


aa _u? . 
as 7 sin 2X, in real Variable we get 


ua, 
r=— gin 2, 
z fy 
dr_2u? 
Then i cos 2x > Q foe<eca, 


Now when z Varies from ” 6 to = qr Varies from ¥ sa to ue 
0,if f,(r) be the Probabilit 
So, if f; ba ity density function of R, then 


7 & 
= 7 1 14 
fil) 2u® cos ag f § <z< 


6g 


ze 
4 


=a 6g 
xu* Cos 2¢ a : 2 
_(&r 
ua/1-(B 
= 6g MV 3u® ut 
Hence, f(r) ry ut — gaya U Ta <r< = 


Ex. 61. The probability density function of the random variable. 
X is given by 


—| 2xe-*", x>0 
fix)={ 0 ,» elsewhere, 
Find the distribution of X?, 


We put y=X°, 
In terms of real variable, y =x?. 


dy 2x > 0 for allx > 0. 
da 


Hence if fy!y) be the density function of Y, 


faly)=2xe7*" [a 


So felyy=e”, y > 0, 
Which determine’ the distribution of Y. 


=e~*" when x > 0. 


tical pROBABILITY 
EM 


ty, then find the distribution Of af 
alt; © : nie 
ensity function Is given by 


yaTh 


ziorll? 
gr. 5 variates its 4 er 
y being ®? gent o<xr<™ > 


pore| AY, eenere 


ja eal variable Y"V 

yond: 0. 
= iy 1 > Ofor every #7 . 
"de We ries from 0 to @. 


n Qto *» yva or 
pation of Y is given by the density function 
on. 


ie| £2 2s 
fatto) lz Fil) 
-y' Yel : 


we Y_,0<y<* 


=~ Fil) 
obability 
68. The or = cs cating . 
Ex ea tb instant of birth will die between time t and 1+ 4) i 


t measured qo) + 0.08 dt > 0. 
gat+ O(4t) where 4 13 G constant ant 1 


Assuming that the probability of death at the instant of birth i, 

oy fhe probability that the bacterium is dead before its lifespan 
nae [C. H. (Math) 99 

Let A(t) and B denote respectively the events ‘bacterium js 
dead before its lifespan becomes 7’, ‘becterium is dead between 
sand t+d?’, 

Let P[A(N]=/(t). 

Then P[A(t+ at ]=f(t+dt) 

It is given that the conditional probability 

PIB | A(gjl=aat + 0(4t). 
We are to find the value of P[A(t)], i.e. 0 f f(t). 


_We observe that A(t+ 41) happens if and only if A(¢) happens o 
A(i)B happens so that we can write A(t4+4t)=Alt)+4qq) B whet 
Al), Aig) B ate mutually exclusive events, 


8 Pls aN PLAC}S PLA) B] 


that « bacterium which is alive till time | 
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of; f+ N=fO+PLA) rR Th 205 
f fit+ 4)-fO=[1~ pry 

° fitAt) “fh, M lat+0¢41)) 

eae UROL AyjOlae) (5.14.2) 

a8 limits of both sides Of (5.14.9) ac 14, 

qakin PW=Il - fo] ) 88 At-+0 we pet 
or, S(t)+af(t)=, , 

5.14,3) 


solving the linear differential equation (5.14.3) we ne 
fletmease ‘a 
or, f(t)=ce—™ +1 where ¢ js 4 constant 


Now it is given that f(0)=0, + ec, 


—r 
So f=! - a 
Hence the required probability is 1 — eM 
gx. 54 Examine whether the followi 


Feit ng functions are distri- 
pution functions - 


(i) r,(z)=2 fan“ x, - oa <x<oo 
(ii) F(x)=0 if x<1 
-j-l; 
=| 7 ifx>1 
1 eth 
(iii) FO=z | Ft) dt, -x<x<0, 
Gah 

where h(~ 0) is a given constant and Fix) is a distribution: 
function. . 

If can be shown that a real valued function ¥(x) of a real 
variable x defined in (—0o, o) is the distribution function of a 
random. variable with respect’ to a suitable probability space- 
(S, 4, P) if 

(a) #(x) is monotonically increasing in (-%, 0), 

(b) F(o)=1, 

(c) F(- ©)=0, ; 

(d) #(x) is continuous to the right of every point a. 

2 
oT 


For (i), we see that F,(- 0) = Lt ; tan“? x=-1 4 0. 


So F(x) is not a distribution function, 


1 and F,(1)=0, so 


206 
. 0-7 
at Fi Aas ore te A 

For (ii, we S° . (x) is not a distribution function, 


d hencésZ’s , a 
F,(1+9) # ue perth Leth > 0. F(), me * alstribatiog 
fi ; ing i —h, x+h), 
er i monotonically jncreasing 10 {x —/A, 1] 
function, 


h Nxe(-—%, 
thei 1 | Fa at is well defined for a ( | Ss), 
2h go . 
aun L x+y)dy, where t=x4 
1 jdt=— \ K y 
Now oh | F(t) “2h 4, i 


nxty) dy» forall x €{~ 9, 2). 


l 
So, Fs(*)=9,, 
Then x+y > ¥2+Y and 


t X, > 71° si 
. FO 7) > Fx, +) forall y €[—4 A), 
: h | 
Further F(x, +y) 4 and | F(x, +y) dy both exist ang : 
-h - 
h 
| F(xgty) dv > | F(x, +) 4y 
-h . 
mh 


F(x, +») dy. 


nd 


h 

l 
1 , a 
xi | F(x.+39) dy > ap 
” (*, here h>0) 


Hence, Fs(xa) > Fs(%1), whenever x5 > 1, 
So, F(x) is monotonically increasing in (— ©, ©). 
Again,from the expression for F(x) given by 
zh 
ri=z | Feds 
2 
we find that F,(x) is continuous in (—%, oo) and hence F,(x) is 
continuous to the right of every point a. 
Now F,(x) being monotonically increasing in (—©, ©), We 
-have F(x-h) < F(t) < Fix+A) of all t.¢ [x—A, x + A]. 
Zt+h ; ath zth 
| Fix—h) dt < [FO dt< | F(x+/) dt 


a zoh eh 


“functions ? 


ROBABI, 

a STRIBUT, 
of, 2hP.x-h) < ‘és 207 

/ P L(t) at < 2h 

x 
th +h) 
B(x-h) < 1 
: 2h} At) ae 
=) SAHA) Doh 

Thus we get F(X—h) < creh > QO] 


: f E(x 
Now F being a distribgtion fu 
t x—h)= 
EF in rae ~ A) Lt “ Fx+h =} 
: Hien ; 
ant re ee a8 -e (+h) =0, ang hen 
x)=1 4 ce we 
that Ue. F(x) and Lt Pilea, ane con 
(x) satisfies the conditions (a), (y, 'S Proved that 
jistribution function when h> Q, 1, e 
€ 


pl?) isa distribution function when h< 9 


YS Fx +h, 
€ 


clude 


-(@) and so f(x) is a 
Proved Similarly that 


Examples V 


As Consider ue random €xperiment of to a ee, 
rind the distribution of the number of ee & of 2 coins, 
g. Can the following be probability mass functions or density - 


2, x=-3 


{ x 

3,x=-2 ge eet 

(i) f(x)= *4, x=0 (ii) I(x)= = l<x < 2 
I) x=1 SF 2<xe3 


0, elsewhere. 

3. Find the value of the constant k, so that the function ix) 

defined below may be probability density function : Pg 
x0<x<l 

(i) ion) k-x,1l<x<2 (ii) f(xj= 


0, elsewhere. 


kx8,0<x <1 


: ' 0, elsewhere. 


0, elsewhere. 


4. X has the probability density function 
3, -2<2<2 

=) @ 
f(z) { 0, elsewhere. 


Obtain (iy P(X <1), (it) Pl |X| > Ve (ii) PAX+3 > 9) 


proBABILATY 
able baving Probability denyis, 
va 


n. 

Find c and sme X bas the following distribution : 

« Aradom variable ae 0 1 2 3 

he distribution function F(x), 
ciment of drawing a ball from » 

random: ¢XPE Let p be the probability = 

uro contaising variable corresponding to ¢p, 


i il. : 
drawing a red ball. Ded’ ion, 
experiment and find its distribu 2 

1 ? 
a O<z2<& 
on fiz)= 16 e z 
0 


i the functi 
g. Verify that elsewhere 


: , , ee 
is a possible probability density function. sia PC 9) 
Find the probability density function of the distribution, 
ae distribution function F(z) is glven by 
(z, 0<2 <i 
141s, % 6% 
(i) Fe)=4 ety (2 a i<a< 
[| 1, 2> 3, 
lo, elsewhere. 
0,2<0 
a 0 < t< ] 
; , I <2 < 2 
fo BVer<4 
1, zo 4. 
10. A fair coin is tossed three times. The three randomt 
variables %, ¥, Z are defined as follows : 
X denotes the number of heads, Y denotes the number of 
occurrences of at least two consecutive heads, Z denotes the initial 


(i) Aa)= 


| 
| 
| 


PRO 
v penicy PITRIBU TG 
. N 


gs 
f heads, Les, the numbe 209 


ws bability distributio,. °. ead 
athe probability distribut 5 preced 
Fig nt Outcomes ous Of x, ¥, z, Ing the first tail 


(4, H, T) 
(4, H, #) 
(T, 7, T) 
(4, T, H) 
(7, T, H) 
(7, H, T) 
(H, T, T) 
(T, H. H) 
From above we find that spectra of X 
{0, 1, 2, 3}, {0, 1}, {0, 1, 2, 3}. 
pxen=Pi(T, Tt, T)} a Bs 
p(xat)= PUT. T, A+ PT, H, Ty) 4 p 
par=2)=% P(X=3)=%, Araitjes a foe 
pP(zZ=9) =i P(Z= 1)=4, P(Z = 2) —4, P(2=3)=},] 


ove that page fel _ i 
Pr Sia)=§% » — <2 <0 is a possible 


probability density function. Find the Corresponding distribution 


nmr RN OWN 
—~COorOUMNNW 


 mooooOoOm | 


0. 
» Y, Zare Tespectively 


function. 
[Hints: Since |] is an even function and |] =« for 
every ¢ > 0, 
) o y 
| F(x) ds=4 J ee |x| ae=| ex os : 
-o Cd 


o 
=1, f(x) > 0 for every x. 
Hence f(x) is a possible probability density function. Let Fiz) 


be the corresponding distribution function. 
w 


In -eo <r <0, F(@)={ get aS, 


In 0<a<=, Fel=| AO a={ Adare] seat 


ap et wingen*] 
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CAL PROBABILITY 
_ PROBABILIT 
Y -Disr 
RIBUT] 
ON 


9 yariable X has the following | y 
11 seorttt * Prob i nat value 
, dis! op 0 “bil for We 2s OF 8 and c, is the func 2u 
ec, 3 -2 ys 3K* 5 Hine gay Unction fF; given b 
ms xv! ’ k ; : 6k2 +8 aed I a POSitive intege y 
gilt the yalue ae a Find the dives ” ’ elsewhere r 
(i pee i svaluate Pl Mibuj,, |, gossble probability mass function 2 
jun 08 al, 7% gives kK=2,. eaed ai wo te whlch] 
a x (Hinis? fi= 1, which implies ¢(, 4.6? , 6° 
ahs selon (lai Zt gt) 
: Provided -] < 
6<1, 


- Hints * i | 
of Xx then becomes 
1 90 
. ef ip I< 
: fog (1—-0)’ , i 
g (1-0) < 1, give the required values of 
¢ 


& ; . tion 
ne iti 2 1 2 
a ay i: a ie A oth Hh. 
jePAl  jsripution nc” wht) 
3 pomber flics di 
A irectly abo 
pe 9 large bomb ‘ii one 
fa larg falls within 30 ft of oe one 
» the track will 


thst ‘ently damaged 
, sufacien aged and that th 
‘the perpendi Sn ite wil i 
perpendicular distance from io Let 
ck of any point 


iD ge aon 
a3 p=P(X= -3)+ P(X= -2)=3 . 
ca + : ( 
poe omb fall 
om als, i 
The probability, density functi 
on of X is 


iD 
rl 
, ateee pa)=Pt=-3)+ P= 2) 
ml + P =_ ; pere e 
- (R= tay | ven by 
, Wat Hemas 150-2 
4 [Se ae oa 108 0<a< 200 
in 264 “he = | { 0, elsewhere 
ia ell function of a random variabl (a) Find the probability ag the b 
variable Y b, If the plane can carry three Soni b will disrupt the traffic. 
bombs, what 1s the probability that traffic will be dist af tse 
isrupted'? 


80 


robability density 
Prove that X and —YX have 4 
a 


{ The proba : 
yooettic about the origin. 
» distribution. , 
( Hints Let fiz) be the probability density function of x [ Hints: ( ) R 
Ms : (a equired probabilit ee 150— 
| P= 405. 
0 


(a) for every a. 


se ing symmetric l—2)—F 
Now P(-° eX < n)aP(X >-2):- 
oo o B (0) Assumin 
g that the three b 
e| fl) a-| ‘) dt=Lt | independently, the probabilit e bombs attack th 
| f(t) « Lt . F(t) at thetarget = (°595)°. ility that all the three bombs fail ° Ls 
Sg = Hence the required probability=1—~(595)* =°789, 
16. Show that the distributi ='109, 
=L; ” es e distrib 
:. 7 A-y)dy, where t= ~/) distribution function Aone ed a random variable X, whose 
a 7 0,2<0 
s : ( co 
| f-y) ay-| fly) dy=P(X < 2). F(a)= _ 0<a2<l 
= =o Z1<g2<2 
I,2<2 


gical pRoBABILITY 
r of defective screws Prod 
p pabilities that out of the vit 
the * 0 defective screw, (i toty 
8 


re : 
east one defective screw, (iv) ie 
ay 


which cat-own 
pousaa ay : “TS Bet yj 
yariable with probability ‘ Q 
“tity 


jot 
68 pando 


1 ee, - 7° 
ary elsewher? 
é 


0 of these tyres will last (j 
7 oe tha’ (i) 
tne 40,000 and 50, 


at me 
000 kms, (it) ae 


at lease 


istribution function 


seed pro ity P(X < 15) =F(15)=1-e% 
(i) Rea probability= 4? <x < 50) 

io a = F(50) - F(40) =e ape 
=Pp(X 2 10)=1-P(X < 10) 
21-F(10)=1 -(l-e =e] 
dmission each day toa hospi 
tribution with parameter 2 


(iil) required probability 
emergency 4 
Poisson dis 
ility that 00 
At the beginning of one day th 
‘he beds available for emergency. Calculate th 


hospital a i i ber for the da 
+1 is will be aa insuficient aumve y. 
probaly at [C.H. (Math) 
The probability for i admissions on any day 
negative intestr. 


[ Hints: 
e e722! es 
=P(X=i)=—7|" iis a non- 


a particular day there will be 


PROBA 
BILITy DISTRIBUTI 
N 


Be f yired probabili 
ility = 
eq HY = P(X = 0) pna 213 


Required probability=pcy 5) 
. i aj. 
ee ( 14242422 an 5) 
1 at 
arta tS} = 0166.3 


jp eve : 
Y uio8 © actly 4 calls in 15 minutes 9 
ttiOP eg: Takin i 
aaah a nem 4S unit of time w, 
yoits of ti ew interval of 15 ‘iting... . that there are 
; , n 
23 xX be e ran Om Variable denoting - 80 we have 1=2, 
4 the given interval, then ¥ has p © number of phone 


galls i a H ° ‘ 
spate at =6. oisson distribution with 


The required probability = P(X =4) .¢-°6 
‘ 7 = 11339.) 
A machioe starts producing , 
The produ 
a If ie ail: — my products every h 
ig . t stopped ap Not contain any defecti ASME for 
pachine is 00 pped. Find the probabilit te ive item, the 
gill not be stopped. y that the machine 
Hints: IfX be the random variab] : 
defective items out of 10 products yong he number of 
pinomial distribution : » then XY has the 
fr=P(X=i) = (22) ge) ‘(48 a ats : ; 
9 Bo dey contee le 
Required probability=(35 nl 
ga. The probability that a family should have at least one bo 
and at least one girl is at least °90, At least how many child y 
should the family have ? ae 
[ Hints: n=number of children ixb 
: ; . ethe random variabl 
denoting the number. of boys in the family, then X has the binomial 


distribution, where f;= P(x=i)=(*)@)'@)" eh Aiyncit 


Products of which 5% are 


Now the probability of the event “the family has at least one boy 


and at least one girl” 


=P(1 < X <n-N=1-{P(X=0)+P(X=M}n 1-2 sm 


1 5-90, i¢., least value of n is 5] 


By the given condition 1—- Tae! 


214 MATHBMATICAY pRroBABILITY 
A per is 140 chosen from oe interval [ 9 ; 

a m f ; te | 
Ely i robability that (a) -its first decima digit win " \ 
What is the PP’ voit will be 4» (c) the first decimal, a 
Rit 


(4) its second decimal 


of its square root is 5 - 
[ Hints : The distributio® oO 


number chosen from the interval [0, 


density function 


the random variable denotip 
1] is given by the proba ee 
ity 


ph 0s SI 
f(x) -{ 0, elsewhere. 


or 
probability = PC? <x<°3) -{" dx =", 
9 
probability >, POM 2X <0k5) 
k=o 

9 Oks q 

-> \ dx- >, "Ol="1, 
Rao orks kro 

lity=P(15 < VX <‘6) 

=P(25<X< -36)="11.] 
ne company having observed 5% of th 
tions on 4 flight do not show up ne 

e 


plane that has 95 seats. What is th 
€ 
le for every person who 


.(a) Required 


(8) Required 


(¢) Required probabi 


24. A certain airli 
g reserva 
seats on 4 
here will be a seat availab 


persons seekin 
flight, sells 100 
probability that t 
shows up for the flight ? 
[ Hints: Let X be the ran 
persons showing up for the flight. 
Required probability = P(X = 95)=1- P(X > 95) 
100 
=i Ps 


keoe 


dom variable denoting the number of 


(22°) (°95)* (705)19°7-*, J 
25. The random variable X is normal (50, 20). Find 


P( | X-50 | < 20), given that mim { or dx='8413 
. MV 2x ee eo : 


[ Hints: P| X-50] <20)=P(-1< 257 <1 
aircat citer 135i 
= AL) - 8(-1)=20(1) - 1-2 x 8413 ~ 1 = "6826. ] 


wit 


PROB 
t ABILITY Digep, 
Bury 
ON 


& 
96. qhe 1.Q. of students of 
8 Class ; . 
1 chen - 10. IF thet 8 Normally g; 215 
, then find theo 't#l mumber of we 
b ted with 


© number fe 
Mber of ‘tnd OF students in 


115. Given that —1_ [25 studen; 
f=3°9339. 


gar 
te class 3 


I 
ints : If X be th 
H € Tandom Vv 


ts, then X is no , ari 
seule? rmal (100, 10), “enoting the 1.9 
ASF of 


Now P(X > 115)=P(£= 100 
” mI5)=P(z 5 
15) 
les _ 


2 
e dt = 0668, 


2n )-» 


required number of students = 700 x °06 =47 
0668 nea y. 
rly.) 


what is the probability that a or tandom sample of 5 st 

1 ne A : 8 

so kg CD 3 will have welghts Rell any weights baa is 

[ Hints: Let p be the an 50 kg? " 

‘ probabilit 
random has weight o i y that a st 
same for every ccankitech 50 kg. This endaiblliy oe Py 
osen at random ( Ill Y p remains the 

(2) Required probability = (-0228)s ustrative Ex, 41(6) ). 
(2) Required probability =(#)(+0228)° 

by binomial law with n=5, p=: 0228 )®(°9772)2 


28. The param i 
See ace . a quadratic equation x* — 2bx-++1=0 
ugiheaiadratiours reel, » 1), Find the probability that the roots 

Loe or | 
— 2 dt=: 

[ Fe -\" € t=°1554 and ‘4452 for x=°4 and x=1°6 
respectively ]. 

tHinis: Sibe C.H. (Math. °71] 
. hah e the parameter b j istri 
its density function is given by is normally distributed (°6, 1), 

_@-'6)' 
fate 7 


, <b<», 


MATICAL pROBABILITY 
ras . 
216 ‘i gi-2bx+1=0 Will be req 


quation I ig 


Now the roots of the ol and the two events (b <~}) ang 
bY > 1, hey if > 108? 


(6 > 1) are mutually exclus 
+ Pbt > =PO pl)tP 


ive. 
be - -=|- fib) ab4[* RE) ay 


(b-"6)? 
on ot 2 db 
1 2 aor| e 
=yel). ¢ a 
am - > 
BL, * db+Lt | P Po 
Lt e Ltda, | 
7 Fall a Jt a : 
-F , —B,+'6 “95 . . 
ak B.-"6 5 2 dt+Lt | a 
vIn Be ot Bywr F1k 
where t=b-"6 and z= -(b- 6) 


=F ( (2° “5 anf e “7 dt- \" i“ fs dt) 


= (2 Ve- 1554- “4452) = 3994, |. 


29. The random variable XY is normal (m, oc). Find the 
distribution of Y=aX-+5, where a,b are constants and a >< 0. 
30. A random variable X has the following distribution : 
“Xo 2 ai 0° 1 2. 
fii 4 + + & #8 
Find the distribution of Y=X?, 


81. Xis uniforml at lit 
that ¥ < 10, where ¥ la wes in (2, 6). Find the probability 


PROB 
wl ABILITy igs 
ga. ‘If rae binomia} Ms P) va alt 
or=arth Cre a, bare Cons Stan i he 0 find the distr; 
(Hints: The spectrum of Y is oo aia 
y=ai+5, ino, tien: by 
PIX =1)= POX + begin po 
“4i+5) = = PY. 
=P(P= _ 
i.é. es o yj)= = P(X) 2 / ; i“ - 
33, If X be rately distributed jn ic i ] 
; , then find the 


gistribution of =X", 5 w 0, 
34. If X is f,(/, 7 nak then fing the. distribut; 
_ x ution of 
random variable Y= Tx - 
Answers 
4. X=i, i=0, 1, 2 with P(X¥=0)=1, p 


2. i) pms. (ti) pd.f, P(X =1)=34, amt, 


3. (i) k k=? 


1) t ean othe: 
Gi) ([X|>Ds= =P(X>1)+P(X<~] 
-|' fdas |* S(x)dx=2 
(ii) P(2X+3 > 5yepry > 1)=2, 
f 0x <0 
+ x? 
| a? O<x<1 
= ie 
5. C=1, Bee 4 mel, l<x<2 
| eax 8 2<x<3 
lL 1, ¥>3. 
{ 0, x< -2 
to, -2<x%<-1 
| 3 -l<x<0 
8 kage, w(x)= 4 3,0<x<1 
[ gn texc? 
| HB, 2<x<3 
( 1, 2>3. 


Mv. 


a ; . xealif red ballis drawn, Xao, 


i =l)=—p. 
if white ball is dr8¥™ ap pik=o}et~P P(X=')=P 


x=0,1 W! 


—2 92 
a 677229 e7?.2 
17. (i) oe = ii) ST 


(iii) 1-P(X=0)="865, 
(in) P(X =0)-+ P(X = 1) + AX = 2)=°540. 


29. ¥ is normal (am+b, || o)- 


30. ye: 0 1 4 
PIY=%: % 30 5o° 


31. MO= are -2<y < 30, P(Y < 10)=}. 
~! 
lpsly » O<y<1 
0 , elsewhere. 


33. rly) = { 


yimt 


= o jf, ig! i 
34. f(y) BRhmllty hw oS < i.e. Y is a Bs 
variate, 


(1, m) 


OM vari 
yent Space- We also know that m lable defined on an 
¢ ned 00 the same event space, 


i t eqs . 
serio the probability distribution of 
ve a0 example. Let E be the ra 


gie and then tossing a coin. The ey, 


ent space S of Z is given by 
(5, H), (6, A), (I, T), see (6, T}, 


ghich “contains 12 distinct outcomes, A tandom variable XY is 


defined on S as follows : 
X (i, H)=1 for i=1, 2, ......, 6, 
X(i, M=84 for i=], 2, ...... , 6. 
Also let another random variable Y be defined on Sas follows : 
¥ (i, H)=0, ¥(t,T)=—1, for i=1, 2, ...... 6. 

Then the above two random variables can be described as. 

follows = 
X denotes the number on the die and 
Y=0 if ‘head’ appears, 
Y= -—1 if ‘tail’ appears. 

Here we see that the event ‘head appears’ cannot be described 
solely by X and the event ‘number on the die is?’ cannot be described: 
solely by Y. Here it will be convenient to consider the two-dimen-- 
sional random variable (X, Y) which can be defined as follows : 

(X, Y) (w)=(X (w), ¥ (#)), for all we S. 
Then (X, Y) (2, H) =(X (2, H), Y (2, H))=(2, 0), 
(X, ¥) (6, T)=(X (6, 7), ¥ (6, T)=(6, — 1) etc. 

Now (X, Y) (2, H)=(2, 0) can be described as (X=2, Y=0}; 
which can be read as ‘joint occurrence of the events (X=2) and 
(¥=0)’. In general if S be an event space and if ¥, Y are random 
Variables defined on S, then ‘the two-dimensional indom ‘variable 
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218 | get,if red ballis drawn, Xap, 


: X=\=—p. 
if white ball is ati pix=0}=!~ Ps P( 
X=), 


0, elsewhere. 


{ 0,x <0 
1 4,00%<! 
Go fid= 4 01<x<? 


4,.202%<4 
2 20 — 2 
17. (i) Sey = 135 i) ST 


(iii) 1-P(X=0)="865, 
(ir) P(X =0)+P(X = 1+ P(X =2)=°540. 


29. Y is normal (am+6,|a | a). 


30. yw: 0 1 4 
PIY=%: % 30 55° 
1 =1 
=, -2< y < 30, (YY < 10)=¥4. 
31. fy) BJ yt 6 y ’ 
s~l 
1 
33. fay= {lel »0<y< 
0 » elsewhere. 
34. A= aa <) <o i.e.) Y is a B,(/,m) 
variate, 


. . the probability distribution of 
ve an example. Let E be the ra 
gie and then tossing a coin. The event Space S of £ is given by 
S={(1, 4), (2, 4), (3, 4), (4, H, (5, Hy, (6, H), (1, 7), ..., (6, T)} 
ghich “ contains 12 distinct outcom bie YX 
tefined OD S as follows : 
X (i, H)=i for i=1, 2, ....., » 6, 
X (i, T)=14 for i=1, 2, seeeee, Oe 
Also let another random variable Y be defined on S as follows : 
YG, H)=0, ¥(, T)=—1, for i=1, 2, ......,6. 
Then the above two random variables can be described as. 
follows = 


€3. A random variable X is. 


X denotes the number on the die and 
Y=0 if ‘head’ appears, 
= —1 if ‘tail’ appears. 

Here we see that the event ‘head appears’ cannot be described 
solely by X and the event ‘number on the die is?’ cannot be described: 
solely by Y. Here it will be convenient to consider the two-dimen-- 
sional random variable (X, Y) which can be defined as follows : 

(X, Y) (w)=(X (w), ¥ (#)), for all we S. 
Then — (X, ¥) (2, H) =(X (2, H), ¥ (2, H))=(2, 0), 
(X, ¥) (6, T)=(X (6, 7), ¥ (6, T)=(6, — 1) etc. 

Now (X, ¥) (2, H)=(2, 0) can be described as (X=2, Y=0} 
which can be read as ‘joint occurrence of the events (X=2) and 
(Y=0), In general if S be an event space and if ¥, Y are random 
variables defined on S, then ‘the two-dimensional indom ‘variable 
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{¥, Y) can be defined as a mapping (¥, Y): S—> R2, where f 
oS, (X, Y) (w)=(X (w), ¥ (w))¢ R*. The Tange of this ae Sven, 
called the spectrum of the two-dimensional random variagy Ing i, 
For two real numbers a, 6, (X=a, Y=d) represents = Y, 
fw:weS, where (X, Y) (w)=(a, 5)} and it represents ‘tines event 
occurrence of the events (X¥=a) and (Y= 5)’, Teoy, 
For the real numbers a, 5, ¢, d where a<be< d, the ¢ 
{w:oeSwherea<X(w)Cbc< Y(w) <d} 
is expressed as (@< ¥ <b, ¢ << Y¥< d) and it represents ‘simy 
occurrence of the eventta<X<bande< Yd’, 
If n random variables Xj, XY, Xs, .., X_ be defineg a 
same event space S, then the n-dimensional random verley, 
(X1, Xq, «.-+-+, Xn) can be defined as a mapping , 
(Xy, Xq, vee »X,):S—> R, 
where for every w € S, 
(Xy, Xq, -- , Xn) (w)=(X, (w), X (w), ..., X,, (w))  R®, 
‘Then (¥,=x,, X,=Xq, «0... , X,=Xny) represents Simultaneous 
occurrence of the events 
(X, =), (Xg=%q), ---) (Xn=%n) 
and (a, < X¥, < by, ag <Xy < dy, ..., Gn << Xp <Hpq) represents the 
simultaneous occurrence of the events 
(a; <X, <5), (ag <X_ <b), -.., Gn <Xn <4,), 


vent 


Itaneoy, 


6.2. Distribution function in more than one dimension. 


Let X and ¥ be two random variables defined on the same event 
space S and let P be a given probabilty function defined on a given 
class of subsets (of S) forming the class A of events. The joint 
distribution function of two random yariables X, Y, or the distribu- 
‘ton function of the two dimensional random varirble (X, Y), i 
function F: Rx R-> R defined by 

F(x, y)=P(- 0 <¥ <x, 0 < ¥ <y), for all x, yeR, (6.2!) 
where, as before, the event (—.o<¥< x, -o < ¥ <y) denotes 
the simultaneous occurrence of the events (— oo < X¥<4) and 
(—#<Y <y). As usual we shall say that F(x, y) is a distribution 
fanction instead of speaking F is a distribution function. 


«rat BUTIONS OF MORE THAN ONE DIMENSION —s-_.22 
pl 
the distribution function of the n-dimensional random 


i. Xen X,) or the joint distribution function of 
lt (Or, is defined by 


192 Xe) 
ual 2X%4<*%p —0 < Xy SX, ...,— 00 <X,<x,) (6.2.2) 


., Xn €R, and is called an n-dimensionc! distribution 


jai state the concept let us consider the random experiment. 
fo two dice. Let X and Y denote the numbers shown by the 
pw? second die respectively. The outcomes of this experiment. 


i é wo bY dots in Fig 6.2.1. The corresponding event space: 
st ae 36 simple events which are assumed to be equally likely. 
cot 


12 3 4 § ¢ z 
Fig 6.2.1. Outcomes of the random experiment of throwing a pair of dice. 
If F(x, y) be the distribution function of the two dimensional 
nidom variable (XY, Y), we can find F(x, y) at each point (x, y). 
For example, | 
F3,4)=P(-2m oX¥¢3, - we Y<4) 
M1 
| 363" 
| reese (-w<cX¥C3,-wmcve 4) contains 12 outcomes 
Within the Tectangular block in Fig 6.2.1. 
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<SX%q— OO < VY < yg) . 
Pro es of Two Dimensional Distributio %4< x 
perti n Function, go Ft UK <S%a — 2 <¥<Y)+ P(X <Xe x, 5 <Ye: 
1, F(x, y) is monotonically non-decreasing in both 1), ae 2.5) and (6.2.6), a Ya) 
Vapi.} fe 
x and y. lab), ae ae ya) F (1) Ya) 
and x, > 4. 
Let y be kept es 2 os F(a» ys) —-F Wi)tP%<X<x,, Wi<¥<y,).: 
Then, (— oo <X¥<xgq, - 7 <¥<y) ots < XS ¥1 < Y¥<y,) 
m(— oo <XSXy, —O <V<y)t+ (I <X <x, _ - gg, Ya) F(X ae Ya) — F (Xue Ya) +F (2, yy), 
and since the last two events are mutually exclusive, sy) ant 1, F(—, y)=0=F 
P(— co <X<xq, - <Y<)) ye FC oo)=1, if , 7 (x, — ©), (6.2.7) 
= P(— 0 < Xx, OO KY <P <XKx,, ~ cy F (os oo) = Lt aa , Lae Et F(x, »), where we note 
F (Xp y)=F (Xa, y)+P < X<EX;, —o<y < t SY), the repeated limits exist, since F(x, y) is monotonically non- 
Since P (x, <X<xz, —°< ¥<y)>0, it follows thar im ing io each of x and y and F(x, y) is bounded in RXR, 
F(x, y) > F (x1, y)swhenever xg > x,. we consider the sequence of events {4,} and {B,,} defin od 
‘ r . m 
F(x, y) is monotonically non-decreasing in- x. Similarly aout Xen) and B,=(-~<c Ye m), where n andl oe = 
can be shown that F (x, ¥2)>F (x, y1),whenever yp >y,. So (x, , ye integers. ; 
is monotonically non-decreasing in y also. ~ pe : 
F F 
I, 0< F(x, y) <J1 for all real values of x and y, (6,2,3) - since a an Os 7) exists, Wwe lave 
We have for all real values of x and y, ca - F(x, ») aed El F(n, m) 
0<P(-~ <X¥ <x, —@ <¥<y)<1 | - me _ 
0< 7 y) <1 aes oi = <X<n, es <Yem). 
or x, ei 2 ' — co Fi 
eo Now (“2 SAS OSE Cm) = 4,By where AgB,," 
II, P(%y< X¥<%a, V1 << F<SYa) represents the simultaneous occurrence of the events 4. and B 
=F (Xa, ¥q)—F (Xs Va)—- F(X», yx) +F (x, Vi), (6.2.4) We keep 2 fixed. = 
where X_ > %, and yz >J:- eee Now Brn © B21 for all m, 
We have (— °<X¥<X%q —-e° <I <2 ; + AyBm © A, Bmyy for all m. 
=(—- oc XS, — 00 <¥ ya) + (%1<X < Xap — 0 < Cys) Let C= AnBm. 


and the last two events being mutually exclusive, 
So, P(—0 <X¥< xq, — @ < ¥<ya) 
= P(- 0 <X<X, — co < ¥<yq)+P(x,<XK%q, — @<YX):) 


Then Cn CCmy, for all m. So {C,} is a monotonically non- 
decreasing sequence of events, 


of, F(Xq, ¥a)=F (X21, Ya) FP (%1<<X<%2, — © <Y<y,). (6.2.5) : = 
whe ee 
Similarly, F(%g. ¥2)=F (%1 ¥1) nee = Cy, > Cm. 
(6.2.6) m=1 


P(X, < XK %q, — O<Y <1): 
Again (%,<X<x,, -_oc < Y<y,) 
= (x, <XKxq, — 00 <V<yq) + (41 < XS <P <y1) 7 | 
and the last two events being mutually exclusive or, P _ ? 
iW }4 y 9 (> C,, olt P(A, Bn) (6.2.8) 


maj 


Then P(Lt Cin) = Lt P (C,,) 
m>@ m>O 


’ 
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or, a(S Cu) Lt F (n, m) where n is fixed, 
meal 


Now. ae (> Bun ). 


mel 


(25, 


4 
We now show that B,=S, the correspondin 
now Z m=O, P iB event Saco. 
weE By, implies o €B, for some m and s0 w ¢ 
mM 


; S, Since each 
B,, is a subset of S, 


oO 
ae > Bn Cc 8. 


m=] 


Again o¢S implies that Y(m) is a definite real Number 
say c. Now by Archimedean’ property, there exists a posit,’ 
integer m, such that 1.m, >e,i.e., ¥(o) << m, and consequently 
we(—-o <Y<m,)=B,,. 


Hence SC > Buy 


m=1 


(6.2.11) 


From (6.2.10) and (6.2.11), we get > Bus. 


m=1 


oe 
Then from (6.2.9), > Cn=AS= A, 


m=z 
P(A,)= Lt F(n, m), when n is fixed. 
But can be fixed arbitrarily. 


So Lt F(n, m)=P(4,) for all n, (6.2.12) 


itive - 
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pl . 
Agva for all n. So {4} is 4 monotonically non- 


ast 7 yente of events, whence 
<i08 


(6.2.13) 


| oved, as before, that A,=S. 
| oe Ee 2 
| from (6.2.12), and (6.2.13), we get 


goes , F(a, m)=Lt_ P(A,)=P(S)=1, 
Le moe Nw 
Dee 
peso be similarly shown that 


p(- 2% =F — 2) =0, 
y F(at9, oc=F(a, c), F(a, c+0)=Fi(a, c). (6.2.14) 
qe consider sequence of events {4,} and an event B, where 
1 =o : — 
o(ed<ets] and B=( <Y<c), where n is a positive 
eget We see that 
A, D 4, D Ag D ...... and hence 
A,BD AgBDASB D...... » 4e., the sequence {C,}, where 
(24, Bis a monotonically non-increasing sequence of events, 
C,)=Lt P . : 
P(t C,)=Lt  P(Cy) (6.2.15) 


NID 
a 
Now Lt C,,= Ir Cn. If the intersection is not empty, then 


ture exists at least one point , (say) such that o,€C,, for all n- 
it, 0,6 A,B for all m2. ~ 


So w, €A, for all n. 


 @<X,) < at! foralln, 


ie 


» @<aq< a+} for all n, where X(o,)=¢y. 
5 ey > — 
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Now c,;—a > 0, Then by Archimedean perty pelow (without proof) a set of conditions j 
A pro te : 3 ODS in whi 
& poSitive integer k such that * there Rigg, we 08 of two variables will be a two ~dimension 
fuP tion 2 
1 i ion : 
k(e,- a) >1, iy ¢, >at ij / gn yalued function ’ (x, y) Of two real variables x ang oe 
in. Aeet garibusion funct¥on corresponding to a two dimenc; 
But c, < a for every positive integer n. Hence We any; pt “iat with respect to a suitable Probability Space ao onal 
© Ve V ign onotonicall 
m wolntrticeion,. TNE Binyes Wit ane, the impossipy . ff FG, ce to the ou in both the 
a= . ns 
When P(O)=Lt P(Cq) by (6.2.15) * even ie and 0 TESpect to both the 
neo ; ; s 
es. . —oco)= 
=Lt P(A,B) got (2 NRE —2°)=0, F (20, 0)=1, 
no i) every pair. of points (x1, y,) ang 
, ror (2, ¥2) with 
=Lt Pa<X<at+-» -°- <Y¥«oc) yt 
nm Liye? F(%» yi) —-F (Xa; yi) -F (x, y ) _ 
1 M (a J2 + dae : a) 0, 
mLt {Flat 5, 6)—F(0)} by (6.2.6). . yppeats that 2.function oF two variables requires an additional 
. E ee (iis) - in order that it may be a Possible distrip ti 
So Lt {Fat i O-F(a, } = . 4 fe oe In fact properties (/) and (ii) are not Sufficient aati on 
m0 4.16) io ction of two variables to be a possible distribution f Mons 
Now F(x, y) being monotonically non-decreasing, in both oe | if is is evident from the following example ; on Unction 
variables xand y, Lt | F(x, y) exists finitely and | a7) Bea function of two variables defined by 
: 2{ oe x+y¥<1 
Lt F(a+-, c) =Lt Fm c)=F(a+0, c), F(%,9) 1, elsewhere. 
mo 
Hence,by (6.2.16), , | Here F > a oo " (i). But F(x) is 
= s distributt ’ 1 is the distributi : 
0=F(a+0, c)—F(a, ¢), vodimensional random variable (X, ¥), then - veto 
ie, F(a+0,c)=F(Q, ¢). P(R<X¥<2,3<Y<2) 
It can be similarly shown F(a, c+0)= F(a, ¢). =F (2, 2)+F (2, 3)— F(2, 2)— F(2, 2) 
VI. Using (6.2.4) we can show that =1+0-1-1 
F(b, d)+F(b—0, c)—F(b—-0, d)—F(}, c) =-1<0 


=P(X¥=b,c<¥<d). (6,217) Hid is sapoane and we see that F(x, y) does not satisfy 
F(b, d)+F(a, d—0)—F(a, d)—F(b, d—0) audition (iii). 
=P(a<X<b, Y=d). (6.2.18) Marginal Distributions, 
F(é, d)+F(6—0, d— 0)—Fb-0, d)—F(b, d—0) Given the distribution of a two-dimensional random variable 
=P(X=b, Y=d).. (6.219) Wenow discuss how to find the ‘individual distributions of 
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228 a Y, called the marginal dis:, 

— ‘ eta ectps *S*rlby, 
the rande : ve 9) be the Biven distribution functio, 
of x and Fe variable (XY). Then the ma,..:8 

jmensionsl i ie y are respectively determineg by 
distributions o rginal distribution functions F(x) ang 7 : 
b 
pectivelys en y eX<>), Fy (y)= P(-o< ¥<y). 
= = = . 
a aa elem T 
limit yr? and keeping x fixed, we find that ) 
is x<ex, - 27 <¥<~) 
x < x)S}, where S is the certain event 
X<x)=Fz (x)- 


6. 
mit x—> °° in both sides of (6.3, 1) ne, 
> hg 


=P{(-? < 
=P(-@© <= 2 
¢ jlar} ; py taking 1 
similarly canna 


F be 
y fixed, it con © ey <y) “Fr 


ue 4 (6.3.3), the distribution functions givin 


«nal distributions of X and Y, i.e., the individual distribution 
a y, are obtained in terms of the joint distribution function 
of X and ‘anys knowing the distribution function of the ty, 
of X and Y. variable (X, Y), we can find the marginy 


(6.3, 3) 


dimensional random 
distributions of X and Y. 
In general, if F (2, ¥ay «+> ** 
n-dimensional random variable (Xj, Xo, -.., Xn), then the 
an 1) marginal distribution function of the 
wy Xe), where 1 < iy Sigs <<a, 


a5 Xn) be the distribution function of 


k-dimensional (1 <* <n- 
random variable (Xi, Xigs 
is given by 

Lt F(Xyy%25 --» Xn) 

Zera 

CF ihe 

apo 

(A A oeey 1) € {1, 2, wavy n}—{i,, fas savas i,} 


Ce ee er 
4, $a, ; ag ° ’ > » 


pISTRIBUTIONS OF MORE THAN ONE Diugpy 
SION 


if F ; 229. 
articular, if F(%,y, 2) be the distribution functi 
jmensional random variable (X, ¥, z), ies nae of the 

ppree pution functions of X, Y and Z are respecti © marginal 


ist Si . ively 
i. a F(X, o), ite (Yi=F(co, y, >), F(z) = F(co 

jnal distribution function of the two diniensionsa wes z)3 
andom 


Fa(* 
garg’ . 
eBpte (Xs Y 18 Favz Co = HG ¥, »)pte, 


gat 


4 {[ndependent Random Variables, 
6.4. 


We have exylained te seton.oF independence of two events in 
chapter WI and the independence of two random experiments in 
Chapter LV respectively. We now explain the concept of indepen- 
gence of several random variables. 

two random variables X, Y defined on the same event space S 

° 2 


ass said to be independent if for any x, y the events (-02 <X¥<x) 
and ("2 < Y< y) are independent, i.e., 


P(— 8 X SH, — OSV Sy)=P(— 09 < ¥<x) P(— wo KY <y) 
or, Fie. =F () Fey) for all x,y R, (6.4.1) 


where F(%,y) is the joint distribution function of X and ¥ and 
F,(x), Fev) ate the marginal distribution functions of X¥ and ¥ 
respectively. 


In general, if F(x, Xa, ..., x,) be the distribution function of the 


n-dimensional random variable (Xj, Xq, ..., X,), then the random 


variables X,, Xo, -..» Xn are said to be mutually independent or 
independent if 


” : 

F(Xq, Xap +++) Xn) = RA Fx, (*:) (6.4.2) 
where Fx, (x;) is the marginal distribution function of the random 
variable X; (f= 1, 2, ..., 7). 


eae the random variables xy, Xa, rey X, are said to be 


' pairwise independent if 


Faagx jt 2s) = Fa, 4) FP, (1) (6.4.3) 


for every pair of i and j, where ij and i, j=1, 2, ..., 7. 
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230 a 
ables (X,¥) and Z are saig 
the random varia’ to 

' eerie F(x, = Far ) oh PCIe 2) ig . 
pa - fanction of the three dimensional random Varian 
ee and Fa, x 2) EC and F,{2)=F(s, o, ie 
Spl ) , sistribution fonctions of the random variables (x : 

m i) 
and Z respectively. 


x, Y, Z are mutually independen, 


Theorem 6.4.1. Hf and (Bi 
tee independent xX, 
ae) ¥,¥, Z are pairwise indep OP hs ene 0. 


E 7 
Proof : Let F(*: J» 


dimensional random variable (X, Y, Z)- Then if Fx, r(x, y), F. 


208, 


F,(y) and Fs{2) be the marginal distribution functions of (Xn 
K, Y andZ respectively, 
Fz, 1% yh=F, Y, co) = Fz (*) Fy(y) Fz() 
since X, Y and Z are mutually independent 
=F,(x)Fe(y)(." Fz (co)=1) tan 
which shows that X and Y are independent. Similarly Y ang > 
Z and X are independent. , 


From (6.4.4), we get 

F, (2) Fzy2% 9) =Fx@) Fr (y)F2(2)=F OY, 2) 

i ae and Z are mutually independent) 
and hence (X, Y) and Z are independent. 

In general, it can be easily seen that if +4, Xa; seey X,, ate 
mutually independent, then every subcollection X; 1. Xs...» Xi, of 
X,, Xq, ---, Xn is also independent. We now prove few theorems. 
on independence of two random variables. 

Theorem 6.4.2. A necessary and sufficient condition for two 
random yariables X and Y to be independent is that, the joint 
distribution function F(x, y) can be written as 

F(x, y)=$(%) 9(y) 
__ Where $(x) is a function of x only and ¥(y) is a function of y only. 


(6.4.5) 


’ then 


z) be the distribution function of the three 


pISTRIBUTIONS OF MORE — 
ONE 
D 


: TMENs} 
are Let X and Y be indepen, — ‘SION 


0 
ee F(*, y)= Fx(*) F,(y), where F ‘ 
cal distribution functions of ¥ ang — and pF. 
1 
pre xiog Fe( =O) and Fy (9) = 4() 


, ecessaty 
§ * conversely, let F(x, y) =4(x) w(y) 


‘ » wh , 
s a function of y only, ee $(x)isa function of 
x 


gv) 

qhen proceeding to the limit x» °°, we get 
F(, Y=#() vy). 

Also proceeding to the limit y—> co, we get (6.4.6) 
F(x, )=4(x) (ce), 


(6.4.6) and (6.4.7), we get 
F(x, ©) F(x, yY)= (x) v(y) $(00) (20) 
Now from F(o°, co) = 1, we get $(co) Y(co) =] 
1, F(%, ©) F(o, y=¢ (x) wy) ; 
ot, Fx (x) Fr'V)=F(x, y), 
proves that X and Y are independent, 


From 


which 

Note. Thus if we want to show that two random variable 
yand Y¥ are independent, it is sufficient to prove’ that the ao 
distribution function can be expressed as the product of two 
functions, one of which is a function of x only and the other a 
function of y only. 

We now State, without proof, the corresponding theorem for 
dimensional joint distribution. 

Theorem 6.4.3. .4 mecessary and | Sufficient condition for 
nrandom variables X,, X., ...,X, to be mutually independent is 
that the distribution function F (xy, Xq, ---) X,) of the n-dimensional 
random variable (X,, X, -.., X,) can be written as 

F(X, Xqy +++) ¥n)=$1(%y) $a(%q)...---Fn(%n) 
where.$.(x,;) is a function of x, only. 

Theorem 6.4.4. If X and Y are independent random variables, 
then 

Pac X¥<b,c<¥ <d)=Pla<X <b) P(c<¥<d) 


(6.4.8) 


(6.4.9) 
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i nden 
since X and YP ae all 
Proof: A y= Fa(2) Fr(y) ior hd a | 
: the joint distributio™ ot eS a 
where F (%, y) is! rginal distribution functions pof Xx Ms) 
and F,(y) aro the on dy 


respectively. 


P(a< 
aa a d)t+ FQ, e)- FG d) —F(b, ¢) 


= F,(@)- Fy(b 
F(a) Fr(¢) F(a) Yr * )F 
= Fz (b) Fr(a) tx since X and Y are filer ’ 
en 
oer, (d)— Fries Fa@) 
 ePle<¥<a)P@< X<b). — 
The corresponding theorem for n-dimensional random rai 
(%,, +: X,) is stated below without proof. | 
pee 6.4.5. If the random variables X,, X,,.,,, 
Theo 4.5. 
mutually independent, then 
Pa, < Xy< bi, 82 < Xs 
= P(a, < X, <b,) P(4a< XqS bq) P(Qn<Xn<b,), (640 
If X and Y are independent random y ariables 


232 


x<b, tc< yY<4) 


nh Ore 


< Byy 1+) Fn<Xn By) 


Theorem 6.4.6. 

then 
p(X=b, Y=d) =P (X=8) P(¥= 4). (6.4.11) 

Proof ; Since X and Y are independent random variables, we 
have by (6.4.9), 

Pb—-hc XK<b, d-K<Y <a) =P (=< XO) Pk <a) 

. (A>0, k>0), 
Now proceeding to the limit h> 0+, k-> 0+, we get 
P(X=b, Y=d)=P(X=b)P(Y=4d). 

The corresponding theorem for n-dimensional random variable 

(X,, Xa) +») Xp) is stated below (without proof) : 


Theorem 6.4.7. If the random variables X,Xq, +) Xs be 
mutually independent, then 
P(X, =%1, Xg=%a, «.., X,=%n) 


= P(X, =x) P(X, =%,)...P(X,=x,) (6.4.12) 
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2 DIMENsto: 
t 
ty Mass ON 233 


gobadh pad 
y) be the distribution Function ; 
yet = riable (X, Y). Consider 2 ma of. a 


og] 1035s distributed over the Tegion (ey Be such that 
ype p} is equal to F(a, 5). Then th Y)E ee 
Pia <4 H-wdVS b) can be interpreted " ty of the event 


. t ; 
(-” over the ree {(x, y): ~<a<q _ me = distr}. 
put pass distributed over the entire plane is called VSO}. Then 
Sd the probability 


of tHe two-dimensional random variable (yy) 
ps , 


now { 
U{(- 2 <4 <4 — 2° <Y<d)_( 


— 2 <X<b, — 0 <¥<d)—(_ 
( ( ~<X<h, ~<¥K<¢) 
-~ = <X<a, —<¥¢c)} 
where a< b ced, 


a(- 2 < XSF, C< V<d)—(— <4<a,e<¥<q) 
Ss 


2(a<X< b, c< Y<d), 
hen bY the aforesaid analogy of Probability with the mass, we 
gee that 
probability mass in{(x, y)i a<x<b¢ <y<d} 
= probability mass in {(x, y)t -o<x<b ~ wey< dh. 
— probability mass in{(x%,y)i -we< *<b, -wcy<¢} 
— probability mass in j(x, y): —o <x<a,-a< y<d} 
+probability mass in {ix, y): -o <x<a, -w<y<q} 
=F (b, d)—F (b, c)— F(a, d)+F(a, ¢). 
Hence we get 
F (b, d)— F (b, c)—F (a, d)+F (a, c) 
= probability mass in {(x, y): a<x<b, c<y<d}. 
But left hand side is equal to P(a< X<b,c< Y<d). 
Thus the probability mass distributed in any finite rectangular 


gion is equal to the probability that the random variable (X, Y) 
lies in that region. 
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Variable In Two Dimensions. 

variable (X, Y) is sig 
wecrete if the spectrum of (X, Y) is at most countable, - to be 


y Fy is a countable s tte 
assume that the spectrum of (%, ¥) pres ubset s, of pe 
Here for every pair (4 7s) © 52 (i, j=0, #1, $2, evi) 

where 00 Xng X12 SXQ< XS Fas set 
and wae CJ ng<I-1 SPOS I AI BS 
we define the positive numbers Sai Given by 
fae P\iX=%u Y=yi)- (65 
The necessary condition to be satisfied by f,;is that 
Dh 1, (63 


(4 5) «B 
where B={(i, jf) 2 (x4, 9s) © Sab ; 
The distribution function of the two-dimensional discrete Tandon 
variable (X, Y) is then given by 
F(x, y= > Dd fas if x, SxX<% p42, V5 <y< Vasa, (6.5.3 
(<6) ¢B’ 
where B’={(«,B) $%<<%er YeSIah Then F(x,y) is a step function 
in two-dimensionswith steps of heights fi; (> 0) at the pointy 
(ys) i, f=0, £1, £2, +). 
Marginal Distribution. 
Let (X, Y) be a two-dimensional discrete random variable which 
takes pairs of values (;, y ;) with probabilities 
Sfig= P(X=x,, Y-y,) (i, j7=0, + 1, +2, awa) 
Now the event (Y=x,) can materialise when any one of the 


following mutually exclusive events happens : 
seey (X¥=x,, Y=y-.), (X=x,, Y=y-,); (X=x,, Y=Yo), nee 


Hence, P(X=x;)= >" P(X=x,, Yy-y)= > fiat. 


j=-© a) 
where f= > fii, (6.5.4) 
2 
which is also denoted as f,;. 


Oh at y; iS given by 
pe 


sich i8 also denoted by f,;. 
f 


| yis given by 


Jn other words, if we take the sum of 


tine y=y; (for a fixed j), then for different values of j, we get the 
| marginal distribution of Y, 


It may be noted that 


pIsTRIBUTIONS OF Mone fits 
o 
othe marginal distribution Funes] OMEN StOn 
ts y ‘ 0) Fy(x) is ely 235 
fs) z,<2 2 ie “ Si 
A “2 
is shows that F, (x) is a step Fitna, i (6.5.5) 
t (j20 +1, +2, ) It then having 
1% ; follo PS of h 
4 the points of s WS eights 
I ) f we take th site of X an =0, 34 
oe if W € : , 
fe - we i), then f ee Of all the m tO ts 
Pr gos 8 fixe ma Or different val masses On the a. 
ol distribution of X. UES OF 1 we a Fs 
i 


goilatly 27'S (j=0, 41, +2.) denote ¢ 


of the single random Variable y i 
an 


» 


fj =P(Yay)= > fas 
t=-@ 


{6.5.6) 


inal distribution functi 
qhe margina 1on Fy(y) of the id 
Om variable 


RV=Fe = > Sd heS 5 a, 


i=-—o ¥5<Y ¥s<y beet is 

= Vv fi; 
— (6.5.75 
¥y<Y 


all the masses on the: 


(6.5.8). 


3 
8 
8 


(6.5.9, 


(> fu)=1. 
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i d sufficient condition f, 
essary and SH ; or tWo.q 
cenmece nen X and ¥ to be independent is that . 
t 
eee aga of Ao faSehe) (655.19) 
J 


= = = * y t é ing i spectrum 

Y ya) ( (i) 3) Poi t 
where fi; P(X XG ; , 
the two-dimensional randon ve ke ( ) d Si (or f ) 


f.q(orfys)are the probability masses at x, andy, respectiyey 
or | vs 


. Y. of 
the corresponding marginal distr ibutions of X and Y. 


Proof: Let X and ¥ be independent. Then by (6.4.11) 
P(X=xi, Y=y;)=P(X=%:) P(Y=y;) 
oe fiae=hi is 


> 
. and hence the ttien ; 
where fue > fa; and faz > Sci, anc hence Condition j, 


j=-0 +-D 


“necessary. 
Conversely, let (6.5.10) hold. Then 


i : 4. 9 i< =z : 1, 
Fx,y)= > Dd few if x; << Xigas VIS It 
Gs) <B 
where B’={(«, 8)? Xe <i ye Sy} 


=> Defoe 


(«, 3) «BS 


(5 MS) 


Le <i ye<yi 
= F,(x) Fy(); ; 
-where F, and Fy are the marginal distribution functions of 
X and Y respectively. Since the above result holds for all i, j, we 
have F(x, y)=F;(x) Fy (y) for ali x, y. Hence X, Y are independent. 


Finite Spectrum 


We observe that the probability distribution of a two dimensional 
random variable (X, Y) is determined by the positive numbers 
P(X=x, Y=y;/=fi;, (¢,j=0, +1, +2, ....), where (%;, yj) is a point 
of the spectrum of (X,Y). If the spectrum be finite, then we can 
construct a table giving the values of f,; for the corresponding pairs 


Ding 


. ENsIg 
and such a table is calleg joint ae N 237 
go! jgtsibution OF X,Y having finite 5p ity table, 
jt caint probability table, We explain S det 
i gpe Jo this by the foltocs 


Pact distribution of X, Y is gi 
gbe joint ae Vis given by the following table 


| bove table, wes . : 

from the © © See that the marginal distribution of 

xis given by : 
x= i, j= 0, 2; 


3 
with fas= > fur 
; g=1 


qhen fao= "5, faa="5- 

Again the marginal distribution of Y is-given by 
y;=i, J=1, 2, 3, . 

with fy;=SoitSai- 

Then we get fy, =°3, Su,= 4, fu 3 


Since Seo = #3, fus = 7. and FSoo='3, so Soa X faohys and s0 
the condition (6.5.10) is not fulfilled. Consequently the random 
variables X and Y are not independent. 


66. Continuous Random Variable in two Dimensions. 


Let X and Y be two random variables defined in the same event 
tpace S and F(x, y) be the joint distribution function of X and Y. 
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Seer ee aia a of X and Y is ssid to be continuous, if 
The joint distribution aa OF, oF °F a°F gap F(x, ») 
is continuous for all x and yan? 557 54> a5a° 552° ayax SP 
are all continuous in the whole xy-plane except that there May sy 

ssa cil ta ie 4 
finite number of curves of discontinuities rar derivatives in 
0°F 
bounded region and for any a, 5, c, d« R, } : axay ay is con. 


vergent, where c<d, a<b. . 
The joint probability density function f(x, y) of the random 
variables X and Y is defined by 
=F 
fH Ts 


- 4 = =6O3F ‘ 
provided the derivative axoy exists at the point (x, y), 


(6.6.1 ) 


J (x, y) is also called the density function of the two - dimensions) 
-fandom variable (X, Y). 


ab 
Theorem 6.6.1. P(a<X¥<b,c<Y<d)= f J F(%,y) dxdy, (6.6.2) 


where f(x,y) is the density function of the two-dimensional conti. 


nuous randors variable (X, Y). 
: a 


b ab 

02F : 

Proof: We have, [ [rerrdcdr= f [ZF axay 
oa c @ 


a b : 
“Sise | dx} dy 
7 ii (28.9) _ Flay) g 
ay oy 
=F(b, d)—F (a, d)—F(b, c)+F (a, c) 
=Pa<X<bce<Y<d), 
Hence the theorem. 


vows: 
Theorem 6.6.2. F(x, y)= [ / f(x, y) dx dy 
2» =o 
where F(x,y) and f(x,y) are the distribution function and the 
density function of the two dimensional continuous random variable 
(X, Y) respectively, 


(6.6.3) 


STRIBUTIONS OF MoRy THA. 
a HAN onp DIMENSIo, 23 
prook * Putting b= x, d=y ip (6.6.2), we ant | 


pa<X<x%c< Vev= f fp Y) deg 
ca , x 
Se 


Now proceeding to the limit a _ 0, 0-9 — 05 


Lt F(é We get, 
PON TONE FOO oe ry g 
» 


C2-m A>s-—y 


vx ; 
= [rey dx dy, 
0 


rod f [res da, 


sace all the limits vanish by (6.2.7), 


i o 0 = *, 
theorem 6.6.3. [fre dx dy=| 
: -© —w 
yhere f(x»¥) is the density Sunction 
continuous random variable (X, ¥. 
| 
| 


(6.6.4) 
of the two ~ dimensional 


Proof: Proceeding to the limit x —> ",Y-> co, we pet from 
| (6.6.3). 


for) 


I frees dx dy=1, 


? —2 - 


Theorem 6.6.4. S (x, y) > O for all x, y 
function of the two - dimensional 
U%,Y). 

Proof: Since F (x, y) 


. 2 
Twriables x any y, ay > 0 Le., f (x, y) > 0 for all x, y. 


» Where f (x,y) is the density 
continuous random variable 
(6.6.5) 


iS monotonically increasing in both the 


| Remark, function f(x, y) of two variables must, satisfy the 


| Miditions (6.6.4) and (6.6.5) in order to be a possible joint density 
Metion of a two-dimensional continuous distribution, 
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Alternative 
distribution. 


The joint distri 
there exists a real valued 10: 


F(x» nef {fr v) aul do for all x,ye R, where F(x > 
J 5 en 7) is 


function of the two - dimensiona| =" 
dom, 


definition of @ two-dimensional cont; 
"ug 


ug 

bution of X and Y is said to be contin 

n-negative function f (x, y) ii if 
: thay 


the distribution 
variable (x, y)- 
Here we find that at a point (x,y) of continuity 
0 
f, 


a°F , 
axoy 


o @ 
=f (x,y). Further we observe that / / Sf (x,y) diss 
—-O—0 ™ 4 
This function f is called a joint probability density functio 
Yand Y. We observe that ‘the joint probability density fy, of 
of X and Y defined in two ways determines the same ditties 
On 


function F(x, y)- 


Probability Differential (Two Dimensions) : 

Let X and Y be two continuous random variables defined on th 
same event space S and let F(x, y) be the distribution function ; 
two-dimensional continuous random variable (X,Y). We assume 
that the second order partial derivatives of F(x, y) exist. 


Now u¢ + [xt { Fle-han yb oy) FOrt 5s 9) 
$220 6X Lsy20 oy 
~ Fe y+69)= Fe) 
éy 

= Lt 1 {2Fletsx,y) _ oFbs yy} 

8220 6X ay ay 

= OF (x + 6x, y) _ OF (x, y) 

$220 oy ay 

8x 


=m 02F (x, y) 
axoy 


, UTIOBS OF M 
pIisTRIB ORE THAN 
ONE 


DIMEy: 
ing that the above Tepeated jj SION _ 
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‘ble limit, we get equal ; 
dou ; to the a 


F(x+5%) Y+5y)— F(x+5y, y)~ Fe 
ax by SYA BY) + F(x, y) 


= 0°F (x, y) 
ox oy 


Ass mit is 


yo 


oS, I 9 
"979 


=f (x, y), 


is the density functi 
oy) y function of the io; 
pan! | © Joint distributio 
n of X 


yi 
ae 7 
now the differentials of the independent variables 


ments, we get being equal 


ro their incre 
P(x<X<etdny< VY cyt 
SY 
538 de dy Mary, 


we use the expression P(x<X<xtdey cy cy4dy j 
gis limiting sense and so without ambiguity Pp Paced = b- 
yeV<ytdy) is defined to be equal to f(x,y) dedy. Then 


P(e< X<xtdx,y < ¥ <y+dx)=f (x, y) de dy. (6.6.6) 


probability Mass (Continuous Distribution). 


In case of continuous two-dimensional random variable (X, Y) 

| from the joint probability density function f (x, y), we can deteratines 

the probability mass in any given region. If Q be a specified subset 

ofthe spectrum of the two-dimensional random variable (X, Y), then 

| md an analogy with (6.6.2) we can write (formal proof is 
omitted), 


Pua ned= f [sr dedy. (6.62) 
2 


morided {(X, Ye O} ={w 2 (X(w), Yw)) «Q, oS} is a member of 


A, where (S, A, P) is the probab: 


ility space. 
WP-16 
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Marginal pistribution for a Continuous Joint Distribution. 
F(x, y) be the distribution function of the two valine 
cae aud variable (X, Y) and let F(x) and p 
con! 


. ¥ 

tively the marginal distribution functions of X ang » 
respec 

_ have 


long) 
) be 
We 
F,() =F, @)= f f f (x,y) dx dy 


= [ {fren a} a 


where f(x, y) is the density function of the two- dimensional Tandon, 


variable (X, Y). Now ff f(x,y) dy is a function of x only and we 


denote this function by fx(x)- 
, x 
Fa(a)= [ fx) a 
“a Pa ro 
which shows from the theory of one dimensional distribution that 


fx (x)= f fle y)ay (6.6.9) 


P is the one-dimensional density function of the random variable 
. X and it is called the marginal density function of X. 


Similarly it can be shown that, if fy (y) be the marginal density 


function of Y, then the marginal distribution function of Y is 
given by 
v 
F,(y)= J fr (yay (6.6.10) 
— 
¥ ss . 
whee fe()= f f,y) dx. (66.0 
-o 
-@ 
Thus Fi(x)=fx(x)=. f f(x,y) ay, (6.6.12) 
=o 


(6.6.8) 


| gecessary. 


| 


pISTRIBUTIONS OF MORE Ty, 
ONR D 
2 TMENSIon 
sg Fa J fey) ar, 
sg —o 


ats OF continuity of fz (x) and ¢, (9) reapeas 

ve ly. 
6.5: A Necessary ang Sufficl 
o random variables X ong oe i mt condition Sor two 
eg joint density function Flx-y) of ean ri Penden ‘3 
ae ented 38 ; can be 
ih . 


} f(%, ¥) Fx (*) Fz (y) 


6.6. 
ett fx) and f,(y) are the marginal density functions of (6.6.14) 
Wi 7 


y respectively : ¥ and. 
~ proof : Let X and Y be independent, Then 

F(x, Y) =F x(x) Fe(y) 

gore F(% y) is the distribution function of the two-dimensional 


" ggdom variable (X, Y) and F(x) and F,(y) 


= are the Marg; ° 
| potion functions of X and Y respectively, ginal dis- 


OF — F,(x) Fy(y) 
ax 


O2F = F(x) F7(y). 


and ay Ox 


‘gt vie =f (x,y) and Fx(x)=/,(x), Fi(y)=f,(y). 


“. f(x ¥)=Fx(%) Fe(y), So that the condition (6.6.14) is 


Conversely, let. f (=f, x(x) f(y) 


on f fren acay={ fre ax} 00} 


Of, F(x, y)=Fx(x) Fr(y), by (6.6.3), (6.6.8) and (6.6.10). 


" Hence,the random variables X and Y are independent. 
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6°71, ‘Two Important Continuous Two-Dimensional Distributio,, 


1. Uniform Distribution. 


If the density function of a 


variable (X, Y) be constant ae 
xy-plane and zero elsewhere, then the ‘istribution is calleg 


uniform distribution. 
by R. Then the joint probability density function of the Uniform 
distribution is given by 
f(xy=O for (x, y)&Q 
. =0, elsewhere. 


two-d.mensional continuous Tang 
0 


Since J Jrenacaratiwe et Om 


=O-a 


Hence the uniform distribution is given by 
f(x, y)= i when (x, y)€Q 


=0, elsewhere. (6.7.1) 


If Q be a rectangular region {(x,y)?4<*< bc<y<d)}, then 
the joint probability density function of the corresponding uniform 
distribution, called the rectangular distribution, is given by 


oa ae 
£9) = Gaad-9’ for a<x<becy<d 


=0, elsewhere. (6.7.2) 


If Q’ be a subregion of Q having area R’, then by (6.6.7), 


P{(X, negi= [[renddy= f [i ara= (6,7.3) 
Q! Q! 


The marginal distribution of X, corresponding to the rectangular 
distribution (6.7.2) is given by 


fx )= [ (3,9) dy 


C (say) ina fixed bounded region @ op i 
¢ 


Let the area of the fixed region O be denotes 
t 


; UTIONS 
pistRis OF MGRE THAN 
, ONR Dr 
dl MENSIoy 
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oe 
ot, S20" J (b=a)(d=5 Y 
1 
“goa 7 S*<5, 
— 
jee f= boa’ when a <x<p 
=0, elsewhere. 
(6.7.4) 


ence X is uniformly distributed in the ttieesel : 
a (a, b), 


_, gimilarly the marginal distribution of y 


econ gular distribution (6.7.2) is given by Orresponding to the 


yd a c<y<d 
= 0, ‘elsewhere, 
- gtst Vis uniformly distributed in the interval (c,d, (6.7.5) 
plore we see that f(x, y) =f!) fr (y) for all x, y 
So X, Y are independent. 


L Bivariate Normal Distribution, 


A two-dimensional continuous 

: random vari ; 
gid to be normally distributed, if its joint density aa (X, Y) is 
is given by ction f(x, y) 


f(x,y)= ! 


2xoz0, Jip” 


___ 1 §(z—mz)? 
e 2(1—e) ay 


m iy—aeyl* —29(e—ma)(y—ms) } 
v oz%y 


(-— 99 <x< oo, — co <yco) (6.7.6) 


wh 
| a M., m,, , (>0), o,(>0) and p(—t<P <1) are the five 
ameterseof the distribution. 
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The marginal distribution of is given by 


fx(x)= ji L(% 9) Y 


1 
7 2x0,0, V1—P? 


co 
— 1 __{(eome) 4 Yr)” 99 '2—ma)ly~my) 
e 2(i-P*) Tr u Trey Sq 
ly 
—co , 
-_ | __,x 
2xo,0, V1—P? 
B, ‘ 
___ 1 §(—mz)* , (y=my)* _ 5,(2—mz)(y—m 
Le | e My a a . eee 
; dy 
B72 
By B, 
_ L 
2x0, ¥1—P? 
B,—my 
vy 1__ ((z—mz)* 5 y2_o)2—m 
-—— —2p 2 me y 
20—P*) toe Cz, 
oe | ° : : bay 
Bisco J Sixty 
oy 
where em 
Oy 
By— my 
Cy Se 1 (202 oe 
=!» enue Og 
2x0, V1—P? B,->0 z 
By o-oo y— My 
vy 
where um 2": 
Oz 
By—my 
1 vy _(v—eu)? +1 —P*) a? 
= Lt e 2(1—e* dv . 
2xa,.V1—p2 By-oo 
B00 By—my 


oy 


ONE p 
at, TMENSIon 
u? ty 347 


: e . 1 _(o-) a 
yg 100) ae | ae 
1 


1 ee 
i 2 => w= 2 
° Varo, © “I Th ea 
2 © ae? o , 
for 2 normal (m, c) distribution, 
igct 
_@—m)? 
7 
zo 


30 that taking m=Pu and c= Vj—pa (>0) 


9 ~P IX oc, 


1 —@apuy 
weet = 755 Vi—p3 | e 20-7 
, 1 — Gms) 
ae fx(x)= Jax , e Cx 


(6.7.7) 
ie, Xis normal (m,, Oz). 


similarly, the marginal distribution of Y is also normal (m,, ¢,) 
ith corresponding density function = 
_Yy—my)* 
= l e 2y* -wo<c 
fi)" Taro, , y<m, (6.7.8) 


Note 1, It is important to note that if P= 0, then 


—1f (z—mz)" , (y—my)") 
fans e aa 
Ox0y 
1 | —_@=mz)? 1 _ (y—my)* 
=j—- e 2¢5° x ee. ay 
J2x 0; V2x 0, 
= fz (x)fr(y). 


id hence by (6.6.14) the two random variables X and Y are inde- 
pendent in this case. 
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2. The marginal distributions of both ¥ and Y are ip dopey, 
of the parameter °. dene 
6°8, Conditional Distribution. 

Let X and Y be two random variables defined on the , _ 
space S. We explain the notion of conditional distribution es 
when the joint distribution is discrete and the same is continuoy 

(a) Joint distribution of the random variables y and ‘ 
discrete. is 

Let the distribution of the two dimensional random Variable 
(X, Y) be determined by 

P(X=x, Y=yi)=Siis 
for all (x,, yj), belonging to the spectrum of (X, Y). 

We consider the probability of the event (Y=~,) on the hypothesis 
that the event (Y=y,) has occurred. Then the NOn-negative ie 
numbers f;,; defined by 
. fug=P(X=%| Y=), 68.1 
where y; is a fixed element of the spectrum of Y and x; runs over 
the spectrum of X, are said to determine the conditional distribution 
of X, on the hypothesis Y=y,. 


P(X=x,, Y=y;) _fi; 
Now fii; =P(%¥=%| Y=yi)= Sen ae 


(6.8.2) 


_for all possible values of i, determine the conditional distribution of 
X on the hypothesis Y=y,;, where P(Y=y;)=/y; 
Similarly, the non-negative real number f;,,; given by, 


Sin= fis, 
where P(X=x,)=/f,,, for different values of j, determine the condi- 


tional distribution of Y on the hypothesis ¥=x,. 
From (6.8.2) and (6.8.3) we see that 


Seimei Sig =fys Sing. 


(6.8.3) 


(6.8.4) 


B poth continuous functions in the xy-plane 


DISTRIBUTIONS OF MORE THray 
, 7 ait 


- , TMEN, 

- comparing (6.5.10) and (6.8. 4) we . SIon 249 
sale pendence of the two Tandom y..; Serve that se 

of et to Variables Ondition 

givalent a is als 
of A et EC or Sin "Sy. 

Joint distribution of the ran (68 

(5) dom Variables x : )) 


inverse and Y js 
, the distribution of the two-dimension Wes 
caple (Xs Y) be given by the density fuiction Continuo 
r jp this case, P(X <x] Y=y) for any fixed y (x, y), 
a7 fixed x are not defined, since 
fot 4 ¥ being both continuous. g, te 
sitio we proceed as follows : 


we assume that J(*, y) and the marginal density functi 
on fr(y) 


Then f, 
yd for any € > 0, OF any fixed y 


P(-° SHS tly=0e Peyqg 
= P(- 9 <X<%, y~e< ¥<y4e) 
P(y—€<Y¥<y-+e) 


Zz yte 


It f(x, t) dt} dx 


_-® ye 
aa ute 


f fa 


fre Y+6¢) dx 
-_O 
‘fr(yteas) O</Orbieal<t 
applying Mean Value Theorem of Integral Calculus. 
Then proceeding to the limit « > 0+, we get 
Lt P(— 00 <XExly-«<V¥ <yte) 


904 


{(*,y) and f, (y) being both continuous. 
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Thus, if we define the conditional distribution function 


of the random variable X on the hypothesis ¥=y, as 
Fx(xly)=Le P(-0o <X<4ly-* < ¥<yte, 6.26 


Fx(x}5) 


fix, y)d¥ « 
then Fy (x|y)==—= 7) = [Ae dx, (6.8.7) 
where fz (x n=” : (6.8.3) 
F (x, y) 


t for all x and for any fixed y, —i*¥) 
Now we note tha roy > 0, 


1 f wad (¥) 241, 
a8 1G) [I FFG) 


So fz (x! yey), when y is fixed, is a possible density fune. 
tion. 7 
So (6.8.7) and (6.8.8) indicate that fx(x|y) can be looked upon 
as the probability density function of a one dimensional distribution, 
This distribution is called the conditional distribution of X, given 
Y= y, and f, (x|y) is called the conditional density function of XY on 
the hypothesis Y=y, F(x | y) being called the conditional distribution 


fanction of X on the hypothesis Y=y. Now denoting 
ue, P(—- © <X¥<xly-e< Yc yts) as P(—- oo <YX<X/]Y=y) 
ew 

we find that 


P(-© <X<xl¥=y)= ffa(ely) 4x. (6.8.9) 


Similarly, the conditional distribution function Fy, (y|x) of the 
random variable Y, on the hypothesis X¥=x, for a fixed x, is 
defined by 

es 
Fy (y|x)= [fz (12) dy (6.8.10) 
—o 


where fy (y| =e»), (6.8.11) 


bi 


IMENSIon 
conditional density function of ¥, on th 
ag peing the marginal density function of Xx. ° 
11) we et | 
ts (x] ySr (y) =Sr(y | x) f(x) =f(x, y). 
y comparing (6.6.14) and (6.8.12) we Observe 
independence of two continuous Tandom a 
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hypothesis x. 
From (6.8, 8) ind 
(65 

(6.8.12) 
the condi. 


fy (x|y)=Sx (x) or Fr(¥ |x) =f, (y), (6 
te the conditional ii sig 
pet vs 0W compu 8! Probability P(a< ye 
ite. b/Y= 
pods LE P@<XSPIY-8<YV<y45), 5590 a2 
now P(@<X<dly—s<YVey+y), 59 


_ P(a<X<b,y—8<Y¥<y+,) 
i Piy-8< Y <cy+s) 


b +38 
I{f fe at}hax 
= 7 UTE a 


S(t) dt 


—& 


b 
[fe Y+638) dx 


~ Sr(Y+048) . O</6sh, |g, <.1. 


Hence,proceeding to the limit 5 > 0+, we get 


b 
[fener , 
Ma X< bl Ymy= 2 ———_ = [fz (xly)de. (6.8.14) 


4 
Sinilatly, P(e < ¥<d|Xmx)— [fz (y|x)dy. (6.8.15) 


#, Transformation of continuous random variables in two-dimen- 
hes, 


lt¥, ¥ be two continuous random variables. 


let u=¢$(x, y), v= (x, y), (6.9.1} 
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be two continuous functions having continuous first ordey 


0 ) (2, &) v) iti 
derivatives and let ~ 9) be either positive or negative thy, 


D. Then the inverse functions 
x=hA(u, ve), y=, ») 


Partia) 
UBhont 


(6.9,) 


‘exist uniquely. 


We consider the random variables U, V given by v— 4X, 


-V=(X, Y), where U=¢(X, Y) isa mapping 
é(X, Y): SR defined by 
[o(X, Y)] o=4[X(w), Y()], 
S being the event space and » (X, Y) is defined similarly, 


Let fx, r(x, ») and fo, -(u, ¥) be the density functions of (X, 


‘and (U, V) respectively. Also let fx, r (x, vy) > O in a domain Deer 


Since any elementary area dxdy about the point (x, y) in the 
xy-plane is transformed [by the transformation (6.9.1)) uniquely 


into the elementary area ome du d» about the point (u, v) in the 


uy-plane, the event (x < ¥ <x+dx,y < ¥ < »+dy) implies ang 
is implied by the7event (u < U <u+du,v < Vxsv+dr). 
- P(x<X<xt+dx, y< Y<y+dy) 


=P(ueU<ut+du,v<V<sv+dv) 
-or, Sor (u, v) du dvu=fx,r (x, y) dx dy 


=Sx x (% ¥) [2 a 2») »| du dv. 
a(x y) 


“. Sor (4, v= Sarr (%,Y) [2 a (6.9.3) 


gives the density function of the two dimensional random variable 
(U, V), where the expression on the right hand side is expressed as 
‘a function of 1, v ( using (6.9.2) }. 

Obtaining thus the density function of the random variable (U. V), 
‘we can proceed to find the marginal density function of the random 
variables U and V as follows : 


ua so by (6.9.6) we Bet Su (4) = S* fz (r) fF, (u—r) dv, 


pISTRIBUTION OF MORE THAN ONE ping 
NSIon . 


to am J Forots Dave f fas, ¥) | 2G» +) f 


a (4, Deen) | 2 » (6.9.4) 


god tv (ye [fork Maem FF a (x, y) 


(u, D (us) | de. (6.9.5) 


ipution of the sum of two continuous rand, 
om var 


ist’ ‘) be the density f; tables 
et ft, yr (x,») y unction oF the Soiitinn is 
fe) 

waple (% I us random 
wo pet U-X+¥, Vex. 

is terms of real variables UEX+y, rey 

a(s, v) =|1 1 = 
Tea a(% ¥) oO | . < 0 for all x, y, 


uy be the marginal density functj 
if fo (#) ‘on of U, then by (6.9.4), 
fotuy= [Fare ») | 3a» 5 |e 


= Vim = tt; e—vde. 
=a (6.9.6) 


No. If W and ¥ are independent, then fz, , (x, y)—sx(x)f,(y) 
i” . rly. 
(6.9.7; 


Tieorem 6.9.1. Let @=8112), r—8a(y) be two continuousl 

djerentiable and strictly monotonic functions of x an se ae ed 
ely. If the random variables X and Y¥ are independent, then or 
undom variables U and V, defined by U=g,(X) and = £3 (Y), are 


tlso independent. 
Proof: Since g,(x) and gofy) are continuously differentiable and 


sticly monotonic functions, the distribution of the random variables 
Uand ¥ are determined respectively by the density function f,(u) 
and f,(4), where 
S u(t) = fx(X) ee and /;(y)=/,fy} | PAR 
; de do 
ty’ : = 
ix) and f(y) being the density functions of ¥ and ¥ respectively. 
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dug |_du dv 
2 (u,v) | dx dx dy 


Now 3(,y) o° 3 = gi (x) 8, (¥) > or <Q 


for all x, y, since the functions g(x) and 83 (y) are Strictly mo, — 
Now, if fc, y (u,v) and fz, x (x,y) be the density functions of the - 
dimensional random variables (X, Y) and (U, V), then by (6.9, 3) . 


fase (ts) Fare 9) S| ¥ 
= {f2001| Fre] 2 |} 
-since the random variables X and Y are independent. 


= fy (u) fre). 
This proves that U and V are independent. 


Transformation of continuous random variables in n-dimensj ons, 


We state below (without proof) the theorem which gives the rule 
'-for finding the probability density function of an n-dimensiongy 
random variable (U,, Ug, ..., U,) obtained by a transformation of 
the type mentioned below from an n-dimensional random variable 
oe Ce Ae 
Theorem 6.9.2. Let (Xj, Xz, ..., X,) be an n dimensional random 
variable of the continuous type with probability density function — 


Xv Xap -00) Xn)- 
Faas%as vasp Eq 19 Sap oer n) 


Let - (i) uy =f, (%2, Xa, SOE Xu) 

Ug =fg (X21, X25 ---» Xn) 
u, =fn(X1, X ay ory Xn) a 

give a bijective mapping of R"— R" i.e., there exists the inverse 

transformation ; 
Xy = $y (Uy, Ug, «0 Un) 
Xg=%2 (4, Uae ooey uy) 
Xn = bn (Uy, Ug, ...-) Bn) 

: defined over the corfesfionding domain, 


| between the number of heads and number of tails, Find the 


ui the given tranformation anjj ts inverse - 255 
td 
mn) the partial derivatives oe (<tc, = Continuoys, 
** SIN) var, 
5, ; € con 
pe Jacobian J=|9%, ax, 
Gn * Ou, ou, | 560 
pa OX, ‘ ax. 
Ou, ou, Beves a 
Py n 
OX» Ox ie 
Sr cee Mic IO 
au, 9 uo ia 
” 
Sail (uz, 4a» oma ttn) in the corresponding domain 
i qhen the n-dimensional random varvable (y. mi " 
: aw Gy, ... 
i u,=h (X4, Xa, eoes X,); ix 1, 2, sees 72, is continuous a — 


sitity density function f Pay F I, aU MD las noy te) given by 


Foy 2a, seoey Un (#41, ua, wef My) 


ey By, tie x, (@2(4x, ug, ..., Un)» $4(u,, Uy u,) 


$y (4, uy, 0a) ) x] J], 


- We now state the theorem (without Proof) in n dimensions 
corres- 


ponding to the theorem 6.9.1. 

qoeorem 6.9.3. If X1, Xo,..., X, are mutually independent conti 

mous random variables and if "gf 
By (Xay% » «+s ry) &a(x kytdr Xk tay, Xx)» deseo : 4 


y 
/ 


Bt. (ket 1» Xkgtas +++; Xp) be continuous Sunctions of th i cases / 
ments and if the corresponding inverse functions exisz, ik the | 
random variables - - 


81 (X4, Xo wees Xi), &a (X, +2 Xhytas wey X,,); waxes 


» : 


Bea (Xg tt» Xtegtar +++» Xq) are mutually independent, 


6.10. Illustrative Examples. 


Ex... A fair coin is “tossed three. times. Let X denote the 
timber of heads in three tossings and Y denote the absolute difference 


LITY 
pROBABI 
TIOAL 

HEMA 


= Xand y 
mf. of X and y, 
7 d the sled ae ? Fing 
fo a eT needa? gt 
iia variables A, % 
dome 
then two ran 


Y= 1. 


iver eriment consists of 
conditional p.mf. of X, & en random exp the 


ce of the giv 
The event spa : T, H, H), (7. r, 
following 8 out nea (A, A, T), (A, A, H), ( T), 
H, ’ , 
(4A, T, T), ( U — by 
(7, H. T), (7, 7; ae of X and Y are give 
— im0, 1, 2,3) 
i 
y= ee sie 
and the spectrum 
(X, Y) is 


dimensional random variay), 


) == (i, j) ; 
Ga. 2, 3; ~~ is following table : 
f( X, ¥) is giv 
The p.m.f. o 


P(X=x) 


P( Y=y,) 


i i f the number 
table is obtained from one : ce 
a =i, Y=ji, 
The above es favourable to the oe he 
of district outcom X,=2, Y=1) contains 3 distiric ae 
s— 4, ’ P 
example, the pie a H, H) and assuming that 7 the p 
H, H, T), aaa) 7 3 The — 
(A, T, #), ( , fi idhist P(X=2, Y=) ‘ 
events are equally likely,we fin 


; f. of X and the 
in column gives the marginal ae inal p.m.f. of Y. 

site shown in the rows represents the marg 

column totals 


pTRIBUTION IN MORR pa4y Ong 
pl! 


DIME Ero tie 
g distribution of the, eDtonal ; 
gue > expressed as follows; Om Varigh 
7) ai bution of (X, Y) is Biven by 
ts gistr} oe 
ee y masses Pil ~E(X=i, Y=5), 
jiit —8 — wil 
oo g pra Par 8 Pos Paani, Regs 
bet ginal distribution of X is As follows . 
7 t . . 
gbe poe prum of X is r= 4 (ing, 4, 2, 3) 
ape? 


With Probabilit 
Y Masses 
ft (x-ae where Pz, “3, Par“ Pz, = $, Pz, “4. 
F ‘ 
ai? ssi distribution of y j, Biven by 
r 
pe mae 


(foi. 8) With P.meb. 9y, = BPs) Where pag. Py, =} 
. 5 heal 7 ' ; ; 
7) 


Py, and hence 


,<0 and Py, + Py. —2s,80 that Psp, 
pr 
Now 


y are not independent. 
d ’ 
5 


“-. the conditional p.m.f..p,., of x on the hypothesis Y=1 ig 
ageo’ a 
jen OF P(X=i, Y1) 


0 fori=0,3 
ss porn + fori=—1, 9, 


2, Consider the random experiment of thr 
ae te the number of sizes and y denote th 
Fe tail the joins P.™. f. of the two 
we! — Y) and the marginal p. m. f. of Xa 
parigdle (1 


owing & pair of dica, 
¢ number of fives that 
dimensional random: 


na Y, 
Find the probability 


F(X+Y > 2), 
Here the spectra of X and Y are given by 


Ly=1 (i=0, 1, 2) and ¥i=j (G=0, 1, 9) 


tively and the spectrum of the twe-dimensional random variable 
respec 
'Y)is given by 


®is Vj uti 1 1 k 


958 MATHEMATICAL PROBABILITY 
5: 


Y) is given by the following table ; 


The p.m.f. of (X 


The above table is constructed from consideration of the number of 
distinot outcomes favourable to the events of the type (X=i. ¥=53), to, 
example, the event (X=0. Y~1) contains 8 distinos outcomes (1, 5), 
(9, 5), (3, 5), (4, 5), (5. 4). (5, 8). (5. 2), (5,1) and assuming that: al 
the simple events are equally likely.we find that P(X <0, Y-1)<,4. 
Thus the distribution of the two-dimensional random variable (X, y) 
can be expressed as follows : \ 

The spectrum of (X, ¥) is given by 

(ay, ys) = (i,j), (G0, 1, 2,70, 1, 2) exoluding the points (3, 1), 
(2, 2), (1,2) with corresponding p.m.f. ps=P(X—s, V—7}, where 
Poo “58 Por ™ P10™ 8: Pos “Pao BBs Pir “Ht: 

From the row sum of the above table, the marginal distribution of 
ZX je as follows : 

The spectrum of X is given by e;—i (§—0,1, 2) and p. mf. is 
given by 

pz, ~P(X=i), (60, 1, 2), where peo 35. Per “33, Pos ~ HB: 

Bimilarly, the spectrum of Y ia given by Perio ah usd 

p.m.f. is given by 


ys P(Y= 4), (f-0. 2, 9), whore pyo 38, Pys 38: Pyro 


Finally, (X+¥Y > %M-p11+poatPaorvstvet vent: 
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ent/without replacamant 


Gnd 4 reg balis, Let 
€8 lor Q 


3, Two balls are drawn with replacem 
Xe urn containing 2 white, 9 black 
je, 9) be tha random variable taking ily 
all grawn on the kth draw is white or non- 
{he pof (Xi Xa): 


' Bccording as 
Find the joing 
marginal distrs. 


white, 
Deduce the p. m, f. for the 


me a : 

| ian of X,andXq. Find the conditional distribution of X, on 

¥ pypobhesis X.-1. | 
Case I. With replacement. 


ho speotram of the two-dimensional random variable (Xi, Xs) i 
(x4. vs) = (3, 9) 1,0; j~1, 0), — 
It pu PUXs i, X35), then 
Poo™ P(X, =-0, Xs =0) 
=probability of the ayent that both the balla 
drawn (with replacement) are non-white. 
-{x{fe 1s: 
similarly, P10 = P(X = 1. Xa 0)—§ x gaye, 
Por ™ PAX, -0, Xa-1) 8x ims, 
Pas (Xi —1, Xa 1) -¥x gaye, 
The p-m.{. for the two-dimensional random variable (X1, Xa) 
slog with the marginal p.m.f. for X, and Xz are shown by the 
following table : 


Henoe the marginal distribution of X, is given by 
Xi =i (§=0, 1) 
wh p.m.f. given by Pz, ,7 P(X, =1), where 


67%. h.. 97%: 


o 
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=} be th 1: 261 
and thatof Xs is 5. ue 4 be he probability of @ , 
x.~j, j=0, 1) BS shree children. Let X bea tists smale birth in g 
ith prob fis as p,,;7PiXe =i) where . f jamale child in the first two birth, rs Me denoting the 
with probability masses Pg, ; : f : : th 
oe gid iia [ote ae Find tha joing detest i aj 
P2907 p,.7h ye pension random variable (X, Y), the hiektad sn: ution of the 
lacement | ot pent # =1). Miributions of 
Case II. Without replacemén’ s¢ —— 
: _ pry. <0, Xa O)-$x fads spectra of the two-demensional random variabl 
In this case, Poo P(X1~ 9: 8 i qb Gj, fe 0.1, 95 F=0, 1,9) 0(X, Y)is 
por? (X12 0) Xe~1)~ a T7¥5, (eis yo » “) excluding (0, 8) ang (2, 0). 
piot P(X 1 X,=0)—§X $— 45, , robability masses at different Spectrum point 
= PIX, al MeeVee reads. tb bability masses of XYand Y nts along with 
Par grpial PFO are given by the follow! 
6 ag 


Hence the following table gives the p.m.f. for the two-dimensio sat 
random variable (Xi, Xs along with the marginal distributions mM 
0 


X, and J: 


Incase I, the conditional distribution of Vy on the hypotheaj, 
X_—1 is given by the above table is obtained as follows: 
- 2 sigs: the gration “ be ened a8 Bernoulli trisla with n=3 and 
z,1 gith probability of success’ p= +, where ‘success’ represents a female 
girth. The corresponding event space contains § outcomes 
(u af, WM), (ML Fi, AD, (Mf, MF), (00 FF), (F, Mf, F), (F, F, 2) 


In Case II, the conditional distribution of Y. cn the hypothesis, (nF. F) (F, M, 3f), where F and Jf represent ‘a female birth’ and 
Xa=1 is given by : male birth’ respectively. “ 


Pir 


ri 3 
$.6-. Por ™ 4 P01 = 7 Pane 4pir -. 


Pir 23 Thea the event (Y=1, Y=1)={(ar 
2 j , Bo th t . ‘ F, MM), (F, M, 
Pajr Pet 7 Pia 8 urel, Y-D=d=t: ) F)t, and so 


the event (Y=1, Y=O)={(F, Mf, Af}, and P(X=1, Y=0)=}: 


‘ comme 1} a 1 
° 1 '’ af. a-- 1 ast o 
7 7 q Pi" (X¥=0, Y= 2) ia an impossible event and co on. 
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The conditions 


by pom fe PH 2 7, Qpaj 


. Ay=3| Xo1)— Spi“? 
‘onal random variable (X, Y) has the *Pectruy 


{wo-dimenss 
Ex. 6. A 8, 4) and tha joint Probabititi, 


(eqs vide (is 3) (20. 1,9, 85 Fs 9, 8 
pis are given by © 
p= AX=6. yoj)=c(8s 
Find (a) the value of ¢, 
(b) the marginal distributions of X and Y, 
() P(X >2,¥< 8), 
(a) P(y=2| X=3). 
Alto examine whether X and Y are independent. 


+4j). where ¢ isa constant. 


(a) From the necessary condition Dpij = 1, we get 


¢ > Soiree 


i-o j=l 


8 
or, © 2 (Si+443i+8495+12+356+16)—1 


=n 


or, ¢ ey (191 +40) = 


t=-0 


or, ¢(40+124+40+24+40+86+40)—1. 


5 nelle 
e233 


(6) The marginal distribution of X has the spectrum given by 
r, =i, (i= 0, 1, 2, 3) 
and p. m. f. is given by pz, = P(X=-2;), where 
4 4 
1 ‘ : 
Pei - D0" a 2, 0i+4) 
ge. =) 


sas 5 .! ; a 
339 (126 + 40) a8 (8¢+10), $0, 1, 2, 3. 


Dive 


Ngy 
orginal distribution of y hx ‘ie On ate 


8p 
Ga =1,9, 8, A ectrom given by 


‘a probally ONES Fos TY yi), where 
H 8 

‘ Zz 
py) 939 


ae yids 


(35+ 4i)- ~ ga (18+ 16) 


| (c) posrenS Sn 


Pi j<s 


“mi, Say 


i>1 fun 
| “a9 > Git4+8i+04 
i>, 3i +19) 


} . 1 8 
"933 a (91+ 94) 


t=3 


1 
232 (18+ 24497494) 88 


P(X=3, Y=9) 
P(X=3) 


1 
_ Pas _ 939 +8) 


(@) P(y~2 | X=3)= 


aif. 
Peo 19410) 7 
We have Pis™ gag +e) = ei "Par Pya “i57 «Te 


wthat pis P21 Pys. Hence X and Yare not independent. 


Ex. 6. The joint distribution of (X, Y) is defined by 
FX=0, ¥=0)= P(X=0, ¥=1)=P(X=1, y=j)= =}. 
(i) Find the distribution. function of (X.Y) and the marginal 
| distribution functions of X and Y. 
(i) Examine whether the point P,(-%,0), Ps(0; 1) are points of 
wntinuity of the joint distribution function F(z, 4). 
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The joint diatribution of (X.Y) is a8 follows : 


he spectrum points are 
. rs y)=(i, 3); 8=0, 1 and j= 0, 1 excluding( 1, 0) 


with p.m. f. pa = X= 8, y=), where 
Poo™* Poi et. Pust 


y 


oO 1 “xv 
Fig. 6.10.1 
The event space ia shown in Fig. 6 10.1. 


(i) The distribution function F(a, v) ia given by 
F(a, y-> >, pig 70 for 2<0 or y<0, 


s<0 j<0 


- Fley)= > D>, Pts ~Poo= ts for 0<2< 0, Oc y<}, 


i>0 0¢j<i 


Fiz, y- > > Pi™ Poot Por™4, for,.0<2e<1, l<y<0 


0<i<l1¢j<oo 


Fle, y- > > I= PootPortprii@l, for r>1,y>1. 


t>1 j>l 

0, for2<C or y<0 

t, for0egr<m, 0S y<l’ 
#, for0<r<1, 1g y<@ 
1, fore#>1, y>1. 


The p. m. f, of the marginal distribution of N is 
Peo 4, Pe =, a 
she spectrum of the distribution being given by 2, =1, ¢=0, 1. 
P ‘ | P 


Thus, Fle, y)= 


‘ 
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jlowing table glves the joing dletrib 

gbe fo ution of Xs a 
x | : nd Y, 

po oe. PIY;) 

0 t 0 “i - 

1 é ; 

pix-i) | 4 ; | = 
grep m.f. of the marginal distribution of Ye — 


= 4, Pyi=4, the spectrum of th 
fyo ® distribution being gi 


qhe distribution function F(z) is given by Fale) (9 for e<o 


= i ford<r<y 
1, for z>1. 
ghe distribution function Fy(y) is given by Fy/y)= (i i ae 
1, for yo 1. 


(i) Now, Li Fie, y)=0, since Fle, y =o 11 <0 or y<0, 
y-0 


Again, F(-%. 0)-0. Hence F(z, 
ja point of discontinuity of F(z, 
nbile FOO, 1)=3. 


v) is continuous at (-4, 0). (0, 1) 
v) because for =<0, Fiz, 1)=0, 


Br 7. Raindrops fall at random ona square R with vertices (1, 0), 
(0,1),(-1, 0),(0, —1). An outcome is the point (x, y) in R struck by 
sparticular raindrop. Let Xiz, y)—q, Y(z, y)=y and assume (X, Yj 


hs uniform distribution over R. Determine the joint and marginal 


ditributions of X and Y. Are tha random variables X and Y 
independent ? [ O. H. (Math.) '31} 

Here the two-dimensional random variable (X,Y) is uniform 
wer the region R, « square region of area 2 square units, having 
Tartiees (0,1), (1,0), (0, -1) and (1,0) (Fig. $10.2). So the 
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probability density fanotion ° 


given by 


Fig. 6.10.2 


, it(e eB 
fle, n-{ : elsewhere, 


Marginal density function fala) of X: 


Let O0<a@<1. Then fu(e)| fle, y) dy 
=O 
j-x 
-| 4 dy=1-2. 
gl 


Let -1<# <0. Then pale) | fiz, y) dy 


atl 
P saris. 
~-xe-l 
Hence the marginal density function of X is given by 


(1+, for-1<2<0 
fyl2)= 1-2, for O<2¢<1 
| 0, elsewhere. 


nt distribution of X ang yi 
8 


, ar<L¥<i-{ [x 


pistaIBOTION IN MORE THAN. onip D1 
MEN5I0 
N 


y the marginal density function of yj aby 
6 


jor ¥" 
gio! pity for -l<yeg Biven by 


ai?) em 


0, elsewhere, 
A 1 
| ge Am nA fx'2) frlv). Xand ¥ arg dependent 


| gis? ts 40 
rhe joint distribution of X ang yp 
ps sriangle with vertices (0,0), 4g 1 Miform 
aif (2, 0) ver the 
yp ation of (Xe Vand PX< yey (9). Fina y 
pin abo probability density function of ¢y- 5) 
6 18 Biven b 


’ 
fiz. v-{ title yer 
0, elsewhere 
, the interior of the triangle of 


ye 0), (2, 0) and (1, 2). 


‘Area 3 Square 2 
Un 


(1) 


a 


O (9) (1,0) 


(2,0) x 


Fig 6.10.3 


1 1 


2, y) dz dy, the region of integration 


200 =30 


being the shaded Portion of Fig, 6.10.3 


bai)ees|({ se 


. 988 MATHEMATICAL PROBABILITY 


Ex. 9 4A random point (X. i) dk aelpoeenty distributed Over 
cireular region a2 +y*<a". Find the marginal distribution, oF & . 


I ad : = a 
Yand the conditiona} distribution of Yassuming X=—a, wher, le nd 


l <q 


The two-dimensional random variable (X. Y) hae the densi 
y 


function J(@, y) given by 
fivpened 


fimvs)= ny elsewhere. 


Fig. 6.10.4 


The marginal density function fx(z) of X is given by 
- Nataae 
fa(z)= j f(a, v) ay-| 4, dy 


ee = Jet—z0 
/ 


= 9Va*—2* 
na® 


’ [a <a. 


2Va*— 2", -a<a2<a 
se dz (x) - | na*® 
. 0, elsewhere.. 


Similarly the marginal density function fr(y) of Y is given by 


2 Jay", _ 
tviy)= om Ld a<y<a 


0, elsewhere. 
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gv bypothest 
> i 
Fae ee Bre 
frlvie) "4, (@, aVat— ay! ~ Var 
0, The density function of g — IS 
gt 


if 20<r<_ 


f(t v-{ 0, elsewhere” = 


ind (8) tha marginal density functions of Xa 
(ii) the conditional density function Ki nd y, 
gonditional density function telvla) of . z| v) UX vise Pas 
Gi) PY > 41 X=dang py y ‘i ini X=z, 
(i) The marginal density function 7, i). 


gis 


a 1 
aisle | fiz.) a= | Qdy He, v~{ 9. for dcp 


= (1-2), 0<z<], 


.ailatly, the marginal density funot: 
similar Uction rly) of y ivsi 
3 Blven by 


y 
fry) -| fla, y) dx -| Qdz=Qy, 
v 


=o 


0<y<), 
= (1-2), 0<2<] 

thas, fx(2) { 0, elsewhere, 

84, 0<y<] 

0. elsewhere, 


rf ’ 
(ii) frlvla)= Pinte pig 0<e<ye), 


snd av { 


ie, the conditional distribution of Y on the 


ane hypothesis X= ig 
qojiorm ’ 


Again, 
fel NAB MAL o<ecycy 


wi so the conditional distribution of X on the hypothesis Y=y ig 
niform in (0, y). 
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eo 1 
ee ar 
(isi) PIY>t| xen-| fry | #) ay | pan} 
¢ 


PIX>4| r-a-| pery 
t 
Ex. 11. Let X be uniformly distributed in (0, 1) Gnd J, 
conditional distribution of Y on the hypothesis X=@ b, UNG fo “t th 
(0, z). Find the distribution of the two dimensiona} random = 


4X, Y)and the marginal distribution of Y.- 
The marginal density function /x(2) of X is given by 


1, forO<a¢<1 
elsewhere. 


in 
Paring), 


dx ‘g)= 1a 
Also the conditional density function fr(y| x) of Y, given Fey 
ig elven by 


(i, for 0O<y<@e<1 


fr'y |2)= 4 0, elsewhere. 


Since f(x, y) —fx(z) fr(vlz), we get the density funotion of (Si ving 


(Lo<y<e<1 
\o 0, elsewhere. 


S(z, y)= 


Finally, the marginal density fonction of Y is given by 


oo I 
srlu)={ sles w dem{ 2aemtogho<y <1, 
—oo y 


= = — log Yi 0 <¥ < 1 
i.e. Sr(y) { 0, elsewhere. 


Ex. 12, Let X. Ybe tworand)m variables, each having spectrum 


(- 2, ©). Ifthe conditional density function of X on the hypothesis 
—z*y* -\y? 
wie and the density function of Yis 1s 


Y=yis . then 


prove that the density function of \ is way 
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6a , conditional density function 
“Wt Is given by 


MI Sa(ely), Biven po 


Pa 
frelv~ sa 
—<y <0, 
ibe marginal density function of Vig 
A*y? 


f= ° FSS 


vo~Srly) fx(z] 
ginve fv) —IxWW) fala “ re Bet the density fonction 
f(z. y-2 ly le 2 O' +2) of (X,Y) as 
ie: Say< co, 


. the marginal density function of 
4 * ia then 
Siven by 


pier | f(z, y) dy=* at Ina Fee 


0 
uAs_ — ("+27 - 
=a | ad dy+ | ye WAt+ar) 
a) 3 ay} 


co 
-2/ gM i+) 
ns ; v qd 


A 
“ae +48)' 8 Sz <o, 


= 4. 
ale* + 13) Jen dg 
0 


Br. 18. The joint probability density functio 


n 
mristes X, ¥ is given by of two random 


6-7-y 
g ‘9<2<Xacyug 
0 » elsewhere 


fle. y)= 
Calculate the following probabilities : 

@) P(X¥<1,¥< 8), (6) P(X+¥< 3), 

() PX<1[Y¥=3), (@ PIx<1] ¥<g), 


The marginal density function of Y is given by 
3 


Srly)= “| 4 y) de 3 | (6-a2-y) dem acy <a, 
0 
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Hence the conditional density function fz(zly). given Y= vay. 
4), 


is given by 


fle») 3(6-2-9) 26 6— e779, 0<e<gQ, 


(a) fx(ely)-—=) fr(v) 1(5- —y) 


PX<1,Y< »-{{| Se, ») av} dz 


~af{{ (6-2-4) dy} d 


36 - 36-v) 


{ (7-22) da=#. 


1 
=r15 


yh 


Oo. (1,0) (2,0) Ce ey 


Fig. 6.10.6 


Fig. 6.10.6 
@) P(X+Y<3)= PY < 3-X) 
1 $-% , 
“\{) J(e, y) dy}, aa 
°o 


1 


all 


o 


38= 
[ (6-2-0) av} de 


1 


-af gr +7) den se. 
| 


pISTBIBUTION ] TN MORE THay ONE p “L 
MENS he 
10n 


pixel y=3)= | seer 8) 
@) Yr) dg, 
1, 6-2-8 
- 8 
“Tat dee 
a = . H0-ncag 


aw A(X< 1 
cil y<aehts Ly< 
a p(x 1| ) PY = re 


Now: p(y <3)= [S52 a, 


gnd 8° P(x<1[Y< 8)—b ns, 


14. Suppose (X, Y) is unio, mly distributed op, 
secandz—4. Find the Joint distribution - z 
and Y 


Fig. 6.10.7 


Here the density function of (X, Y) can be taken as 


» (eR 
f(a. ”)= “(0 0, hia 


mhere Bis the shaded region shown in Fig. 6.10.7and 0 is constant. 
Then from f f f(a, y) dx dy=1, we get 
BR 


() | lacy )apen Orde 
\(Jo ae) dy=1 or, a} y*) dy=1 


MP-18 
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74 M ATHEMATICAL PRO NE Dy ; : 
64 nd ( a) the value of CO, (b) the margingy MERSIOy 275 
i joint distribution funce: ity functs 
<3,Y¥< es \ Ha, y) dy} de y the J : ton Fie, tions of x 
Now, P(X : } an } f . tg | wv)» Are X and Y independeng ¢ (a) AX+ye 
a 5 Ss ta) JE: co oo iF 
- -3 V3, Siz, y) dx dy= 
“| Je de 16 (a) From i. i" iia % dy 1, we get 
. $ rd 
Ex. 15. The random variables X and ¥ have the joing deny, C {J (Qa + 5y) ay\ dz=}, 
; v 
Junction 6(1-e—v) for e>Ov>Qrty<y o 2 1 
fle, y={ 0 elsewhere. *. OnmYog: 
Find the marginal distributions of X and Y. Arg x and 
independent ? (0. H. (Math,) 83, e) 
y 
(0,1) 
Fig. 6.10.9 
oO 1.0 x. : : 
_ 0) < (b) The marginal density function of X is given by 


Fig. 6.10.8 wa 
- 1 . + 
The marginal density function of X is given by fx'a) = 108 | Pe 


co lox 
sale)=| fess) ay= } 6-2-1) dy. 0<e <1 . 
Sas | -o5 \ (Qx + 5y) dy 
=3(1-2)",0<#@<1. ae 2 . 
_ Similarly, the marginal density function of Y is given by = as (42+30),0¢2<3. 
fely)=3(1-y)*,0<y<1. 10 _ 
Since /(@, y) & fx(e) fr'y), X and Y are dependent. The marginal density function of Y is given by 
3 
os 
Ex. 16. The density function of the two-dimensional random 1 a { (92+ 5y) de 
variable (X, Y) és given by f rv) 198 | f(a, v) de 108} 
=—COo ‘ 
_f Otet+5y), OS eS 38, 2K y<K4 
fle, v) { 0 »  elsewhgre, - aa (9+15y),2<9 <4. 
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(c) ‘The joint distribution fanction F(a, v) is glven by 


Fle, a={ | fla’, v') de" dv" 


-| ({ 1 (gp + 6y') ay'} ds 


108 
1 
“a6 


= Fy (y—-9) (6u +16) 


age a(et 15) 


y— 2ae+5y + 10) iOS e< 3, yey 
rOge<3y>4 


0 if ¢ <0 ory <Q. 


=1 


ifco>8,y>4. 


| (a) — 3)= Lf ds (20 + By) ay \ ae 


[e) 


1 
| (er - 960+ 28) da 


rl 
ie 
a 


° 


= 
' 
t 
I 
f 
{ 
b 
r 
t 
t 
4 
' 
i 
I 
I 
J 
J 
t 
! 
t 


O (1,0) (3,0) 
Fig. 6.10.10 


TION IN MORR gy) 
i ® Dien 
Eloy 


fle. v) : o7 4 
jel 9 x) . Ma 
é L 
| a x08 P2* 50) wm 20+ By 
A. (94+ 9+ 15y 9<e 
08 (9 + 15y) ) <3, Ivey 
fla yA fal) 7 rv). 80 X, ¥ arg dependent, 
ger he joint density function of Land Vis oj 
6s" 1 , ko + y)s jor 0 < o< 1, 0 w Oven by 
fle: y-{ 0 , elsewhere, v<1 
: I k, (b) the margy . 
the value of ginal density ; 
pin ee conditional density functions frly| a wep ne and 
ld! ae distribution function Fay | a), (¢) pr) X-y| Pape 
cond co 
prom | ( fiz, y) dz dy=1, we get 
(a) 50 =00 


11 
\ | ke + y) dx dy=1 
oo 


a (4+) du=l. 


‘p) The margical doneity function fy(2) is given by, 
( es 
falz)= \ f(.¥) dy 

1 

-| (ety) dyaath O<e<l, 

oO 
Similarly, fy 
(ce) The conditional density functions are 


iyyeyth, Oy <1. 


flav) aty, 
fely | z)= feist) ots 0 < af 


torany fixed 2 (0 <2 < 1).and 


_ ie: y) wert, O<@e<l 
fe'a| v) fey) ytt 


_ forany fixed y (0 << y< 1) 


278 MATHEMATICAL PROBABILITY 


° 

prennrBOTION IN MORE nay ee 
Dine 

(2) The conditions! distribution function Fry | 2) is Riven it he, probability density NBI0y 


gs we sable (X: ¥ )i8 given by “nection. op 479 
Fr(y| 2)= if felt | a) at ’ 


at <7 
“dite . 
yt Katy). z> Oy S Mtiongy 
la fer y) -{' 0, elsewhere, Naty <9 
¥ ye p(X <1. ¥> 3), “ 
ea7,, "9 _gnond 
dim—yy (OS v<1 nt ie 2 ils 
oi 4 f fle. y) dx dy=1 eives| | Me 
* acts | cd ot *¥) ay} ae 1 
=(, elsewhere. a 
(e) We firat find P(|X-Y|> 4). . x (4-e) dent, 8 
Now, P(|X-YI>%4)= SRL He 2 > SEES Esgess ofr 24 
(*. |X-Y| > 4 implies, X¥> y, eae J, 
cr, a < Y, ye X34 ’ 
= P(X, y)e Ri U RBsh, 1) (0,2) 
o Gi 3 
Fig. 6.10.12 
slow, aAxX<1Y> 4) 
«pix, XIE R} where R is the shaded region of Fig. 6.10, 
v (4,0) (1,0) * — 1 
Fig. 6.10.11 3 | {| (a+ y) dy} dz~ 3, ALS 42-477) dre #. 
o 4 0 : 
where R, and Rg are the two shaded regions, shown in Hig. 6.10.11 ae 
1 x=} ; 1 pr. 19. The distribution of a two-dimensional random variable 
-| {J (e+) av} de + { (x + y) av} dz (, Y) is given by 
“ iia | alee ro 
1 i 1 fey 0, elsewhere. 
82? 2? = oo 
~| (PF -2+8) 20+ | (-g2*+5) dong sna 
4 0 


Find (a) the josnt distribution function, (b) the marginal 
litribution functions of Nund Y, (c) P(X=Y:, (a) P(IX+Y< 4) 

PUX-¥1< 2  PX> 1), (f) PX <Y), (g) Pa<XrY < d) where 0<a<d 
Since f(z, y) A fx(x) fe(y), X and Y are dependent. fon also that X and Y are indégendent. 
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a . 


(a) The joint distribution function F(e, y) is Biven ‘by 


P(e. jel ff fey’) az'} dy’ 


=cc =0O 


selene 


=(1-6"X1-e7%), if ¢ >) 0, v => 0. 
-e” 1- %), if z > 0, > 0 
F(z, »-{" — ¥ | 


0, elsewhere. 


{s) The marginal density functions f(z) and f,(y) ara Blye 


i by 
(2) | fie. y) dy= | ee dy=e",2 > 
0 


-co 


and friy)=e"", y > 0. 


4 4-x 


{ . Fig. 6.10.14 
(ec) P(xX+Y<4)-P(IV< s-x)-[e* | oY dy? de 
y =Ppa-xX< Y< b-X)=PUX, Ye R, U R,), 
(0,4) 4 
(0,5) 
SSS 6.0) = 
O (%,9) = (4,0) x 


Fig. 6.10.18 


ao: 
a 4 
=| e*(1 ~ o-t48) dz= 
o 


4 . O (a,0) 
e-* dz—- | e7* dz 
, 


Fig. 6.10.15 
—4e~* = 1 — 5e~*, 


(b,0) x 


where R, and Re are ths ebeded regions shoan in Fig. 6.10.15 
a b—x b= 
i 


-for([oraeerfen (fora 


a-z 


yareBMATIOAL PROBABILITY 


i P [concen | (1-0) az 


9 


982 


b 
wgere-e)t | ("= an) de 


-o_ ae"? 
gore aol 


nyt ati—e (+b 


Since f(a. y) = fsa) frlv) for all 2 
are independent. 


Ex. 20. The density 


(X, Y) és given by _ 
pylety, 0<#S1L0GVC1 
tn v={ v 0 elsewhere. 


Find (a) the value of k, (b) the marginal density fune 
andy, () PACKS EESY SM CD Salelv) Hofula) 


oo oO 


(c) From | j f(z, y) dz dy=1, we get 


00-00 


1 
| key(aty) dx dy=1 
o 


fat 


(6) Aa(a)= \ fie, v) dy 


=00 
1 
-3| zylety) dy 


° 


=g2°+2,0<¢r<1. 
Similarly, fely)= $y? +y.0 Sy <1. 


y, the random variables Xa 
nd 


unction of & two-dimensional random variay 
Ie 


| pIsTRIBUTION IN MORE THAN ONE nidina 
; ION 


@ pace <htsV<s) 


% 
-3| { \ cy(a + y) dy | de 
4 3 


P 
a! , 12) gp S11. 
-3| (G +a) de 3456 

, 


Se. v) _ Sevle+y) Bule + 
(a) fev l©)" Fe) ge* +e - pet, O< yc. 


Gala + 
gimilerly: fx(zly) = ee 0<2 <1. 


fla. y) =k 1-2*—-"*), 0< a2+y? <1, 


Find k and the marginal density functions of X and Y. 


Fig. 6.10.15 
am 


From | fle, y) dx dy=1, we get 


xc 


983 


k If (1-2? -y*) dz dy=1, where B is the circular regio 


Vx. y): 2? +y? < It (Fig. 6.10.16). 


yATEEMATIOAL PROBABILITy 


984 
to 
mransformine nae |e: y)|_ 
yor sin 0 go tha ar, 6) | r, We Bet 


polat co-ordinates, ' 


e=ur cos 0, 


if fa-nor® don} 


. pee 
or an bg) 7 ae. 


a2 fie, v) ay 


Now, fx't 
ooo 
2 (1-2%-") av 
ares 
23 {s1-#") #5 (a- -e} 


~8(1- etl" -l<e@<l. | 
8n ! 


8 5 _ 

Similarly, friv) 9, (1-v'] r-l<y<1. | 
Ex. 22. The density function of the two-dimensional vag 

variable (X, Y) és given by 


+ ,o<2e1<10< 
fie, y)= Hage byte ; lala 


, elsewhere. 
Find the marginal density functions and P(t < Y < 3|} <yo, 


The marginal density funotion /z'x) is given by 
1 


sale'~{ fie, y) dy -| (8a*y + Sy*x) dy 


8z 
“gt for O<2< i. 


8 
Similarly, tly) = 22 + y, for O<y<1l, 
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285 
4<V¥<tlh<x<n ; 


gber 

ge tet 
4 3 : 
\{ { { f=») ae} dy f {| (sey+5,1 t) de \ay 
$4 ai 
a" E 

panes \( iF +e) dz 
j (ay +182") 

€ 
ae 

128 


The density function of a two-dimensional random variable 
_2aryt+y? 
2 


EX: 23. 


iy, Yi Sle y)-Ge 172 <ay<e. Find O and show 


1 the marginal distributions of Xand Y are both normal (0. at 


ow also that the conditional distribution of ¥ given X= is norma: 


ths 
sh 
(3) _ 


From | \ fie. y) dz dym1. we ge: 


6.10.1 


We now put z7y7 5" Then 


o-$ 


ay-| ¢ 
Pd 
‘3 P-3 


7’ 
2 


dz. 


so that, proceeding to the limits P>- @.Q—->~. 


qHEMATIOAL PRO 


ud o os —_ 
oa i ds™ / On 


From (6. 
fv] —%a" 
ova * mt 
, =O 


Hence proceeding fo the limits P>— —, >=, wo got 
7 —$z? = - 


{ 1? tangle e3 dba Tg Vin 
*. From (6. 10.3), we get 

: V3 

0 8 Qn bs 7h $.605 aaa a 

I density function of X is 


Nowjthe marginal ¢ 
, _ 0 =(gt—eyty’) 
fie) 23 é . dy 
—fat@ fy _ 2)” - 
5, 8 | e a( 5) dy 
~82? 
= Van 8, by (6.10.2) 
9 a 

in sg er 

Vin 2» 

“M8 


BABILITY AND STATIGN 4 
8 


fev |e) 


“Now fiz, y)20 for ait z, y implies K4+1>0,i.6., 


. DISTRIBUTIO 
N IN-MORE TRAN Ong DEMI | 
NBION 


gimsilarly. . fr'y)= 
on 17 2S y< oo, 


v3 


gus both X and Y are normally distributed with pa 
rameters 


Again the conditional density tunctig 
0 fz(y|a) of Y, 
> given 


is given by 


J, és a aeyty 
fit 4) dn’ 
fx(2) a 


12 ly< a, N 


Ex. 24. Let fiz, v={ Cly ah As i y<l 
» €bsewpnere, 


From | | fe, y) dz dy=1, we get 


if Cly-2,* _ dz=1 


1 
Cc : 
0% Ty j (1-2) tae, 
C=(x+1)x +3). 


: x 
. fay aren? 0<e<y<l 


287 


0, 75) 
X"2, 


which shows. that the conditional distribution of Y, given XY 
' n X=2, is 


zorne! (2) 


a>—lora<cnk. 


yaTicAL pROBABILITY 
F303 
988 gai ensity function, we muat i” 
ae or aca 
Hence on aie : 
wo (X 
wy weeny fe" 
=o } 
a) ay 


ytlo<e<l 
, elsewhere. 


tl o<y<l 


) a 
(+a) , elye where. 


gimilarly: felv={ : 


dependent rando 
al ( -a: a), 


mvariables Xand Y be each unis 


Bis or 
then find the distribution rly 


my. 26. Ifin 
SEx. 2 oF ty 


sistributed in the enter 


xey, o) SY oe te) 


(1,0) = 


0 (x,0) 
Fig, 6.10.17 


(a) Xand Ybeing eAch uniformly distributed in (—a, a) their 
density functions /,(z) and fy{y) are respectively given by 


| 
felt) = {ge “a<2<6 
0, elsewhere 


1 
and flue foe 8S <4 
- 0, elsewhere. 


f 
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, 7 inf BAS yy 

aio? y'and Yare ereeeat Abe density fanotion of\(X, Y) is 
Jars (oo 4a*" WO SS Sai “any<a 

iver by O , elsewhere, 

we put Umxty., V=xX. 


[on terms of real variables, u=e+y, gmp, 


(uv) jl 1) 2 
+ Olay) |1 0 —1<O forall z, y.. 


Fig. 6.10.18 


Hence,if fr, v (u. v) be the joint density function of the random 
variables U and V, then 


So, v (u, *)=Sar-y (X, 9) - 1 
=x (x) fy (y), X and Y being independent. 
qe it -a<x<a,-a<p<a | 
Le, if -a<v<a, -a<u-v<a, 
It is then evident that as the point (x, y) varies within the 
square region (in the xy plane) having vertices (-a, —a), (a, —a), 


(a, a) and (—a, a), the point (u, ¥) varies within the region in the 
MP-19 


1 ABILITy 
ATICAL PROB 
- - = ad 
s v= 4, e a,v=q an 


ity function of th 


290 by the line 
ability dens! 


‘yy plane pounded ‘ob 
Let fo (u) be al 


yariable U. 


re, 
8 


tags 


ee oe 


fs 


ss§S 


Fig. 6.10.19 


Let -2a< 0 < 0. 
u+a 
1 gt 
Then fy w=| Zat“” “4a* 
-6 . 


Let 0<u< 28 
6 
1 ,_2a-u 
Then So w=| iq aa 


u-@ 
Thus the density function f, (u) is given by 


ut+2a _wm<u<0 
4a? 


fo (u)= , 
a-u 
Ga?’ Ogcu< 2a 
(b) We put W=XY and V=X. 
In terms of real variables, w= xy, v=. 


Then 2'% "| *|.. x which changes sign as x varies i 


0 (x,y). |1 0 
the interval (—a, a). We.therefore,proceed in the following Way: 
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if Fe (w) be the distribution function of py 291 
Friw=P(- 9 < WK wero, “ oa ) 
< w). 
Gi 
Gy 
y) 
YY 
V/ Yj — 
_ 
(a,~a) 
Fig. 6.10.20 
' Let w> 0. Then Fulwl= ff SX, y) de dy 
. 1 , 
where: R, is the shaded region shown in Fig. 6.10.20 
_w a | 
(fan oes (f db alesfif 
= =~ W) dx + : ( 
a ss dy ld: u 
Lifsha)el abel a 
Z “a 2 


aos {( -w-w log +a? } +4w+ (a?—w tog & —y )} 
a 


a ee re 
= aga ( 2+2a?~2w tog J. 
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yATBEMATICAP PROBABILITY 
292 i the random vari | 
Hence,the density fonction of ° ery Wis ence as i a density function, in thi 
’ ate —_ ep | § Case i . ° 
fe(w)= Fel) Jas ike a? ie | Sow) = 553 log ( -“), _ 8 given by, — 
3 . 
_ log - -w>0. pence the p- d- f. of Wis 
. | 1 F 
=; log (2° 
} folw)= _ ( |,0<w<as 
— log _a? 
2a" -) -@ cwed 
X 
Ca a 
Jn terms of real variables, z=_~, If F - Zi 
(z) b eg dp Sten. 0 oe 
gan otio® of Z, then # e the distribution” 
—_ F,(z)=P(-0 <* 
2 ( s y <2 ). 
Fig. 6.10.21 
Let w <0 In this case, 
Felw= Sf S(%9) dx ey 
RaURs 
where Ry and Rs is the shaded region in Fig. 6.10,21. 
w 
. a : a x 
? 1 1 
Py Frw)=| ( \ ma” ) dx+ | ( | 4a” ) ‘™ 
* a 
Ld 
a a 
1 w 
=da{|(2-2)@+| (a+%) ax} 
-@ _w 
1 
= [{ w+a2—w log ('- 4 
ial (as) ji Fig, 6.10.22 


ee, w Let O< : 

+{0?-+w—w log ( -% )}] z<i. Then F,(z)= ff fix,y) de dy 
if, : RaURs 

a [ hacia log ( -¥ l where R, and Rs are shaded regions shown in Fig. 6.10.22. 
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as ¢ 
é n= {| fix) dy} jae] {7 {|r (x, y) dy} dx gen? we get Fa'(z “a ife>1 
4 
2 oO 
+{ | flx.y) dy} let { | fs y) dy} dx. be 


integrals are successively calculated over the 
ntegration lying in the first,’ secon Da 
of the regions of intes ' d, thi dan 


fourth quadrants respectively: 
v paneal| eset] tebafag 


ary gt 2240") =y2+2),0 <2 <7 


here the four ! 


“il 


Hence we get 
Fa'(2)=3, 0<z<!1 
(a, -a) 


Let s>l. 
y (-4,-4) 
; (-az,a) 
Fig. 6.10.24 


(a; a) 
Let -1<2<9. 


( a, a) — 
his case, F.(z) = Six 
In this case, 1s Is meee 


ghere Re and Ry are the shaded regions shown in Fig, 6.10.24 


Ed 


x 
(-a,-4) -| {| A ») ay} act | { (Fe. ») dy\dx 
(-a,-a) - 8 a - -as o e a 0 
O , a) +| {| ree, ») dy Jar | {\ fiz,» dy} de 
As in the —— 3 _ 
mae 8 <7 Tone similarly find [ Fig 6.10.25 aut = {| a de+| * axt | *\ae+| a dx} 
4a? “3 


ring ff) 


that is F,()=1 < 
: ~itz>1 
~~ 9 4a =, {a%(24+1)-22- i zt 4a%{z-+1)|=3(¢+2). 
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Hence we y -1<7< 0 
F(z)" 4 
Let 2< -1. 


Fig. 6.10.25 


‘Here we find that 
1 a? _a? 
F.l)=g5|-35 | 
it, Feo if z<-l 
or, z£ 42 
4z3 


Hence, Fs (aot if-z<-1. 


So the probability density function 
ee 
— £,(2) of 2(= | is given by 


te)=Fs@)= if z<-1l or z>1 


1, 
Rzif-1<2<0 or O<2z2<1, 


- 
” 
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Ion 


gs. 26- if X and Y are tw 
density Junctions respective}, as 
ing Sxlx)=e"", x 59 
=0 , elsewhere 
and fxlyme™*,y>Q 
=0 ’, elsewhere, 
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independent random vartables 


distributions o 
spon fir ai F(a) X+Y ang ron (bt) x-Y. 


+Y 
ut U=X¥+Y ya_X_ 
(a) WeP xX+¥ 


In terms of real variables, y= x+y, ver 2 
x+y" 
J. “axty and xay 


‘phat is, x=uv, ymu(1 —y), 


a(x, Y) y u | . 
au,y) | 1l-v -u|~—~4< 9 forallx>0,y> 0, 


X and Y being independent, the density fanction of (x, Y) is 
Sx v(x, y mente ty) x>0,y>0. 
Now as the point (zx, y) varies in the first quadrant of the xy 
plane, the point (u, v) varies in the region R of the first quadrant 
of the wv-plane shown in the shaded portion of Fig, 6.10.26. 


Fig. 6.10.26 


Hence,the density function of the random variable (U, V) is 
given by 
So, r(u, v) = em'F (4) ue 8, O< uc o,0<y¥< 1. 


THEMATICAL PROBABILITY 
A DISTRIBUTION IN Morg _ 
\N ONE DIMENSION 


998 
ais f U=X+Yandve_y¥ 299 
: ty functions 0 = : 
Hence, the density Tp t ‘at ems of real variables, y— x+y, y= s 
en by y 
. me F=UV, Yroyl] —y). 


respectively giv 


-t wane", OS Uso ‘ " 
fol= - s (* ) me eam thy nat qWadrant of the x 
0 ies 2 the region of the first quadrant of the: y-plane, (u,-v} 
t.» quel, O<¥< 1 WP pe tines u=0,¥=0,¥=1 (Fig. 6.10.26) © u-plane bounded 
and pivi=| ue . by sie »). _ ‘ 
| x-Y AsO, 9 (us, ¥) & < 0 for all x, y, 
(0) Let y=XtY, we=x-Y- a » the density function of (u, y) eaiventy° 
~ Tn terms of real variables, uxt) = y- . 7 . e y= olen) #1 uray " ; ry 
Us ) = —y)e~ . 
. ou, wre tle -2 < 0 for all x, y. Pa) tm * 
oe a(x, y) 1-l = _1 . : 
Il) Tim) * ghee vin T(L—y)m-2 


The density function of the random variable ( U, W) is given ' . 
_ O<u<m,0<v<i. 


for (th w) tens i i Mal. | the marginal densi 
Hence; ginal Censity function of Ve X+Yis , 


ity function of the random variable wp. fey 
. 1 


Se 
fol) = 7H Tm) ubtmny [via —yymnt dy 


Hence,the dens 
is given by 


So(w =| ye" dueye~’, when w > 0 
Bil, m) | 
: =a eH 4 pita 
=Ti) rim) * 11 
le-% du=ier, <0 “6 ylem-1 
=| je" du=ye”, when w i ent ytinet 
i] et secs, 


and the marginal density function of V=—~ 
Xx 


+y ' Biven by 


Ex. 27. if X and Y are independent y, variates with parameter; 
Land m respectively, then find the. distributions of 


x x 
(a) X+Y and yey’ (b) = 


wn 05 3(L—y)72 ( 8 38s ; 
Flv) rh Tim) Je ytta-1 du 
oO 


= L(l+m) yi-1(] -y)") 


(a) AsX and Y are independent, the density function of peels LBL Ld 
(X, Y) is given by Tl) D(m) 
_ec(74¥) xt gent _vi- M1 yr 
fx, x (x, y) Td) rem * >0,y>0. Bim)? 0<v<1 
We put U=X¥+Y,V=—>+ which shows that U is a +(I+m) variate and V is a , (I, m) 
a variate. 


¥+Y 


a. 
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Y; 
‘b) We put aXt+ Y as 
ms of real yariables, 4 xt); 
in ter 
ss seqgn 1+" 


alts Ve -—_— 


: m variabl ; 
the density function of the rando © (U,V) ig Chey, 
jon-l yh 


given by a 
ee eee 

fos vt ™ FEV LOME +9) . 

| If fil”) be the marginal d 


ie “o ue"! du 
jeg 


-1 
ril+m _* 
“prim (ity = 


a . yao, 
=a, mi ty" 
”. Bil, m) D(l+m)=P il) hn) 
Xx. . 
and this shows that v= is 2 Ba(!. m) variate. 

Fx. 28. If X and Y are two independent normal variates with 
parameters (ma, %x) and (my, oy) respectively, then prove that U=X+y 
iy a normal (m, ¢) variate, where M=Mma+imy, 0? =%_72+0y%, 

‘The density function of (X, Y) is 


aad (x—mz)? 


= 1 _(y- my)? 
Ss, x(%, Fave Cy e Zep? +e 


Ty? p00 <x, “<0, 
We put U=X+Y,V=X. 
In terms of real variables, u=x+y, V=X. 

a(u,v) | 1 1 


ensity function of V, it is then sven 
y . 


s S@ py) 11 0 =-1< 0 for all x, y. 
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pe? and y vary from — © to o, y and v also vary from — &- 


oe eis . 
7). , the density function of (U, V) is given by 
’ 


ae, _W=m—s)Y  (yay— 


(v—m (2 (u-v—m 2 
Now, 70,3 sien ta 


(me)? 4(u=v—mtms)? ,, 


= 200" 20,7 , mM=am,+my 


— ma)? (1 4 20%) 4 (u-m)* _ 2u—m)(y— 
-egeeiets ate Aecat ma 


20,2 
o2 (v—m,)? _ 2(u—m)(v — mz) (u—m)$ 
“oy 20,” 20,3 ¥ a ; 


® 
: a4 =0,%-+0,% 


o3 “4 
2 ap aagT Ome 2 — mal um) +255 (um)? } 


0,3 _ pa 
rr a ae 
o2 0.2 ‘ : 
sao Me ~ oy lu (u-m 
or a a 
a2 _ 72" 3 — 
aaa Mm: 72 (u-m)} ane 
Hence, f » r(u, v) 
_ i a een ee = _oe3 a 2 (u- e 
Hence,the marginal density function of U is given by, 
_(u—m)3 @ “ - : 
fo) = ae, Ig aise 
~{y-m,— "22 u-m)|* - 
_(u—m)2 D ru 
ao : poe | e o8 .- 
, AN 2a V 220 2%y 20 


PROBABILITY 


i dealt 


e 2013 
dy 
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eal “908 
Jar 
in 209, mem: tor 

[hese eee * 

(u-m)3 


1 “Gs, 


"Vv Ino F 
1 g') distribution, the value of th 
Neg 


5 


of; folu™ v2? 
Se (u—m. ] 


—-oaucn, 


tt 


1 _u)3 
W= zee “Fa eo cu< 0, 


o ) variate. 


integral is 1. 
So 
1 (m, 
hows that U is norma 
h sho Yq are independent random variable, 
ea 


Uf Xs 
*O0<x< 0°), then find the 


ase" 
sty function ome Ee 
density function for the random yariable J X,2+X,3 
pendent, the density fanction¢ of (X,, x in 


2, A being inde 
: ‘ (0, 2+ 
Sixsy x3 (x1; xq) =4e1 x3 @ ep '489%1, 0 -< Xi, 25 < &, 


. a_41 
We pot U=v41 Fi*, Py, 
yary from Ot 


whic: 
Ex. 29 ¢ 


having the den 


9 «,uandy also vary from 0 to w 


AS ¥15 +3 


In terms of real variables, u= J X12 +%9?, yd, 
2 


xy Xs 
. ouy) |} whew ~*(14215) 
‘* Bix1,%s) | 4 x "=e 
Zs Xa 
a 141 < 0 for all u, » Ve 


*, the density function of (U, V) is 


tr -u2 . u 
v 1+y? 


= Trl 


»O<uv< ow, 


“eo Ne ae, 

[ a V1 +y2’ * 

—_ 403y 
(T+v2)3 © 


plence the marginal density function of uj 
or V is 


er tach 4y dy 
foW)=ure ates; 


=2y3 ae O<y < ©, 
Ex. 30. The joint density function of the random variables X, Y 
es 


js given BY 


Sx, 7 (%, W=xty0<x< 1 O<y <1 
=0, elsewhere, 
Find the distribution of . (a) X+Ya 
nd 
(a) We put Ue X+Y, v=yX,. aia 
In terms of rea! variables, y= =x+y v=x 


x=), y=n—y, 


Fig. 6.10.27 


As x, y vary from 0 to 1, wu vari 
; Ties f 
ess rom 0 to 2 and + y 
Ow. v) [1 1 
dx,y) | 1 o]7—! <9 forall x, y, 


The joint density function of Uand V is then 
to; Vv (u, v)=(v-+u —y) -1 
=4,0<r<1,0<y-y <1. 


aries 
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Then the margin 


oo. dy. 
foe] fore 


al density function of U is given by 


Then tp w={ u dv=u3, 


uv 


Let o<u<l 


1 


2. Theo fo w) =| u dy = u{2 —u). 


w—1 


Let l<ou< 


e density function of U =X+Y is given by 


2 0<u<l 
fo w={ u2—u), 1<u<2 


Hence,th 


(6) We pat U=X¥,V=%- 


In terms of real variables, u=xy, V=- 


_u 
S. a=89"5 


y 

0- 1 
» ax, Wo =-1L< 0 for ally». . 
** Guy | 2 -4 v 

y y 


As x,y vary from 0 to lou and y also vary from 0 to 1. 


0 (1,0) 
Fig, 6.10.28 
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qe joint density function of U and y jg 
1/_,u : 
fos rio M=F(P4F),0 <u <0 <bean 


le, O<ucy <1, 
aie marginal density function of U is then given by, 


folt\= j (+55) | (+5) a 
=2(1—u),0 <u <1. 


gx. 31. Let (X,Y) have the general two-dimensional normal 
aah ibution, and wernt a linear transformation 
U=(X—mg) cos «+(Y —my) sin 
V=—(X=—m,) sin <+(¥—m,) cos «, 
here May My» Oxy Fy, P have their usual meaning. 
show that U, V will be independent if “’ 


tan 2<= 2P%e Ty 
o,*—-0,8 


We put U=(X —mz) cos <+(¥—m,) sin « 
and V=—(X—m,) sin <-+(Y —my,) cos «. 
In terms of real variables, 
u=(x—wmz) cos «+(y=my,) sin « 
y= —(x—mz) sin <+(y—m,) cos «. 
Solving, X=Mmg_g+u cos <—y sin «, 
y=my+u sin «+y cos «. 
nv) 
a(x, y) 


cos< —sin « 
sin < cos « 


|= > 0 for all x, y 
Hence,the probability density function of (U, V) is given by 


om ly -p* 


es 1 ___1 _flucos «—» sin «)* 
fe, y(u, v) 2no 7} exp| 2(1 —p3) o,* 


Cc 
y vr 


4 (u sin ay cos «)? — 2,4 cos «~—v sin «)(u sin <+¥ cos <I} 
ay 


c 
MP-20 
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‘Of | 1 [,a(costx «: 
or, . 1 - exp lay Perit (Ses siate 
fary (= Ons oyWV1-p" v NI a) 
a, , p sid sin 2%) 4 yy(—S sin sin 2c. sin ym ie 
(OS i are “eye 03 | 
ia _u®__(cos®« | sin, " 
ee em ie | | 
=FatetyV1-P y? sin 2 cos?« eae 20 i 
i 
xan {- aad ee 
ome sin a sin 2« . 
xexp{- aI =o) oF oe 
20) u 


2pF 2 Fy — ; 


Now,if tan 2x= goa oy? 


: 2« 
in 2K ais as — 2900S “* =0, so that the co-eff 
then -——5— OT eey Cleat of 


ne i 

the above scales for fo, r (u, ¥) vanishes, ; 
in Then fo» 7 (u, ¥) can ‘be expressed as fy, yp (u, W=fily th 
where f,(u) isa function of u only amu AM) | is a function th 


onl 
A the joint distribution function Fo, r (u, ¥) of U andy 


given by 


u 


db tu,)=| { | fil fals) ds bdr, 


=| [ Fo) t,(s ds Ja 


-({ fil aff fu(6) ds| 


So we get . 
Fy, 7 (u, =F, (u) Fa(v), for all u, v, 


u 9 
i ; ‘ = Nas 
where Fy)=| f,(¢ dt is a function of u only and Fa=|4 a 


is a function of y only. 


- 
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wrencesls V are independent if tan 2«= 5 Tyty 
Ex. 42. Let X, Y. be independen, varia 


tes each having the 
nsit function ae=°"(0 < x - 02), where a ig ine 


ts a positive ee 


de 
the density function of * y° Prove that the 
rin | variate a +Y 


- ds - 


niformly distributed over (0, 1),. 
th 


We put u=x, V=X. 


In terms of real variables, uns, V=x3 he, x=y, gel. 
.. ‘The density function of (X, Y) is 


Fu, 2 (%, Y=ae- WF Qe xy cu, 


0 1 
a ; y . . 
Now nF = _y 1 ae > 0 for all x, y, > 0. 
7 u = ‘ _ 


As x, y vary from 0 to o, u,v both range from 0 to o. 


The density function of (U, V) is then given by 
So, > (U, v)=fx, x(x. 9) | fe) 


O(n, ¥): 
_a(l +u)v y 
=qtze u * mo 


a2y _ev(t+u) 
ee 


= 
3 


,O<UV< &, 


The aaa density function of U is then given by 


B 
1 
[ ae ~ultn) | yi a +H) dy 


Sa(ui= —é 


0 
a? 


ua Ea {( mer mg 


dy a2 Lt 


uy? Bo: 
|, 
u To 


: ; 
4 Aalto, 
+ | a(l+u) ? 

oO 


, i 
yaTHBwATICAY pROBABIL T 


alt BU +4) tome 
f, {aire " “a 
< u? a(itu) > oe aa a 


a5 aru 


308 iy 


or, fo) * = 


1 
In terms of real variables, 2-74," 


aries from 0 to «, 2 varies from 0 to 1 
As uv 


dz 1 < 0 for all ue (0, ~). 


e —_—_— 


“s du (i-+-u)* 


Hence, the density function of Z is given by 
3 


fs a=fol) | M4 Ja uy? dt 
, =310<2z <i. 


Y 
Hence, Z=y4Y is uniformly distributed in the interval (0, 4 


Ex, 33. Let X and Y be two independent standard. norma 
variates, Find the probability density function of Jf X¥?+Y°. 
Since X, Y are standard normal variates, 4X ?, 4Y? are 
variates. | 
Also $X2, ZY? are independent since X, Y are independett 
Then by Ex. 27 (a) we find that (X2+Y?) isa y(1) variate. - - 
Let Vevy2+ysa, 


Then U=V27 where V=}(¥?+Y%) is a y(1) vaciates 
In real variables we have 


= 72y, 
» du_ 
a dy 3, 7 9 for > 0. 
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So the p- df So (u) of U is given by 
So (n= /2¥ fr (0) 
qnere the p.d.f fr (») of V is given by 
fr (v) =e7", for0<v< om, 
Hence fa (u)= f2y-e e~* ify >.0 
or, Jv (u)=ue 2 ifu> 0. 
go the probability density function of U= Vyaaye aise 
by 


u3 
to (u)=ue »u>o. 


Ex. 34. The random variables X and Y are independent and 
their probability denstty functions are respectively given by . 
y2 
fix)=t 5 et |x| <1 and g(y)mye 2 ,y > 0. 


Find the Joint density functions of Z and W, where Z=XY and 
WeX, Deduce the probability density function of Z. 


. We put Z=XY and W=X. 
‘In terms of real variables, z= xy, wox ; 
that is, x=w, yore. 
Or . 82 
O(z, w)_| ox oO -| y x 


O!x, y) ew ow 
Ox cy 


Therefore 


which changes sign 


So we proceed as follows : 
Let Fz, w (z, w’ be the joint distribution function of Z and W. 
Then F,, w (z, W=P(XY <4W< w) 

= P(XY gz X< W)s 
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310 
> 0. 
t 
ng ; oo f. oe and Y is given by 
The joint B- " ef 


Zo 
independent. J 

w < othen the event (XY < 2,X <w)p, 
¥ < w) happens and so P(XY <z, X < yw) PPen, 


xy <¥) if w<0 


joie if -1<w <0 
=i 

=} [sia wi] 

Also we see that PIX < w)=0 if w< 

So Fay» (4) 9)= a | 

ae it 1 inet w if -l1<w<0. 


-1. 


if of ceca ti we see that OY <2,X<y 


Now, ! 
ndom point (X, Y) lies in the shadeq 


happens if and oniy if the ra 
region of Fig. 6.10.29. 


Fig, 6.10.29 


ooo 
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pencerif gq ceil Sa <1 


o 
pen Fry Ww (z, =| (aioe 


w 
uf pe B 
So Fry w (z, w) aca! —e 2x3] dx 


| if z>0,0< w <1. 
Further we see that ifz >0,w > 1, 


1 1 Pin 
nen F. ee l—e 23 
' - 4 ot V1i-x? ane Je. 


Thus in case I (z > 0) it is proved that 
Fa, 7 (z,¥)=0 if w<—l 


a 
=gt- sin™w if -1<w<0 

ae re —— 
=; +l agli “Bl de, if OS w <1, 


aie 
= | —l l-e 28] ax, if w>1, 
If fz, w (z, w) be the joint p.d.f. of Zand W then 


O°F 2, wiZ, 
Sz, w (2; w)= Oe. wle w) is given in case I (z > 0) by 


fiw (z, ~)=O0if w<-lor -l<w <0 


1 Zz 
ay pes a ue -3,,if 0<w<l. 


=0 ifw <1. 


ae opABILITY AND STATISy 
qIcAL PR 1Cg 
yATHEMA 


f Zis given b 
df. fz (2) 0 y 
a > 0, the P- 
so if 2 2 
2w2 GW. 
e 
fla"; ‘aaa ita -w? 
Now using the gubstitatio® vi-w? iz = nnd that. 
22, 
at 2us 
fe==e ~a\ a8 . : 
7 0 
“ af./2,—¥? ' 
we “5 cs . de 
Cd 
(rasp? >?) 


5 = _2? 
(e" ae? 
qT 


ot* 
a2, yne 2 
1 -F pe 
sina € 2, if z> 0. 
Wf 2n 


It can be shown similarly that 
z3 


Sz Onze e 3, if z<0. 
Since J, (2) can be defined arbitrarily at z=0, we take 


Ss (eae 


Then oP fet e~ $ 7, maocz<c ew and this shows thet 


z=xY has normal distribution. 


or 1 
ihe P° oint (X; Y) in the cartesian plane, then find the distribution of 


x and oO. 
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gs. 35° If a ¥ are independent normal (0, 1) ranccm 
jables and (R, ©) is the representation in polar co-ordinates of... 


Bere X=Rcos andY=Rsin ©. 
in real variables, x=rcos 0, y=r sin 6. 


pere — & S* <P) O <y < ow and0 cc r<em, 0<0<2n. 
ax, ¥) ; 


_ Also, atr, 6) =r > Owhen0 <7< ow. 


“gince X and Y are independent standard normal variates the 


int density function of Rand © is 


= 
fa, © (9) met 


Hence,the marginal density function of R is given by 
2n : 


far=| fa, © (r, 6) do 
0 


,0<r<o, 


Again,the marginal density function of © is given by 


1 


_1if {7,01 
fo= 3) re dr= =, 0 <6 < 2m. 
° 


Lit U=R2. Inreal variables u=r®. 
When 0< r<0,0<u< & 


are Gat > Owhen 0 <r < o, 
dr 


.", the density function of U= R? is given by 


fo (uw =f,(1) \S lane? T0<uce, 
‘ 
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-Ex. 36, X,Y are independent random variables having di 
Junctions given by MSity 
1 x 
fel = 5 ifx > 1 


=0, elsewhere 


and fr(y)=1, fO<y< 1 
= 0, elsewhere, 


respectively. Find the p.d.f. of X+ Y. 


Let U=XY+Y, V=X- 
In real variables, u=x-+y, V=. 


a(u,.v)_ [1 tf__ . . 
s any 1 = —1, which does not change Sign. The 


probability density function of (UV V) is then given by 


forty way lifx>L0<y<! 


that is, for v (u, =a ify>1,0 <u-v<1 


=0, elsewhere. 
- Then the probability density function of U=X+Y is given by 


folu)=| So, v (u,v) dv. 
i 


Now the region where fz, r (u, v) #0 is the region 
R={(u,v): O<u-v<lvs 1} in the u—v plane, shaded 
in Fig, 6.10.30. 
u 
Let 1<u<2 Thenly w=| 5 
Al 


dy=1- L 
u 


u 


Lett 2<u< » Thenfy =| — dy 
v u 


e-1 
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i ity ENS 
p the required density function OU is 6 len 315 
; Iven by 


jl-—. 


gbe 
W if l<ue 


fo w= 


uu-1y f ¥ > 2, 


Fig. 6.10.30 


ps.37- If X, Y are independent Poisson variates with Parameters 
i respectively, then show that X+Y is a Poisson variate with | 


parameter iy T Has 
Let U=X +Y. 
The spectrum of U is the enumerable set {0, 1, 2,...}. Here we 


have 
eg 1 
P(X =i)= Sek for i=0, 1, 2,...... 


a ace. ; 
and P(X =j)= ji s_, for j=0, 1, 2,..... 


Then for any given positive integer k, 
PU=k)= >, P(X =i, Y=) 
teJzk 
=> PX= i) P(Y =j), since X and Y are independent. 
t+faik , , 


s 
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—(41 +3) 
or, pombe Se = ae 


a ke; 
Hy Fe k 
k! iy(k—#! 


Oakes oy ) st a 


mbate 
k} 


(Bs +4,)*. 


Also for k=0, we find that 
P(U=0)=P(X+Y =0)=P(X=0, Y =0) 


ecg +#2) (uy +u;)° 
Oo: 


Thus it is proved that for any non-negative fnteger k,, 


e M1 F49) (yu, +H) 


P(U=k)= kl 


Ex 38. If X41, Xa) Xn are mutually independent and each X; 
has uniform distribution over the interval (a, b), then find the density ent 
function of the random variable U, given by 


U=min. {X1, Xa Xn 
Leta <u<b. 


We observe that the event (U > u) happens if and only if 


(X, > uy Ng > bye Xn > u) happens. 


Then PU > w= P(X, > u Xe oy os X,>4) 
= P(X, >t) P(X gs > ude P(Xn > 4) 


pisTRIBUTION IN MORE THAN ONE DrwENsion 


oar 


ee a)” (is =(b-un 


{f4 < a, 
7, (u) be the density function of U, then 


: 31 
.X, are independent ui 


(b=ay - a)" 


o 


.(u) pe the distribution function of U. The 3 
n 


vi fo "qe PW < u)=1-P(U > u) 


im v= —u)" 
1- =a)" ifa<y<p, 


>, Fo (u)=P(U < Re ‘ 


Fo (u) = P(U < u)=0. 


n(b— \*- 1 
f= Folu)= " (b- = ,ifacu<b 


0,ifu<aoru>b 


yifo (a) is undefined since LFo'(a)RF;‘{a), 


39, Let V1, Xav--,Xn de mutually independent discrete 

riables each having p.m.f. given by P(Xi= eal for 
N 

tel, Le iN, where i e{l, 2. ., mh. Find the probability mass 


and this shows that U=+Y is a Poisson variate with parameter faction of Un, where Un=min (t, Nays 
My tHe 


(¥, >k, Xq > k,.... Xn > k) happens. 


$0 PiUa > k= P(X, > K)P(Xg > k)...P(X, > k) 


= Natk=1) | No(k=1),. Nok) 
N N N 
= (Meee 
—_. 


Similarly,we have P(U, > k+1)= (Gry: 


Xa}. (C,H. (Math) 91, 
Here the spectrum of Uy is the set fue Syccay Ds 
We see that the event (Un > k) happens if and only ‘if the 


oe 


ane i ye et 


oe 
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Now we observe that the event (Un > k) can be expr, 
(Un > kK)=(Un > k+1) +(Un =k), 
where (U, > k+1) and (Up, =k) are two mutually CKCHUsivg « 
Therefore, P(Un > k)=P(Un > k+1)+P(U, mk) Vents 


on, (REY SEY 4 em 


or, P(U,=k)= 


8seq as 


pees era 


Hence,the required p m.f. is given by 


PUpak)=(NoktT)"_ (No )”, for k= 1, Bhan N. 


Ex. 40. A rectangular bridge ABCD of widh ABm 2p 
(-10 < x < 10) and length BC= 200 m. (100 < y< 199, Spans 
a river, In the artillery shelling of the bridge the hitting Point (x “ 
on the bridge is a pair of independent normal variates with standay a 
deviations +,=10 m.; 4, ~40m., the co-ord.nates of the q aimin 
. point of the shelling being the expectation values (m,, m,) of the. Ns 

random variables, Find the probability of hitting the bridge in q 


single shot when [C. H. (Math,) 94} 
(i) (ma, m,)=(0, 0), (U1) (me, my)=(5, 20). 


u 


1 tf 43 
Given sue} exp ( -5) at 


° 
u 05 1-0 15 2-0 2'5 30 
ou) 1915. *3413--*4332- 4772-4038 -4997, 


Let a Sie Vat a—my, 


Co, oy 
Then U, V-are independent standard normal variates. It is 
given that +,=10, 7, =40. 


Case (I) m,=0, m,=0. 


pISTRINUTION IN MORE tian on, DIEMN 
SION 
robablility of hitting the bridge in dain 
p(-10 < X < lo, ~100 < Ngle shot js 
P(- 10 < X <10) Pi 
since ¥ 
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1 
1 j i 1 
=4—— | exp(-> a. | 2 
Vn) ( 2) Vin exp (~£) dt 
4 (1) 4(2°5)=4 x +3413 ‘4938 12-67, 

) Mag 5, mM, =20, 


X-5 y_Y¥~2 
pero U" “70” ya 


case (IL 


uired probability is 
P(-10 < X < 10) P(-100 ~ Y < 100) 
eP(-l5 <U<'S)P-3<ye 2) 


The req 


oO 
Hea) wo(-B) +s e(-$) 2] 


o 2 
1 id 2 
«Lz ex (—2) a+ | exp (—) a 
-3 0 
= {$(1'5) +40°5)}{9(3)+$(2)} 
= (4332 +°1915)(:4987 +4772) 
='6247 x ‘9759 ='61, 


Ex. 41. In the quadratic equation x?+2ax+b=0, a and b 
independently are equally to take any value in the interval (—1, 1). 
Find the probability that the roots are real. °C. H. (Math.) °85 


. Let Aand B be the random variables corresponding to the 
teal coefficients a and b of the given equation. From the given 
wndition,A and B are independent and both uniformly distributed 


a 
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in the interval (-1,1). Th 
variable (A, B) is uniformly distributed in the square 

Ral(z,y): -1<%<b-l<y< hh, 


en the two-dimensiona| rang 
Om 


\ \: aS \ 


its area is also denoted by R. Now the given equation yijj| hay 

real roots if and only if 4A” -4B > 0, i.e, A? > B t 
or, ifand only if (A, 8) lies in the shaded region R’ shown j, 

Fig. 6.10.31, its area being also denoted by R.. 


\ 
’ 
\ 


1 1 
Now R=4, R'=2+2 | b da=2+2| atdan’, 
) 0 


Hence,by (6. 7. 3), the required probability=< =. 


Ex, 42, Two people agree to meet at a definite place between 
12 and 1 O'clock with the understanding that each will wait 20 


minutes for the other, What is the probability that they will meet? 


Let ¥ and Y be the random variables corresponding to the 
time of arrival measured in hours of the two people from the 
instant 12 O'clock. X and Y are independent random variables 
both uniformly distributed in (0, 1). Then the two-dimensional 
random variable (X, Y) is uniformly distributed over the square 
region R={(x,y):0<x<1O<y< 1}. Now the meeting 
will take place if | X-Y | < 4, that is,if ¥ > Y and X-Y <4, 


or, V < Y and Y-Y¥ < 3. 


12 
re P 0.32) where 


pISTRIBUTION IN MORE THAN ‘ong Dime ; 
ae NSION 


gords.the event that ‘the Meetj = 


¢ and only if (X,Y) Jies Will take 


Place’ wi 


per 


othe" 
fo geo i 


y)* > yandx 


fi ig {(*s 
‘i Bs 


“y< 


O (4,0) (1,0) x 


Fig. 6.10.32: 


ie denote the corresponding areas by Rang p’ 
wor RL and RR L—-2G. 33mg 

. required probability=* .5 

's . y R oy 
px, 43. Buffon’s Needle Problem: 44 ae 
if jorizontal parallel lines at constant distance rm aig is ruled 
J length a(< b)is thrown at random on the = i A needle 
oobilltY that it will intersect one of the lines. ~~ a + Find the 


Fig. 6.10.33 


: pease the inclination bf the needle With horizontal b th 
mom variable X and the distance of the upper ase 
i of the 
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needle from the nearest ruling below it by y. Clean 

uniformly distributed in the interval (0, 7)and y : then .. 
distributed in the interval (0, 5). Now X andy 4, Witont 

y 


7 sctributi ‘ ¢ inde 
random variables and distribution of the twordimensionay ey 
r 


variable (X, Y) is uniform in the rectangular Tegion p 8 ado 
: ly 
R={(%, 9): O<x<m7,0<y <p), by 


Fig. 6.10.34 


Now the needle will intersect one of the horizontal lines it 

. . a 1 

X and Y satisfy the inequality 0< Y < asin X, in other Words 

if (X, Y) lies in the region R’ given by ee 

R'={(x,y):0<y < asin zi. 

Denoting the. corresponding areas by R and R, required 

probability 
» fasinxdx 94, 


oC, 


=k. 
R mb mb 

Ex. 44. Two numbers are independently chosen at random 
between 0 and 1. Show that the probability that their product is 
less than a constant k (0 < k < 1) is k{1—log k). 

Let the random variables X” and Y denote the two numbers 
chosen. Then, as before, (X, Y) is uniformly distributed in the 
square region R given by 

Ref{(z,y):0<x<1,0<y< lp 


pISTRIBUTION IN MORE THAW oy, DIM 
BNSIoN 
product of the two number 323 


Wo i : 8 will 
Now “sppus the siven event will happen be less than en 


ea if and only ; 
- e region d only if (X, y) 
RAEI <0 <a cy g, 7 
4 io the shaded region of Fig, 6.10.35, SP< 


(1,1) 


(1,0)° x 


Fig. 6.10.35 


We denote the corresponding areas by R and R’ also 


Hence,the required probability 


=e log. F), 


Ex. 45. What is the probability that the sum of two numbers 
chosen randomly from the interval (0, 1), is greater than 1, while the 
sum of their squares is less than 1 2 


Let ¥ and Y be the random variables denoting the two 
aumbers, chosen at random from the interval (0,1). Then, as 
before, the random variable (X, Y) is uniform in the square region 
R, given by ~~ 
R={(x,p):0<x<1,0<y< I} 
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Now the given event can be represented by joint ine, tal; 
‘Y+Y >1 and X¥*+Y?2 < 1’ or that (X, ¥Y) lies in the region 


given by 
R'={(x, y) : x+y > 1 and x74 y3 < 1}, 


(0,1) CG (1,1), 
Qo 70) x 


which is shown in the shaded region of Fig. 6.10.36. 4s before, 
we denote the corresponding areas by R and R’. Hence the 


required probability 


nl 
R' oF al 
“— TCO 
Ex. 46. A straight line AB is divided by a point C into iwo parts 
AC and CB whose lengths are a and 6 respectively (a > b). If wo 
sedis P and @Q are independently chosen at random on AC and CB 


respectively, then find the probabllity that AP, PQ and QB can form 


a triangle, 

Let the random variables ¥, Y denote the distances AP and 
AQ respectively of the two points P and Q chosen at random etal 
the segments AC and CB of lengths a and b (a > 6) reer 
Then ss before, ¥ and ¥ being independent, the random variable 


unifo 


Deas ° 
wey palix,y)20<2< *2<¥<aty 


(2,0) . 
Fig. 6.10.37 


now AP=X, PO=Y —X and QBma+5~y, 
Now AP, PQ and QB will form a triangle if 


() X+VY-X > ato-y, ie, y > oe which is true 


ay paanda > E2 (+, a> b), 


(ii) X+a+b-Y >Y-X, te, ye wei 
ms ats 
god (18) Yy-Y¥+atb Y> x, ie, xXx< “= 


Now the above three inequalities hold, ifthe random variable 
lr, Y) lies in the region R’ lying within R and bounded by the lines 
y= a, yours tt and xn tth 
asshown by the shaded portion in Fig. 6.10.37, 
Heace the required probabllity 
nF co NO 


R ab 2a 
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Vi; Jo this Case, the three Points 
pthe following inequalities hold : 
y<nm or Y>X4q, 
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Ex. 47, Two points P, Q are accion aes at rend, vt aif 
on a circle and A is a fixed point also on e circle, Find , 


probability that the points A, P, Q will Ite on the same semt-cip.) : 
Let the random variables X¥ and Y denote the angles Made 5 


OP and OQ with OA respectively, O being the centre of the circle 
Then as before, the random variable (X, Y) is uniformly 


distributed in the square region R, given by | 
R={(x,y):9< x < 2n,0<y < 2m}. 
y=R 


| 
| 


y 


oO (n, 0) s 
Fig. 6.10.40 


Fig. 6.10.38 


Fig. 6.10.41 


[a other words, the given event means that the random 
arable (V, Y) lies in the triangular’ region R’ bounded by 
Q 00, yor, xmy ( Fig. 6.10.40) or Hes in the triangular region 

Fig. 6.10.39 I bounded by the lines x=0, yar2n, yo x+n ( Fig. 6.10.41 ). 


NA Rae AS 
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jit is given that -l<oxe 1. 


MENSION 329 


' "> a 
meee obese cP ae a a= Now eonetten, the pW, 71 SK Falz)-1972 pay 
X > Y and from symmetry we find that the requireg Probap Pe j lies in the Anterval [~1, i ~1V< 1, ‘since each of 
: abil; 
2(tt 4 lity oe fac %, —k(2 Fx(x)-1][2 Fry)-1) ¢ | 
(x) Fel) (1++K§2 Fy(y) — 
Ex. 48, Prove that (with usual notations), ne ° i. tee da) > 0, 
sid ‘ » Ie) > 0 for all x 
ry 


Reset Fall D Re ae) V Fils) Fug, Sor je, Jk y(*, y) > 0 for all x,y. 


all x 


We denote the events (¥ < x), (Y< y) Tespectively » ye hs 
Then y 4,3. gai | fx(x) 12 F(x)-—1] tre (24 =1) du=0 
Fx, y (x, y=P(X < x, Y < y) Le 8 
=P(AB) > P(A)+P(B)=1 yese Ea) $0 that dus P(x) demi) dy 
=P(X <x)+PY< y)~1 “ url when ¥>+°,u->0 when x4 ms 
- ‘ un 
=Fx(x)+Fr()-1. sinilar'Y, \ faly) (2 Frly)-1] ay=o, 
Fx(x)+Fy(y)—1 < Fy, r(x, y). -° 
Again ABC A, AB i v3 
ein C 4,ABCB ane \ Sx, v(%, ¥) dy 
. P(AB) < P(A), P(AB) < P(B), | i 
and hence, {P(AB)}? < P(A) P(B). r 
{ ‘ 
PIS x, Y <9) < VARS SH =| Ja) fo) 14k F's) yg) dy 
i.e., Fy,y (x, y) < J Fyx(x) Fy(y). Pe ® 
= f x(x) [| ely) dy +k{2 Fix)—-1hf {2 Fyty)— Ufs() dy 
Ex. 49. Let fx(x) and fz(y) be two probability density functions -o /, 
with corresponding distribution functions Fx(x) and Fr(y) o = 
respectively. Show that the function f,, y (x, y) defined by = x(x), since | Fz'y) dy=1, fely) being a probability 


Fx, x (%, P)=Sx(x) Foly) (1 +K(2F x(x) — 1}{2 Fe(y)- 1) 


where ke (—1, 1), is a possible density function of a two-dimensional density function and | {2 Foly)—1} foly) dy =0. 


distribution and show that the corresponding marginal density 
Junctions are fx(), fz(y) respectively. = s * 
| ; *, | {\ Tas y'X, Y) dy har=| falx) de=1, 
We have 0 < Fx(x) < 1 for all x and so -—1 < F;(x)-1. Jo OM l. 
", O< Frlx)and 1 < Fr(x)—1 give —1<2Fxlx)-1. | fy) being a probability density function. 
Also Fx{x) < 1 gives 2 Fx(x) < 2 and so 2 Fx(x)-1 <1. . 2 © . 
| Thus fs, v(x, y) > O for all x, and | {{ fay x(x, y) dy \dx=t. 


Thus —1<2Fx(x)-1<1. Similarly -1 < 2 Fr(y)-1<!. 
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Hence, fx, r(x, y) is a possible two-dimensional p, b 
Ity 


density function. 


Also the relations | Sx xx, y) dp = fx(x) and 


| fx, x(x, y) dx= fe(y) ( which can 1 be shown similarly sho | 
Ws 5 tha 


fx(x) and fely) are the corresponding marginal density funct; 
long 


Ex, 50. Let F be the distribution function of a random 
Examine whether the following functions are jo ine od Varig Ble, 
functions : vertu 


(i) F(x)+F(y) ; (ii) max {F(x), F(y)}. 
(i) Here 7 i [F(x)+F(y)] 
= F(—% )+F(y) 
=F(y) ['.° F(-)=0}. 
But if F(x) + F(y) be a joint distribution function, then 
Et, FF) +F (9) =0. 


| 


So nao for ally € R. 
Again,F being a distribution function,we have Li Fiy,=1, 
y= 


But F(y)=0 for ally E R 
=> Lt F(y)=0. 
5 yoOe 
So we arrive at a contradiction. 
Hence, F{x)+F(y) cannot be a joint distribution function, 
(ii) Let (x, y)=max {F(x), FQ}. 


Here we see that 
Lt o(x,y= Lt max {Fix), Fy) 
l—pm—e 2-2 


= Lt F(y), 


Low 


[*.’ here for any fixed y,x <p and so Fly) > F(x) J 


fon 
ia a x, PIT Fa +P (y+ Poly) and 


sil gRIBUTION IN MORE THAY ¢ ONE Di 
EN 
af yybe a joint onion functig “ 
o-? 
. y) 0 for ally © Rang 80 we pet 
ie? lt, Fly)=0, that is, leg Which ig ab 
surd, 
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n, then ‘ 


ore x, F(y)} cannot be a joint distribution f 
Unction, 


0 
F anst ‘jonal distribution function, where p 
yi n functions in one-dimension, 


and Ea are two. 


ie 7 orsimensional distribution ‘function, if possible -tep 


Le eedin’ to the limit y >-0, 


P afl = 2) Fyfs)+ Pyle), o)+P, 
= Fy (x)+ F(x), since Fi(- 

: of alias to the limit x >, 
pa F (2 )+F al oo)=2, since F,(co)aF (co)e I 
get a contradiction. Hence, F(x, y) cannot b ; 
distribution function. ¢ a wo-- 


—.0) 


o)=F,(- ote 


epsional 
gx. 52. The distribution function F of a two-dimensional cae 


riodle (x, Y) is given by 
Fix, y= F(z) F,(y)+F,(x ), for all x, ; - | 


can the function F 3(x) be arbitrary"? Are X,Y independent 
Wehave Lt F(x, y)=0. 


So Lt rae ) F,(y)+F5(x) ] must exist finitely and its. 
yore 


ralue is 0. 
put Lt F,(x)=F_(x), which is finite for given value of x. 
yr 


So Lt  F,(y) also exists finitely. -Then we get 
Yoro ' 
Fi) Lt Fal) +Fi(s)= 
ot, F,(x)=a F,(x) where a= =Lt Fa) ~~ (6404). 
yore 


The telation F3(x)=a F(x) shows that F,(x) is not arbitrary. 
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Now the marginal distribution function Fx of X is Biven 
- Fr(x)=Le F(a, y)=Lt | 0 Fi) Falv)+F (x) ] 
vo vo . 


=Et Fy(x) Fay) + Lt | Fs() 
vo 


( noting that the limits exist finitely for fixed x). 
So Fx(x)=b F,(x)+F s(x), where b=Lt Fi(y). 


So 


Hence, Fx(x)=(6+a) F,(x) by (6.10.4). 


we (6:10, 
The marginal distribution function Fy of Y is given by ).5) 


— BO)HLt FeN=Lt CFC Fa)+ F(x) J 
=Fa(y) Ze FiQ)+Lt_— F(x). 
econo _ 2 
- {By (6.10.5), Ze F,(x) exists finitely and then by (6.10.4) 
co 

‘Lt  F,(x) exists finitely ]. 
s- om ~ 7 ; ; = 

Thus we get Fry) =k, Fo(y) +ka where k, = Zt F,(2), : 
Ko=Zt  F;(x)- 


s—o 


Now by (6.10.5) and (6.10.4) we get (taking limit as x + 0) 
1=(a+5) ky, ka=ak;. 
So k, ~ 0,a+b6 =~ O and then we get 


Fi) =) F\@, 


pre 6.10.6 
ky (6.10.6 


and Fry) =k, Fay) +ak. 

or, Fey) =k, [Fa(y)+a]. 

Then F(x, y) = Fi (x) Fay) + Fs(*) 
= F(x) F,() +4F i) 
= F,(x) { Fa(v)+a | 


=F ek, [ F.0)+a) 


“= Fx(x) Fy(y), by (6.10.6) and (6.10.7) 
Thus it is proved that F(x, y)= Fx(~) Fy(y) for all x, y- 
So X,Y are independent. 


dom tail for the second céin, 
rc 


wes (6.10.7 
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consider = stieiponnes experiment of tossing two fa; 
a 
4 pe the random oe taking values 1 or 9 . ir coins, 
| yt ome is ‘head’ or ‘tail’ for the first ‘oo; CCording as 
tc 


| pee variable taking values 1 or 


peed marginal distributions of X and y, 
d he p-m-f. Of (X,Y) i 
s0° ents: Fhe P » * ) 18 shown by the follow; : 
af the marginal/p.m-f. of X andy: owing table, 


P(Y=yy,) 


9, Two dice are thrown. Let the random variable ¥ denote 
the number shown by the first die and the random variable Y 
denote the larger of the two numbers. Find (a) the distribution 
ofthe two-dimensional random variable (X,Y); (6) the marginal 
distributions of X and Y ; (¢) P(Y=4| X=3). Are the random 
yariables X¥ and Y independent ? : 

| Hints: (a), (6) The spectrum of (X, Y) is 
(m, yN=G, 7); G=1, 2,3,4,5,6; j=1, 2 3,4, 5, 6), 
the event (Y= 1, Y =1) contairis only one outcome (1, D and so 
Pi=se; the event (Y=2, Y=2)={(2,., (2, 2)} and pao=ds i 
the event (¥=3, Y=1) is an impossible eveat and so ps, =0 and 
80 on. 
In tabular form, the p.m.f. of the two-dimensional random 


variable (X,Y) along with the marginal distribut‘ons of X and Y 
Sgiven in the next Page. 
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(c) P(Y=4| a) ema = ana =3- 

Now P(X=1, Y=2)= 5 and P(X¥=1)= 4. PY=2)=2 
“. P(X¥=1, ¥=2) 4 P(¥=1) Py =2). 

Hence X and Y are not. independent. ] 


3. The following table gives the p.m.f. of the two-dimension 


al 
random variable (X, Y) : 


BUTION IN. ean 
i pISTRIBU MORE Ty AN’ ONE “ 
ia ;) the marginal distributio 


| giod 6) the conditional distribut 


IMENSIoN 
OS of Xx and y 


10n of x Siven Y = and.of 
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s 1, 
ye : 2 FO, 1), F2, 3), F(, 
of function of (X, Y). 
jerry and Y independent ? 
fe jel Mies 
ris . (a) The mnateinal distribution of y in: 
[F x=iU=1,2, 3) with f.=p70, 


), F810) where Fix, ) isthe 


i) where 
fes=a1 Ses=}}, fes=yy, 
i arginal distribution of Y jg - 
é yal G=1, 2, 3) With fy s=P(Y =y,) where 
for zd Sos= Fy fes= ay 
) fe DH Fe2 1 D=3, 163 | Bas, 
: 4,1 | )=5 421 D=3,46 |=}, 
“(e) FO: N= Dy D, fu=0. 
igO jc! 
Fi; =>, Zz fu= > (feitfistS;s) 


i<2 jx3 <2 


=(f, rtSaathistlarthaatfes)=29, 


Fas D>, D, f= D> faalethvthJ=n, 


<4 jal 1<4 
FG, p=9, F(8, 10)=1. 
fiazdn Seedy fea= it vs Sie # fer tus, So that 
yand Y are not independent. ] 

4. A two-dimensional random variable (X, Y) has the spectrum 
(xi, ys) = (i, Ds (i=1,2,3; j=1, 2,'3) and the probability masses 
pi are given by 

pii= P(X =i, Y =j) = Kij, where K is a constant. Oo 

, Find (a) the value of K, (6) P(i<¥<3, ¥<2i, (¢) PIX>2), 
() PY <2), (e) P(X=2) (f) marginal p.wif. of X and Y. Are _ 
Xand Y independent ? 
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0, 
5. Show that the function F(x, nat y oes = : 
‘is not a distribution function. 
- [ Hints: Use § 6.2, property 7. J 


6. Let (X,Y) havea density function defined by x 
inside a square with corners at the points (1, 0), (0, 1), ( (~1,9 
(0, -1) and equal to zero elsewhere. Find the matginay de %) ay 
functions of x and Y and the two conditional density function “ni 


Ixy 


{ Hints: See Illustrative Ex. 7. 


se rtivtieeme: 
Frly | x)= saa if - 1-x<y <1+y, “lx, 

Tay PY-1 < <x<l-yO<ye, 
pict for -I-y<x<lty,-1<, <0] 


7. If (X, Y) is uniform in the triangle x > 0, y > 9, xt+y<3 
find (a) the density function of (¥,Y), (6) the marginal density 
function’ of X, (c) the conditional density function of - 


given Y =x. = 
[ Hints : (a) fix, Vy=nx20,y>0, x+y < 2. 


2-7 


(6) fats} fx, 9) dy={ 2 dy=3(2 —x), Ocxc?, 


- 0 


(ce) fely | x)= 1). =sh. O<y<2—x, 0€x<2.] 


8. A gun is aimed at a certain point ( origin of co-ordinate 
system ). 
function of (Y, Y) is constant within the circle and let it be given 


“by f(x, y)=C, for x? +y? < R? 
=0, elsewhere. 


The actual hit-point can be any point (X, Y) withina | 
circle of radius R about the origin. Assume that the density | 


i 337 
iF comput? Cs 2) pray 
Oo es 
pow that J3(x)= 0 7 . s R 
) + Clsewhere, 


¢ the random variables Y ang y independe t? 
o ° it] 


| ¢) - 
| : (a) | | Six, y) dx dy=1 
| pint’ "= 0 =e 
| C dx dy=1., 
of, x9 + y2< RF 


, =rcos 0, Y=rsin 6, since | ace y) . 
akin’ x=r ' a (r, b} =r, we bine, 


| v 
| . 6h F nde drat, ce k 
0. (0 xR? 


( See [Illustrative Ex. 9. 
| 4 URI VR; bs 
() We have fel) fry)= A, oi tin 


val not equal to the value of the joint density - futiction 
e It then follows that X and ¥ are not independent, J 


fe 


9. The density function of a two-dimensional. random. 
rable (%, Y) is f(x, y= ie O<x<clOcycl 


0, elsewhere. 
Find (@) P(X+Y <1), () PXX?+¥* < }), 
(c) PX >t] VY <P. 


[ Hints (a) P(X+Y <1)=P¥< 1-1-|{ [ay}acns, 
0) PIX8+Y! < =P < VI=eH 
rE J}—xs Yr we 
| {| ay} ax= yy. 


lee Aaa eid eh i an 


MP:22. 
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E 3 
10. Let X and Y be independent random Variables ok *, Wy | pm - the marginal density functions of ¥ and y, 39 
the normal density (0,7). Find P(X¥*+Y* < 1), Paving FP the marginal distribution functions of X and y 
(Hints: Use polar co-ordinates in evaluating (c) f x(x | 7 ied | x), 
| - aBiye a) PX+Y > 1) 
; e 208 dx dy.| density function of 
Ano? The oe oe ‘two-dimensional 
x2+ys c 1 ae (X, Y) is Tandom 
11.. The density function of (X¥, Y) is | gif 3x? —8xy+6y3, 0 ae 
: | = < 1,0 
Six, yy=ky(l—-x—-y),x >0,y > Oxty < 1 | fle, ¥) { » dlitiare Sy <1 
=| Isewhere. | 
0, elsewhere War cal |»), fe 1) Show that y and y 
Find (a) the value of k, (6): marginal density functiy ony | Fin ait are not 
Xand ¥, (¢:) P(X <},¥<'}). Of | gate? 


a 45, Let the density function of (x, Y) be 
[ Hins : (a) ! (| , ky(1 —x—y)dy ]ax=1 Bives k= 24 - 
o oO 


pstrtFhecr<uacyes 


va 24y(1 —x—y)dy=4(1 —x)3 0 fiz,y) me) elsewh 
@) fela)= | }  O<x<], , ere. 
, elsewhere. rind P(Y < 1 | X¥ < }). 
aoe 1 J 24y(1 —x—y)dx= 12y(1 —ypa heya [ame fal) Q+2)0<¢x<1, 
: 0, elsewhere. 


| ; -~AX¥<43,Y <1 
(c) PO< XY <34,0<K Yc} pY<1|X< P= ED 1) 


ul y(l-—x—y) dx dy=e. | 


ve [rena 


12. The probability density function of a, two-dimensional = f_t = 7] 
random variable (X, Y) is ploae 
Sx, y)=Cxty), 0S x,y <2 H 
: ee cages 16. Adart is thrown at random on a square target board 
Find (a) the value of C, (6) P(| Y-Y| < 1) 


having vertices (1,0), (0,1), (—1,0) and (0, —1), the point at 
which the dart hits the board being (X,Y). Find the marginal 


density functions of X and Y and show that they are not 
Sts, y)=4xy,0 << x,y <1 independent. 


=0 , elsewhere. 


13. The density function of a two dimensional random 
vatiable (X, Y) is given by 


[ Hints: See Ilustrative Ex. 7. ] 


a 
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17. Let Xand Y be continuous random variables having joint 
density function f(x, ) given by 
| fos, yates o<a<y 
=0 , elsewhere. 
Find the marginal density functions of X and Y. Find ‘als 
x and that of X given Y=) 


the ccaditional density of Y given X= 
\ oY dyaie x > 0, 


[ Hints : fx(x)=i? 


¥ -1y 
fey)=13| eT Vadxantye 9 7 0. 


2 0 
The conditional density function 0 
=a - Ay) 
=je i 


f Y given X=<x is 


Ae 
fey |)=—R 

. ‘ he ; 
which is exponentially distribute 
Again, the conditional density 


,9<x <I, 


d ( with change of origin’). 
function of X,given Y= y,is 


9,74y 
ave at Oe ee: 
aye? y 


falx |Y)= 
which is uniform in the interval (0, y)- | 
18, Given the joint density function of X and Y as 
2 
Xs = % _,.x>0,y>0. 
fey) (i+x+y)° ‘i 
Find (a) the joint distribution function F(x, y), 
(b) the marginal density function falx) of X, 
(c) the conditional density function fr(y | x),- 


given X=x. 
w 


[ Hints : (a) ra=2| [| arial 


0 


=| Feo one | 
J L(+!) (l--x'+y)7h 


=1 — + 1 at! x>0,7>2 


“Tex i¢xty ity 


. DISTRIBU DION IN Morg TAAN 
ONB DIM 


pe 2 ENSIoN 
: (rere 23°60, 


(ful |a)= 2b 
+x+yj 9 >Ox59 | 
de density function of a tWo-demensi | 
ensional Tandom variable 


17 o£ 
Cx? (8-— 
‘ by {%, »)= Wx<yK< 
is giver : : elsewhere” U<xg2 


pd C, the marginal density functions 


al density functiohs f. of ¥ and Y 
: x(x | y) and f, and the 


jtion 
cond (7 | x), 


[ Hints c| x? (| 8-9) dy |demt gives C= 5 


fal) =rt82*-9 24,02 6) 
a 
fel) 336 (8 y) (3-”"), 2 < a< 4 


= st ¥°8-9), O<y <2, 
_ 24x27 y 
fale |= ays>G STK y0<ye2, 


= 24x3 y 
64-y3? SES A<y <4 


_ §(8-y) 
frl¥ | 4) =56=3x)’ x<y<20<x<2| 


20. X and y are independent random variables each uniformly 
distributed in (0,1). Find the probability density functions of 
x+y, X¥-Y,|X-Y Is 

Find also the distribution function of Y+Y. 

[ Hints: Let U=X+Y,V=X ~Y. Interms of real variables 


u=xty, V=x—y, 80 that de -F As the point (%, y) a 
plane bounded by x=0, y=0,x=1, 
are R in ueplane 
2, u-v=2 (See 


within the square in the xp- 
y=1, the point (u, vy) varies within the squ 
bounded by the lines ut+v=0, u—vy=0, ut+r= 
Fig. 6.10.42 ). Since X,Y are independent 
fay r(x, y)=1,0 < 4S 1 
"20, elsewhere. 
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ve fay v(t = IX ToaT 7 a(t v)ER 


=0, elsewhere. 
The marginal density functions of U and V are, 


342 


folu)=| } dr=u, 01<u <i 
a-u 


=| }dp=2-u,1<u< 2 


u-™”g 


= 0, elsewhere, 


Fig. 6.10.42 


+v 
su0)={ jdu=v+1, -l1 <v <0 


and 
2-0 
-| pduml—-v,0<v<1 


v 


= 0, elsewhere. 


BILITY Bey, 


pISTRIBUTION IN MORE qH4, ON: 
/SNB 


/ oe " 
fs tpibution function F.(, lon } 
dis v(t) of Y is sven by 343 
Fo(u)= =|: fou’) dy' =( 
“foru <9 
a 3 
-| udu’ =~ for 
e 2 0 Su <1 
u 
-| u'du +{ (2—1')dy! ais 
1 u)? | eyes 
=1 for u>2, 
x 
(0, 1) 
SS =| 
-—7 
Sill . 
Fig. 6.10.43 . 
let W=|X—-Y |. Then the distribution function: of W is 


tiven by 
Frlw)=P(W < w)=P(| X-Y | <w),0<w<! 
=P(X—Y <w, X>Y)+P(Y -X¥<w, X<Y), 0<wsl 


= P{(X, Y) € Ri }+PX, Y) € Rab 
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where R, and R, are the regions shown in Fig. 6.10.43. 
1 


l-w xstw WY 4 4 1 
*. raa| as | w+) dl atlal y 
0 0 l-w 0 w t—w 


. =2w—w3,0<w Sl.” 
Fr(w)=lifw > 1, Fy(w)=0, elsewhere. 


~ Hence,the density function of w is 


 felw)=2(1-w),0<w< 1.] 


Ex, Vy 


21. If two independent random variables X and Y be each 
uniformly distributed in the interval (0, 1), find the distributions of 


| (@)..X¥ and. (6) 


Y 


[ Hints: (a) Put U=XY,V=X. 
In terms of real variables u=xy, v= x. 


- Ou, _[y = 
" 9x,y¥) | 1 0 


|= —x <0 for all x < (0, 1). 


As x,y vary from 0 to 1, uw aad wy also both vary in the 


interval (0,1). The p.d.f. of (U, V) is given by 
to yet! O<v<1,0<4,<1, 
> 7, x v > ? v ’ 


ie, O<cu<v<l. 


' Hence,the p.d.f. of U is given by 


fole)=| + dv= —log uO<mu<l. 
ae Z . 


yt ‘DISTRIBUTION IN Moge 


N on 
i* x , B Dimens, 
: =-- = ON ‘ 
@ Pet Up PX 34s 
variablesu=~ y_. 
fo geal var y=% ie, Ry, yo? 
‘gto 1, # varies from 0 to co ‘na uw AB x,y ay 
ee a Y Varies in ©, 1) 
‘ Ble )) = o 1 3 ae 
phe? (u,v. =— > 
é yr for all ,, «: : 
=. 1 u €(0, °) and 


”€ (0,1) 
qe p- 4. f. of (U, Vyis then given by 


So, 7 (uve 
sa27>uU>Q iicstg Se 
u2 SW yey 


Fig. 6.10.44 


Hence the p.d.f. of U is given by, 


vy ‘ 
5a eeditO<n<1, 
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22. The p.mf. of the two-dimensional random variap), (x,y 


is given by the following table : ¥) 


P(X=xi) 


Find the distribution of (VU, V), where U=| X¥ |,V=y2, 
Find also the marginal p.m.f. of U and V. 


[ Hints: The p.m.f. of (U, V) is given by the following table. 
d us | 


1 
3 
1 
2 
5 
é 


Note that P(U=0, V=1)=P(¥ =0, ¥=1)= yy, 
PU =1,V=4)=P(X=1, ¥=2)4+P(X=1,s¥ = —2) 
+PX=-1,¥= 2)+P(X= —1, ¥=—2) | 


Coadbetet ata = etce » 


Non, 


pISTRIBUTION IN Morn 4, 
N 


‘ 


; : ; : ONR D 
i parginal p.m.f. of y ig i elven 1M Lon A 
pe oy = , in 
| fara fel 
B> in = i 
fV} 
spat ° ' - 
yo? tus = Th Jj oe? 1 d 
im J =4,. 
. gf X, ¥ are two Independent 
itt the distribution ‘andom Variables eich 
0 -5 
S(D=4e% xs 0, 
ya te distribution of 4(¥ —y), 
; pints :- “Take U=HxX —¥),V=kx+y), 


J, v(u)= ~tal . 
u)=$e te ne 
ee oe 
4. Two independent random variables x 4° a Wi 
eosit functions and ¥ have the 
S-x(x) = 3e-37, x>0 
nd Sz(y) = 2e-20, y>o0 
yspectively- Find the joint density functio 
poX+2Y, V=3X+4Y. What are the ma 
n Are U and V independent ? 


ms of U, Vs where 
rginal p.df. of U and 


[ Hints : 


In reat variables U=X+ 2y, v= 3x4 dy, 
x=v—2u, y= ju—v. ' 

Since X¥, ¥ are independent, the joint density function is 
| | Sx, x, y) = 6en'87429) S50 y 0. 


-2 1 


J 


= —}-< 0 forallx >0;y>0. 


i -3 
Now x > 0,» > O implies y > 2u, 3u >, 
i.e. Quz<cv < 3u. « 


? 
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Hence, the joint density function of (U, V) is - 


A a6. eu SV < Bu 
Us ) 
=0, elsewhere. 


* the marginal density function of U is 


folu)=6 eS" 8" dy 


gn 


= 3(e~" —e73"), uD 0, 


and that of V is 


a 
pssiRIBUTION IN More ‘ty 


ONg PW 


hk ; | 
wer ‘) (2) Ppa Y 


U - 4=0 im pei 
p ( ~P) anes, 


‘aki ( kei r*(l “Pty 


- $20 


{10 the identity (1+ )s 1m 


Lie 
vce of x* from both sides We get Ute 


f si 
%) 4, “uating 


- 
4 x nytns (": 
fr)= 6 es I"du=2e Fe"), > 9 ("r I- > irs 
v 
3 
(.; ene sini F <4 <3 romtertanes Sa 
; | > ") 
Since fy, p(u,¥) # folu) fr(v), U and V are not independen, | : 0 i 
. ~ ny Ny 
l os 
28. If X and Y are independent binomial (ny, p) and (y, ; | Nk” PE (tpt, b 
variates respectively, show that U=X+Y is a binomial (m+n; sD): k=0,1, Dysseae nitn 
: 2 


variate. 


[ Hints: Let VU=X+Y. 


The spectrum of U is the set {0, 1, 2,......, my +g}. 


Here ‘Por=i)=("") pip)" 17* for i=0, 1,2 


tec 5 -! 
and Y= =| a pi(l—p) > for j=0, 1, 2:0, m, 


Then for any given non-negative integer k, 


PU=K)= >, P(X=i, Y=f) 


is shows that U=X+Yisa binomial (n +My, p) variate, | 


16, Two points are independently chosen at random in th 
n the 
- interval, 1). Show. that the Probability that the distance 


ny retween them is less than a fixed number ¢() < ¢'< 1) is ¢ (2=¢) 


[ Hints: Let the random variables X and Y denote the points 
- chosen in the interval (0, 1). Then XY and Y are both uniformly 
| distributed in (0, 1). The required eventis | ¥-Y | <c.] 


isis 11. The: joint probability density function of the random 
vatiables X, Y is 
= > Pe=i Y =}), since X, Y are independent. | = 
isch fay o(%, y)=h(3x+y) when 1 Ox <3,0<y <2 


=0, elsewhere. 


‘. DISTRIBUTION IW yop, , 
yl ON, Diy : 
' BABILITY ' = 35) 
MATHEMATICAL sles Ey y B i. és, Di v@)=2241 »ify. 2 351 
Ae < 2), (ii) the marginal distribyyi, Ons i =0, els S483 
’ 
“~~ Find (ii) P&+Y hether.X and Y are independeng, ae the marginal den 
and Y. ‘Investigate W [Ob Math si jpilarly, v6 Ity fun ion Of Y is 
St independens 
Let ¥ bea random variapy, ec 


ov scameter 4 and the condition, 
P 


<t distripne 
istribyts. Stributi 


7 Siven 
| Sa pig'-i » for 0 
Si= =(j ) <einage., 
= 1, for i=Q, 
d the marginal distribution of Y. * 
Find © ae: 
( Hints : By deluitinn Sis=fjij Seis fag=en4 sft =012° 
he fig=e * (i 1) pig’-3, <j <iini2 Perens 
—4 ; 
= i=0, 
; 44 | e ’ 
Fig. 6.10 _- marginal distribution of Y is # given by 
R is the region Shaded 
x,¥ e R} where = 
PIX+Y < 2)= PX, ¥) in Fig. 6.10.44, 0 eee fame ' + >. (Je 
. isi 
_ \ { ms (3x-++y)dx dy 


ais i apt St Gor kai 
=f (f- (3x+y) dy }dx 
0 


7 > (apy ed 
ae) tJ ern ar 
: el -@) (ap)! 
168" ; : 
F P is given. by 4 i, : 
i density function of X is . a 
(ii) The marginal de ; y 7 _ _ 
: 3 . 
felx)= 2 (3x+y) dy, ifl<cox< 7 —_ 
0 


ibuti is a Poisson 
Hence,the marginal distribution of Y 
r 3 : ; 
' With parameter ap. ] 
=0, elsewhere. : 


a  — 
pIsTRIBUTION IN Mogg THAN 
1 f ONg 
ATICAL PROBABILILY e; ; 
Mi Ey ” fs Two points P and Q are t, 


. ke 
3 what is the probabitity thon 
| ihe 


Dimens 
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; . . 353 
29. The base x-and altitude y of a triangle are Segments 


on 
a. : a segm, 
at random ‘of two straight lines of length a and b respectiveyy, Wh, i is less than b (< a), distance pe of 
— area of the triangle is less the, 95 “ per ss Let the random Variables 
is the probability that the 2 ra pan respectively, 4 bp: »Y denot 
. and se “NB one eng iy THE distances 
[ saints : Let X and ¥ denote the length and heighe o, t ue * _ to-find the probabilit Me Seement of 
. to- i 
triangle. Then X and Y are independent and uniformly disty = |e we ai aa heat 3 I< b).} 


: ibut , 
tively. ed | oints are selected a 

in the intervals (0, a) and (0, 5) respectively af Two P Sita €¢ at random 

+. the pro ability t at none of the 


a line of 1 
i . . thr ‘ €ngth gq, 
| (OF thus divided is less thanig? was 


10ns into which 


tag 


Hints * il re Q be the two points Chosen at 
ent AB and let the random variable, Rides. a 
€note the 


e 
n° 
7 
» B 
ia) 
~ 
B 
rom 
\-) 
© 


Fig. 6.10.45 


Required probability = P($¥Y < a) 


=P (xY < 26) 
i 


R 
vhere R’ is the shaded region in Fig. 6.10.45 and R=ab 


MP-23 
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AB=a. XandYa yy) 
Then PQ=a—-X —Y,where 18 indepe : 
both uniformly distributed 10 the interval (0, a), Now “ 
the three sections AP, PQ and OB is less than za 


i.e, ifx>$Y>p x+y<% 


v 


Required probability = R? 


where R’ is the shaded region in Fig. 6.10.47 and R is the me 


of area a?. | 
1 a | 
ie 3\4 1 
.", required probability = aa | 


32. Two ‘points are chosen at random in the interval (« <1, my 


Find the probability that the three parts into which the j interval 


is divided can form the sides of a triangle. 


[ Hints : 
(-1,'1) y - (11) 
Lg 
V4 
WY 
\ RZ 
yyy 
Uy 
(-1,-1) d,-1) 
Fig. 6.10.48 
A(-1) P Oo Q B(1) 


Fig. 6.10.49 


pISTRIBUTION IN MoRR ms 
AN 


| # , 
pf se gandom variables y 4, MENS, 
| og: p and Q being the NOte he ‘ 
—-1,1),0b i Ots Ign 
pe ecval | » O being the 4 Chosen: Istances 
0 a v Tigin Dat Tan 
Mt is rts form a triangle if * Let ys tdom from 


ae PQ > QB ox X+1ty_y. | 
gt QB > AP ot Y~¥41y. oh les esq 
P + ’ 
ppr OB = Q or X¥+144_ “¥ypi) Me Keg 
: x7 4 0 anti 


= 
= 


aquired be arr 1 
Ra 
regions in Fig. 6.10.48, | PM aNd Ry ate the 


F(x) is distribution fup 
ae ) = F(x) Fly) i ton then Prove that 
() Fe Y= 18 a joint distribution function, 
Gi) Flas 2= min [ Fix), Fly) is ajoine distribution function, 


gated 


Answers 


4. (0) K=9s, (6) $, (@) 4, (e) fa= ={, =1,2,3f, = 
jel, 3, Xand Y are independent, fy =m 


2 
0. 1-e 1k () C24, Gi) 4. 
13. (a) fa(x)=2x, fr(y)=2y,0< x,y <1, 
x?,0<x<1 yio<y<i 
(6) Fx(x)= 41 ,x>1 » Fiy= ql y>l 
0 , elsewhere 0 , elsewhere. 


(c) fa(x | y)=2x, fel | 2)=2,0<2<1,0<y<l 
(@) CS A a -X¥<Y<)) 7 


Al [| Axy ax |ds=5- 


Q 12% 
44, 3x2 —8xy+ by? 3x2 Bt Qexny<h 
; ~ 6y2 —4y+1 ? 3x2 —4x+2' 
30. 2 (2-2). 
a a 


430 


MATHEMATICAL pp-.: 
ILipy 

80 } 

5 ° has Qo 

+<3 Rod 


Here f(x) has no lecal maximum and 
Now F(#)=2—- 


4)=4—3=4, since 1 < 
and F(4)=1, since 0 pet 


Hence (,=S and ¢, =, 
4 4 


Here the semi-interquartile Tange is 


E(eg— by ek (F-g)an 


7.8. Illustrative Examples : 


Ex.1. A potrt P’is chosen at random on q ling 
length 21. Find the expected values of (;) 


Segment A} 
(iii) max {AP, PB}. 


AP. PR, (ii) | fy 


Fig. 7.8.1 


Let O be the middle point of AB and y be the random varia 
‘denoting the length of Op prefixed with proper sign, Then I y 
uniform distribution in (—1,1). So if f(x) be the probit 
density function of X¥, then 


cet 
fo=5 if -l<xye<] 


=0, elsewhere. 


(i) E (AP. PB)=E {l+X)I-—X\=E (12 -X3) 
3 
=| (9-29) 5 dx 


we Ay {gyi 1, EA. os 
=5 (2 = |=20. , 
di) E(| AP-PBY)=E(|1+x-14x|)=(1 2 
: 1 tla ds 
=| | 2x = ax=| , ? 


at 


| 431 
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E [{ max {AP, PBI 
= § [ max {I+X, I—X}) 


: 1 
-() max {I+%,1—%}. 57 dx 


(ii) 


oe. 1 
Now,max {+x, /—x}=I+% if x>0 
and max {/+~, I-x}=l—-x if x< 0. 
So, E[ max {1+ X, 1-X}] 


1 0 - 1 (" =i 
=) " (-x) dxt+5- \ (+2) dx 


ay (+5 ta (45) 2 


? , 1(? yt 
a (" max {l-+x, 1—x} dx+ 5 \" max {I+x,1—x} a 


/o|_-Find E(X) for the following density Sunction : 


| fo) = when O<x<l 
= 2 (3—x) when 1<x<g2 ; 
=0, “elsewhere. ‘[C. A. (Econ.) 91} 
1 | 
,  EX)= .’ xx) dx 
1 | ; Rn 
=\" x(S) act" x. 3-2) de 
‘ 1 
=4 i 12 (19 


(ae 3/ If the probability density function of a random variable 
a Ven b ! —(z242 +3) ; a 2. 
y fix)=Ce z sty ig 
IC, the expectatio d . ; <x < %, find the value 
n and variance of the distribution. 9 ©) [3 
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We-have cl" ge ~(*8+22+3) deci 

ca 7 . rd) vie 
Or, (z+ , of + ETI 
ms cf" eter 9-2 dx=] C2 | eC ia, G 

ee ZL 

| Or, Ce-al = 25. ae n° 

\ Or he ; dz=I, (x+1=2) ? 7 [' 
‘| , Ce-27 4) 1, oR Om er 
"we Cz da ‘ta, 3 ; e 
4 | Sante z — & ayp2e 
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“432, |MATHEMA Ma 2 
oe = 22+3) d 
e? xe (22+ x | 
PO Ia . Sos 
e? " e7 4x Fok ae dx 
=F \. | 
mi (" cett dx gs. 4 Uf ¢ 
es Dain ing when 
" | pene 
at(" ene" 4 (x+1=2). Fe number 15 © 
i NT in the lon 
3 Sie ; game in | 
Now, ( ze dzis convergent and its value is zero, : gi is th 
Bx)=.( (-e-#*) dz psas mention 
Nn J-? 
Here P(X 
| gq ~ (x2 +2n+3} dx | | P(X = 
i -The requir 
ae Ex. 5. If ¢ 
agate? 
." (z—1)%e az “ppearing wher 
yh (29-22+1)e"7” dz muve enpected 


in die, then 


—_ 


"aed en "du | 
Klay i) —oau | 


Vie “antl ee 6) 
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ys we see that E(X;) ary and this is true for every f. Hence 


Th 
equired expectation of shell consumption is 
r ghee 
tf E(X,+X— to +410) 
= E(X,)+E(Xo) ++ +E(X49) ( see chapter VIII) 
210 £(x,)=29. 


[It will be proved in the next chapter that 
if E(X,), E(Xq))---, E(Xq) exist, then 
E(X +X ate +Xy)=EX,)+E(Xq) ++ +E(X;). ] 


my Ift is a positive real number and the probability mass 


. function of a discrete random variable X is given by 


fix)=e7* (L—e7*)*-1 for x=1, 2,.3,... 
=0, elsewhere, 
then find the mean and variance of X. 


EX)= > et (1 ert) : x 


. e1 


[ool 


> x(l—e"t) 

w=] 
se tf149 (les e~*t)43 (1—e-*)2 4... } 
SOY 4 Te —(l-—e- t)i- 2 


oe , since here 0 < 1—e-t < 1, 
=e°' » ; 


=et, 
. , 
the required Mean is e', 


Again, » FLX(x- 1) } 


sy 
@ 


='p™1 
° p) x(x— 1) (l—en#)=-1 
<32 
py 
2, e 
mn iat 1, (lesz ‘439 (1—e-*)2+4,3 (1 —e7!)3 + = 
te et 1 ga35 es | ett) 2 bas 
Mae tint (l—e-*) 43.4 (l—e7*) 


6 . 
. “etles within the second bracket is unads 
allay 0. 


Now we know that,for |x| < 1,. 

(L—x)- $= 1Ltxtx? $23 +--+ 

. The right hand side of (7.8.1) being a power Series Oy) 
differentiate both sides of (7.8.1)-any number of time io Y 


456 mah ewes KROBABILITY i Yy 
| | 
| 


Differentiating twice with respect to x both l. / 
we get Sides aty, 
2 " 
=2.143.2. te ee 
(i—x3 = x+4.3. x? + 
Now, 0<1-e7* < 1, since we have t > 0, 
So, 1.22.3 (L—e*) +34. (Lent) bon 
| 2 
= =2 3 t. 
jiza—-eyFr |. | 
Hence,we get E[ X(X¥ —1))=e7*# (L—e7#) 2e3¢ 
=2e3t (1—e-*), 
So the required variance is E [(X(X¥-1)]—m(n-1) 


=2¢e2' (L—-e')—e 1) [°° m=E(X)=¢) 
= e2t —¢e, : 


_ Ex. 9. A special die with n+ 1.faces is marked in its faces ‘ 


1 2 n—-1 2 The die is unbiased. Le th 
numbers 9, ar 2 The die | 
ndom variable denoting the number 


a) E(X), (b) Var (X) and (c) coefficient 


| 
the ra on the uppermost fox 
Find ( of skewness of i 
distribution of X. . | 


J l (— voseee . 
Here P( x=" \=a57 for i=0, 1, as orn 


= 4 1 = 1 L424--tnae 
EW) = D> or art ‘ 


t*0 


Var (X)= E(X2) —{E(X)3? 


n e 
n+1 4) -n* 
«-0 


1 nin NOnth) 4 
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(c) Coefficient of skewness is given by 


Now, #3=E {(X¥—z)°S 
= E(X5)—§ E(X?)+3 E(X)—3 


_ 1 i\°_,2n+1. 
~ n+l (-) 2 6n tack 
i ate 
1 n(n-+1)\?_2n+1,, 
= suED | 2 } An Ts 
n+1_2nt+1,, 
an 4n 


_nt1—2n-14n_ 


4n - 


Hence, y, =0. 
“tH 0) | 
Ex. XU: Find the mean, variance and the coefficient of skewness 
f the continuous distribution with probability density function 


iven by 
f(x)=1- |1-x],0<x<2 
=0 , elsewhere. 


IX be the corresponding random variable, then the mean is 


En) =| (l— | l—x])x dx 
2 
(-|1-x|)xdx+) -|1-x|) ade 


{1-(1—x} x ax+| {1—(x—1)} x dx 
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a 

Now E(x?) =| x® (1- | l—x |) dx 
im ) 
1L 


x? (l= Jinx) aes | x? Gs heey 


-| x0 -1+3) in| *9(1— x41) de 
=| « in| (Ox —x8)Yax 


=1+ + (48-38) — (8-4) 
=1+9-v=6- 
So,var (X)= E(X*)—{E(X)}? =§-1= 
3 = E{(X —1)3} 
= E(X*)—3E(X?2)+3E(X) -1 
= E(X*)-3. 443-1 
=E(X*°)-—§+2 


t 3 
-\ x3 (1-142) ax+| x8(1—x-+1) dx-3 


L ‘ 


o 


2 atl 


© Ex. Al. If the roots of the quadratic equation ! she 


are real and b .is positive but otherwise unknown, then find 
values of the roots. 
The roots of the equation #2 —af+b=0 are 
at Varah a= 02-40, 
y 2 2 
where a®?—4b > 0. 


fal 
is 
r 
tg 
t; 
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he random variables corresponding to the above 


if Xa 8 West 


then 
roots, —_ at Va?—4) a?—4Y On /a2—4Y 
1 a = 2 5 


where y is the random’ variable sorrat fondo to b. 
gi-4b 2 Q an 


ndom variable Y has uniform distribution in 


Here db> 0. So we have 0<b< %. 


Hence, the ra 
| 0, . |. So, if fr (b) be the probability density furtction of Y, then 
a ae 
frl0)= Ga if0<b< Z 
4 
=0 , elsewhere. 


' E(X,) = [F ot var=® IEE Sab 
‘0 


a a* 

=4 [ab-+ (a? — 4b)# (—3)} * ; 
" as 1,3 _ 5a. 
= 5 (Ft )-5- 


Similarly,we can show that E(Xg) =5 ; 


So the required mean values are 2, 2 : 


t 7 ee The radius X of a circle has uniform distribution in 
). Find the mean and variance of the area of the cir cle. 


If 
Ybe the random variable corresponding to the area of the’ 
Circle, then 


" Y=nX?, 
probability density. function of X is given by 
Ix=1,if1 <x = 2 
=0, elsewh 
Nowy 5 ere. 
E(Y) = E(nX®) =nE(¥2) 


eat 


et * : 

— = 

aii - ‘ 

os ay a 
‘ 
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Var (Y)=E(¥2)={E(Y)}2 
: Tx 2 
— F(n2 4) —( 72 
= E(oex*)—( 


_ 3127 49 »3 
a. =~ 
_ 34 x? 
45° 


Ex. 13. Two players, Sunil and Kapil, agree to 
under the condition that Sunil will get from Kapil R 
wins and will pay Kapil R, rupees if he loses. 
‘Sunil’s winning is p. Denote Sunil’s gain by 
variance of Z (i) increases with Ri; 

(ii) decreases as p increases for p>}. 

Here the spectrum of Z is {R1,—R,}. 

Also it is given that P (Z = R,)=p, 

P(Z=—R,)=1—p. 

Then E(Z)=R,. P+(—R) (1 — p)=(2p—1) R,. 

Var (Z)=E(Z*)—{E(Z)} 

= R,°p+(—R,)? (1 —p)—(2p—1)® R,4 
= 4p (1—p) Ry}, | 
which shows that Var (Z) increases with Ry, since p (1-p) >% 
So (i) is proved. 
Again,we see that 
Var (Z)= Ry? {1 —(2p—1)3}=y (p), say. 
v'(p)= —4(2p—1) R,3, R, being kept fixed. 
“. ¥(p) < 0 if 2p-1 > 0, ine, p> ‘ 
ce, v(p), f.e., Var (Z) decreases as p increases when P A 


Play g Bin, 
1 Tupees if}, 
The probability 


Z. Show thay the 
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gino 
+14. Find the median and mode (if any ) of the a 
Stribution with Probability density function given by 
f(x) =k(x—9)(10—x) if 9 < x < 10 
=0, elsowhere, 
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peing 4 probability density function, we have 
fe) : 


0 


k(x —9) (10 —x) dx=1 


Kk) t(1—2) dt=1 : where t=x—-9 


| 
| 


: = 6. 
or, kG —3)=1. ce 
If F(x) be the distribution function of the correspondin 


ble, then 
i F(x)=0 rile = xe <7 


g random 


x 


| =| 6(t-9) (10-1) dt if 9< < 10 


9 


-1 if x > 10. 


Cy #4 1—-9=u 
Now, | 6(t—9) (10 —t) at=6| u(1—u) du when 


of Jae tae 


= (x—9)2 (21-2). 
Now, Fa)#} in —~% <2 <9 
#1 inx > 10. 

If 9¢x< 10, then F(x)=4 Bives 
J (x-9)9(21-2x)=h 

or, 4x3—114 x2+1080 x—3401=0 ne 

Ot, 2x? (2x—19)—38x (2x —19)+179 (2x—19)= 

, (2x—19) (2x2 —38x-+179)=0. 

7 * 19+ 3 7 . 


_—_— — *___. 


2 


z 10. SO 
é. me. 
j the rl is the only solution of F(x)= yin 9 < 
Tequireg Median is 42, . 
nh. ag 6(19—2x) in9 < x < 10. 


P'x)=0 in 9 <x < 10 gives x=-3" 
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Again, f"(x)=—-12inI <x < 10 
a i 4 (Ay =-12 <0. 
Eience, f(x) has a maximum at x= 4p. 
So the given distribution has a unique mode and it js 1p, 
) Find the median and mode ( if any ) of the continug, 
distribution with probability density function given by =) 
f(x)= sinx ifO0< x<5 
=0 , elsewhere. 
The corresponding distribution function F(x) is given by 
F(x)=0 if -w<x<0 
(*. ‘ 7 
=| snidtifO<x<z 
) 


. 1 
=1 ifx > 3 


a 
Now, F(x)=4% gives {sin tdt=%4 where 0O<cx< 73 
0 


or, —cosx+1=}, i.e., cOmx=4%, 


3 


* . - 7 
which has the only solution x= satisfying OG x<q- 


SY y 


Fig. 7.8.2 


Hence,the required median is 3 ; 


_- 
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Fig. 7.8-2 represents the graph of y=/(x). 
7 

ow in 0<* <q f'(x)=0 gives cos x=0, which has no 


a 
tin in 0<x<q- So f(x) has no local maximum in 


O<x<G- 


i, mt \ _ = 1 
now (2 )=1, f(x)=0 <1 forallx >5, 
: 1 
fix) < lind <x<35- 
So, we can‘find a positive number 5 such that 
7 7 7 7 
fix) <f(5) for ™—3 <x <gts x¥ F 


So, f(x) Has a local maximum at x=. 

Hence,the given distribution has a unique mode at x=F x 
Find the median and mode ofa normal (m, ¢) distri- 
bution. 


The probability density function of a normal (m, 2) variate is 
_ given by 


1 Qe 7 
I(x)= Time 22 aw KX OO. 


The distribution function of the corresponding random variable 

Xis given by 

z _ (t—m)? 

F(x)=—2— |e 297 dt. 
Ti ) 


No 
f W the median u is the least value of x far which F(x)= 
F(x)=2 gives 


lf .-&ms 
Vine | e. 202 


dt=t. 


. =4, where y=, (7.8.2) 


we 
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Case I. Let x > m. From (7.8.2) we get 


x— m1 
1 to? 1 { -¥ 
a | e du+— | a ‘ 
Vom 1. Jiro © du=zq 
1 l aL us 
or —_ dl 7 
ay ss | e 2 du=t 
0 
Tn 
Or, cs 
| e 2 du=0. (7.8.3) 
0 


ae _us 
But e ~ is continuous in [ ‘i eadianl | and e 2 >0 for all. 


(om 
x-m 


u2 


alue of x satisfying F(x)=4 for x >. tt 
Case Ii, Let x<m 
Here (7.8.2) gives 


us ua 
: \" 2 V-7o F 
a € du-—_ ’ 
V20 J, Von | €. =Auws 
z= mn 
Cc 
U2 
Or, | e 2 du=0, 
s—m 
0 co f 
u2 : vive } 
but Peg . _us _ 7 osit! 
Je 4“ 0, since e 2 is continuous and P 
X—m 
Cc 
x—m 0 
y 2 i So,F (x)= has no soultion for x < ™ 


Lastly, we find that for x=m 


Rms_}_| .~5 
rial e 2 dy=}. 


). a 


we| M —™ | and hence \ e 2 >0 and this is contrary 
= rt ] ‘ 
to (7,8.3). So,there ig no v 


| 
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“ So,m is the only solution of the equation F(x) =}. 
Hence,m is the median of the normal (m, o) distribution. 
Again, f(x) exists for all x ¢( — 0, «). 


=Zamis 
Now, f(x)=9 gives, —e 22 | <> "=0, j.€., X=m. 
1 _(x—m)2 (x —m)? _ (w—m)2 
Again, ["(x)= — <q @ 20% +2—M ¢ 20a 


- "n)= 5 <0. 


So, f(x) has a unique local maximum at x=m. 
So, m is the unique mode of the normal (m, ¢) distribution. 


Ex. 17. The probability density function of a continuous random 
variable X is given by 
| ay 
IO) = Tay if®0cx< @ 
=0, elsewhere. 


Investigate whether the mean and the variance of the distribution 


exist.’ Also find the median and quartiles of the distribution. 


@ 


The mean of the distribution exists if | * __ dx is absolutely 
0 (1-+x)? 


convergent. 


=Lt }1 1 } 
Lit 4 log (B+ to - 1 
= 6 ; 
Hence,| ress: dx is not absolutely convergent. So the mean 


xist. 


does 
Not exist and consequently the variance also does not exist. 
onding 


faa * F(x) be the distribution function of the corresp 
°M variable ¥. 


B 
| 
B 
= Lt | ad dx= | aw, where 1+x=u_ 
0 


| 
| 
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% 
Then F(x)= | Me) dr=0 if.x< 0 


( dt 
- , f 
er dt if x >0 
i.€., pn ifx<0 
“Ta if x > 0. 
Now, F(x)=% gives irc fie, x=1. 


Hence the median is 1. 


Again F(x)=4, F(x)=4 give respectively, x=3 and x=] 


‘ Which 
give the quartiles of tus distribution. 


Ex. 18. The probability veisiep function of a continuous randon 
variable X is given by 


I{x)=ke-''=-) if aexc ao #B 


=0 » elsewhere, 
where k,a,b(>0) are constants. Show that k=b=07' mi 


a=m—o, where m,¢ are the mean and the standard deviation of th 
distribution. Also find y, and y.. 


Here a eae a1 of, EE 21 de, bob 
a 
Now, m=E(X)=b | x erbee-m dx 
| 


(a+2) e~>* dz, where x-4? 


I} 


ab | e 8 dztb | ze~>* dz 
0 


i) 


wa 
=F +5 | ue“ du, where bF=* 
0 
oa co ere | 
ats D(2)=a+ 5. 
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o 
Again, E(X?)=b | x2 e-b(t-a) ay 


=| (a+z)% e->* dz 
0 


= pa? | e- * dz+2ab | 2 edz+b | Zz? e b8 dp 
0 0 


Q 


_ ba? , 2a, 1 | — 
= b +> TR u“e du 
2a, 1 
—ny2 aes es 
=a?+ 5 Ty T(3) 
2a, 2 
—724 ead 
=a*+ 5 Ts, 
o2= Var (Y)=E(X?) —{E(X)}? 
«26% 2 1\2 1 
ds Oe -~| =-., 
a ee (+5) b? 
cae, k=b=co"* and m=a+e. iei, a=m--. 
Now, es = E{(X —m)*} : 
= E(X3)—3m E(X?)+3m? E(X)—m* 
a 2a 2 3 sa 
= E(X*)—3m [ a? +724) +3m m’ 


= E(X*)—3m {(a+; "+35 \4-2ms 


= E(X3) —3m (m? +07) +2m® 
E(X*) —m3 —3me?. 


Now, E(X3)=b en b(a-G) x3 dx 


e~5* (z+a)§ dz 


z8e-%* dz+3ab 


o = dz 
-oe qz+ba° f P 
+3a% | ze ee 


l} 
> 


Il 
> 
ORE Stoeeng Stns || 


ie 23 
| z2e-¥* dz 
0 
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3ab 3a2bh 
or, EX) =45 D(A) +3 3 1°(3) + pa E'(2)+a3 
6 , 6a 
=ptpt eS 5 tae 
3 / 3 
a At b= ,yr 4 3 
=a +3 ( at+;). +55 
= a3 + 30m? +305 


u, = a3 +30m? +305 —m* —3mo2 
=(m —o)3 + 30m? + 303 — m3 — 3mo2 


Again, w,=E{(X —m)*} 
= E(X*)— 4mE(X8) +6m?E (X?)~— 4m3 E(X)+m!4 
= E(X*) — 4m(a® + 30m? + 30%) + 6m? (m2 +02) — 4m! +m'! 
= E(X*) —12m3o + 6m2o2 —12mo3 —4a3m+3m'. 


Now, E(X*) =b | em?'*~a x4 gy 


if 
-o | e-?* (z-44)* dz 
*] 


z# e-* dz4dab | z3@-b* dz 
0 


ae oo wt 
“ 28 e~>*#qz 4 4a3b | ze ott? 
0 0 0 


“e 3h ri)+# | 


pe 115) + Aab ray oat? r(3) 


_ 24 24a 12a2. 3 
“pt pata = +a‘ 
=4/ 1\. 8 

3 ( a+; \" +3 (a+5) sre 


= 4m3o 4. 12mc3 +804 +a‘, 
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Pa =a* +4m%o+12mo8 + 804 12m3o +4 6m2o2 


~12mo3 — 4a° m+ 3m4 
xm—o}h— 804+ 6M 866 din e)n It 


gy 19. Find the median and the quartiles of Cauchy distribu- 
jth parameters A, Us 

The distribution. function F(x) of the random variable X having 
ycby distribution with parameters (4, «.) is given by 


° Fix)=* - nS He ae 


-c (t~p)*+22 a 
n-K 
1, 1. par. (* rn 


es n7! Xm 
=! — +4. q ~ Tr 
fx, be the median of X, then F(x,)=4. 


; xX.- 
‘ | paa-2 cn Mg 
A 4 A 


5 eH 
+g=3, 


ies, X= UH; 
which is the required median. 


The upper quartile Cs is given by F((.)= 


2 
q 


Ex. 20. Find-the median of binomial (5, $) distribution. 
ms distribution function F(x) of the random variable X having 
al (5, 5) distribution is given by 
Fix)=0 if —-0o <x <0 
=()' if O¢x<l 
=(3)9+5C,(3)5 ifl<x<2 
MP.2g 


+e , 


‘450 
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=()5 150 (1)5 LST W1\5 s¢- 
= (4) i id Cals) fr2<x <3 
= (a)? +°Cx(8)° + °C5()9 + 8,14); if 
% 1\§ 5 : S x 
=P FCG) + 2C2G)° + 5C4)5 4 5 ( “4 
. ee iC) eee 
f4<y <§ ») 
=1 if x-> 3. ‘ 
We'see that Fix)=} and F(x—0)=$ for all x ¢ (2, 3) 
and F2)=4, F2-0)=dy < }, 
F3)=34 > 3, F(3-0)=}. | 
So Fix --0) < 4 for xc (2, 3] | 
‘nd Fx) > gv xe(23. 
Sovany yalue of: x belonging to (2, 3] satisfies Simultanegyy 
F(x) > 5, Fix—0) < gy. So here the median is 5 (243) =25, 
@ Ex. 1. Find the mode or modes of binomial (n, p) distribution, 


tion of X is’ given by 


fix) ="Ce p* (L—p)"~* for x=0, 1, 2am 


Now, f(x) > f(x+1) if 


“Cup *( —p)""* > is ‘CL — pyrert 
or, —?>-2_ (x #7) 


or, x > (n+l) p-l. 


Similarly, we find that f(x) > f(x -1) if x < (n+l) p. 


Case I. Let (7+1) p be an integer. 


et X be a binomial (#, p) variate. The probability mass fun 


In this case, f(M—2) < f(M-1) =f(M) > fiM+)), “ 
M=(nt+1)p. So here (2+1) p—1, (n+1) p are the mode ° | 
‘binomial-(n, p) distribution. 


| 


| | Pe 
Case II. Let M=(n+1)p be not an integer. Then We ee 

M-\1<[M] <M, where [M] is the greatest integer not °°" } 
than M and then 


fta:) > fi[M)+1) 


and flM]) > f(Mj-1). 


f 
¥ 


ji 


; 
© then find 


MATHBMATICL EXPBCTATION—I 451 


(n +1) )p] is the unique mode of the distribution 
not. an MniSEE 


penoe aot 


pera ‘i probability mass function of Poisson x variate is given by 


fo" for x=0, 1,2, ... 
x 


. ~ Es Hct 

Now, f(x) > fixti) if * ; ie 2 aye 
if x >p-l, 

a eat eT Hyatt 

gain, fix) > fie— 0 iar > es 

ifx<u. 

ep . Let «be an integer. In this case, 


fu- =f) > flut 1) 
ail fe=fo —1) > flu-2), 


where w-1, #-2, w are non-negative integers. So in this case 


we have 
flu-2) < fle-l)=f(y) > fut) 

Hence, z-1, # are modes of Poisson u distribution when pz is 
an integer. 

Case II. Let # be not an integer. In this cass, we have 
u-1 < [uw] < #,where [y; is the greatest integer net greater than 
nand then 

mi vee > f((u)+1) and 
fil [wi ) > f([u]-1). 

Hence, ee ‘the unique mode of Possion » distribution when 
HIS Not an integer. 

Ex, 23. 


if log X has normal distribution with m=1, o=2, 

<j, Var (X). 

m Y=log X. Then ¥=e¥ where Y is a normal (1, 2) variate. 
ul) be the moment generating function of Y, then 


Let 


Mr(t) =e! +24" — Biek¥), 
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[The moment generating function of a normal (m, o) 


emitters, ] i ™ (A)= 

” ee E(X)= E(e¥)=My(1)=e ene | : (eae 

Again, Var (X)=E(X”)- -(B@P E@ty 
= E(e2%)—- e” 


=e1—e% 


ins 


| 
| 
| 
| 


that the mean deviation about the meq of 
a 


: . [2 
normal (m, 2) distribution 1s ff Bs 


The required mean deviation is E( | X-m|), where y jg 


co) variate. | 
normal (m, °) 5s _(x—m)? | 


- | |x-m\e 77% dx 


1 
—_— ye ial | 
A ifs | 
Ne 4 {Qu @ ; ye 
=) PL = i | y | e 268 dy, (x's m= 9) 
one Agu J nel 


ya 


ete | | e 268 dy, 
N Ine | 4 


2 ys 


a _y ie 
. 2c% 7 264 js 
gince | | y | é dy 18 convergent and | y | e an even 


function. 
5 a aa 
_ Then E(| X-m | =,/2| xe 202 dy 
0 


Z3 


i] 
= [eo | ze 2 dz, where y=9. 
% 
0 


nD 


3) 
_ ; Z> 
=,/-6 |e ‘ dt. where =i. 
% ° Al 
0 
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pind the median and mode of a binomial (4, 3) variate. 
tion function of the binomial (4,4) variate is 


istsib 
gives Y _0 if -o< x <0 
= (3)4 if 0O<x<l 
artes aGy tt eas 2 

2 (it + 4C14(8)" +4C9(4)? (i)? f2<ax%<3 

2 (2)8-+4C 1408)? + *C2(4)°G) +*C 5 ()°@) if 3<x<4 
_j ifx>4. 
at F(l) > 4 and F (1-0) < § and further we note 


jt follows th 
Jue of x satisfies singultenepusly the inequalities 


pat 00 other Va 
i ., and F(x—-0) < 3. Hence the required median is 1. 

j 
K(x) 7 = 1 and (n+1) p=3, which is not an integer. So, 


mode is the unique integer belonging to (2-1, 3), 
bf integer is 1. So the mode is also 1. 


Let Y be a Poisson variate with mean »=2. The probability 


mass function of ¥ is given by f(x)= c= LO K=O, 1. Zico ase 


The distribution function F\x) of X is given by 


F(x) =0 if -w<x<0 
suo ifO0cx<l 
p-2 
me? anes fl<x< 2 


454 MATHEMATICAL PROBABILITY 
* 6-e8< 6-22 < 0. 
S, <j 
So, Fa)= = < 4 for x ¢[1, 2). 
Again, e& tipo 3po = 
Now, ¢e<.3. .'. >i>t. 


Then, Fa)=> > i for x €[ 2, 3). 


5 
Hence, F(2- -)=5 < 3 and F(2)= a> 3. 


So, x=2 satisfies simultaneously F(x) > % and F(x- ~0) <i : 
and we note that no other value of x setielise these inequalities, 
So,2 is the unique median of the given distribution. 

Here u=2 is an integer. So by Ex. 22, u—1,.n, ie, 1,2 are. 
the two modes of the given distribution. 

| fhe 
Prove that for any distribution, the _first__absolute 
noment about the mean cannot exceed the standard deviation. v 


Let ¥ be a random variable where E(X)=m and Var (X )=0*, 
We have Var (X)=E(X*) —{E(X)}?. 

Now Var (X)=E(X—m)? > 0. .*. E(X*) > (E(x)? fr 
random variable x for which E(X), E(X2) exist. 


Let Y= |X—m|. Then by the above inequality, 


E(¥*) > {E(Y)}" 

E(| X—m |*) > {E(| x—m | )}? 

A E(X—m)2 > {E( | X¥—m | )}2 

Var (X) > {E( | X—m | )}?. 

Hence, °>E(|X-m|), ie, E(| x-m|) <° 
Hence,it is proved that the first absolute moment i 

the mean cannot exceed the standard deviation of ¥- 


abo" 
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98. 7 he pt obability density of a continuous random variable 
ven bY 
yok 2Ub+*) box <0 


fle)* G(a+b)’ 


b(a +b) 


Hea%, O0c<x<a. 
a(a+b) ’ 


snd te mean, variance and median of the distribution of X, if 


sr b7™ 
The mean m is given by 


| az 2(b+x)x ax | 2(a— 2(a—x)x 9 
me B=) 3G: 4 “aa+by * 

b? B® , a3 
| - arp l-3 aay Plea 2 (e 2 -$) 
| ee a? 

* Ta+b)* 3a+5) 
=% (a—b) 


3. 4 
~ BB a? 
: ~ (a+b) * 6(a+b) 
+ Var (x)= E(¥2)— m2 
maa ab) —z(a—b)? 
=15 (a*+ab+5?). 
* distribution function F(x) of X is given by 
F(x) =0) if as, ot = uh 


-| 2(6+2) 
» a+b) 


= (E-4) +32 (F-9) 


=1 (a2 —ab+b?). 


dt if — b<x<0 


=k: Hoe 1+ | 2a-1) 4 if 0x4 
ats) +b) - 
“1 


if x >a. 
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2b+1) 4-2 _ (px a 
Now, | tt ar sare ( V5 rte =} 


Fd Ha- oe | x?) 
and | 2e— 5 t= a(a+ b) (2: x) 


a (ox ++? )) if.bexe< 


Now,, F(x)¥q if -—01 <x < — b, 
If -b< x< 0, then F(x)=4 gives 


But Sb ae) <-—band ifa > b, then 


sb ee) eee ee 


ifa> 4, —b+ ~S & [-b, 0). 


Now, if0 < x < a, then F(x)=4 gives 
Zs 2 


eo eee (ax—*° _ 

ath a(a+b5) De are 
a(a-+) 

) Aart (at — ab) =o, 


ey an 
x= pant 8(a2 


1 
or 


— ab) 


Sa Say 2a? + 2ab = a4 /aard), 
. 2 


, Ii 5 } 
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~ 2 


Nows a- 


; a /2Gt® > a-a=0 if b< g. 
god ; 


| a(a+ b) a 
= ean e (0, a). : 
Also at chee & [0, al. 


a(a+b)-., . : | 
Hence, x= a— a 1s the unique solution of 


F(x)=% if a> 6. 


So the required median is a— J a(a a b) 


X be a normal (m, ©) variate, then prove that 


: dpar 
=o? +o37F3", 
Hor+e2 Mor T. ds 


Hence, find the coefficient of kurtosis Bz of this distribution. 
o _ = m)2 


Wehave pap=—! —m)i7.e..2" -dx 
ar Vins Rs m) 


Assuming the validity of differentiation under the integral sign 
With respect to ov, we get 


| . _(zom)? 
dugr 1 1 (x—m)?7e@ 7° ay 
a "Tal j_. 
_(x—m)3 
41 | (x—m)2"*? 7 é 203 dx } 
o —-@ 
da p= ee Mar / 27m Olar+e2 
oO F] . 
Or, due, 1 
e- 


o Mor ts ‘[lartay 
ie 
‘5 Lt . 
4. = G38 
=O" tor +3 ae, 
do 
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dit, 
Then fig =77 Uy +03 “de ’ 
But uo =o? pg = 94 + 204 = 304 


aes Gea) ¢ Obtain the recurrence relation 


Mey, =u (kins +o ) 


for the Poisson distribution with paraneter u. 


Hence find: th 
coefficient of skewness and the coefficient of excess of the Poisson , 
kt 
distribution. 


Here we note that the mean of the given, distribution is 


~ # x 
Wehave jt,= > (*— ue sé oi 


where the infinite 
convergent, 


H, 


? 
series in the right hand side is absolutely 


co? 


. du, d _ »\k e yt . 
da La { ") <<} 


( Here the process of term by term differentiation is valid) 


| _ “ar 
=~ 2 [-: H” (x — ye —k(x—uto "Hs xptte (x-y) 
x! x! 


x! 


= >’ @—y)Ke" py? x 
es ee (-142 —K uy, 

xz=0 

— K 
_! > (x— yu) +1 e Wk 
— Mey k 
= —K ih. 
Le aa 
Thus 
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| da 
Agail, Ha Ho ey and po =1. 


of lg = _ 
\e (9 
Hence,from (7.7.4), ws =u. 1=p. joa 0 
1 . . -hOr a fe 
nae Lo oO 
of BV i VE ge eee : 


d 
Again, 44=p Sug a 


, pa = Suite 1 = 37+ 1. 
_ Mtg _ 23H? +u 4 1 
Yea caer ear 
‘ix. 31. Find the mean and variance of the Maxwell distribution: 
defined by the probability density function, given by, 


sot, 
f(3)= = x®e B87. p>0;, if O< x < e 
. / i . 


=0, elsewhere. 


The mean m is given by 
o 4 a= 
~ x%e B? dx, 
m=\_ Be / a 


(the integral is absolutely convergent ) 
@ ‘ne B 

= 76. \" ze~* dz, (25-2) 
0 


° 2 3 a BP 
Var (X) = E(X*) — m9 = a = (37 8) on 
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7 
= f Ex’32. X has uniform distribution in (—a, a). Find the ; 
momen, 


generating function of X and hence find the cent 


distribution of X. 
The moment generating function M x(t) of X is given by 
a, J - 3 a 


a 


ral moments of th 
@ 


, 1 1 
My()=| seed dx, where we note that | - et® ay 


“a -a 
is absolutely convergent for all ¢ € R. 
a 
1 1 . 
N sl tx a at__,-at 
ow | 54 et* dx 4 (e e ®t) if #40 
=1 ifrf=0 
M,(t)= = sinh (az) if #740 
=1 if ¢=0. 
Now 3 (e%t mor 8t) ap Wg Op net, for all te R. 
! ! . 
gg (at)? (at)* 
..)06— Sinbh (at) =1+4+ "4 +4 24 4 ...... i 
a Cet a if 1£0. 


Further, we observe that M;z(0), /z'(0), Mx"(0), .»....exist and 
M;(0)=1. Hence, the expansion of M;(f) in Maclaurin’s infinite 
Series i$ given by 


_ at)? 4 
My(i) = 1-40 +a 5 bisstated for allt ¢ R. 


Then the kth order moment of X about the origin is given by 


=, er t* ‘ 
4, = coefficient of erin the above expansion of Mxtt) 


=0 if k is an odd positive integer 
_ ak a 
: (k+1) k1 ifk is an even positive integet- 


S ! . ; ave 
0 the mean m of the distribution of XY is given by m=“ = 


The kth order central moment u,, is given by 


Me = EY(X —0)*} = E(X*) = ay. 


en ae . 
h=0, = k is an odd positive integer 


ak, 
=——~sif k j tye G 
kay * is an even positive integer. 
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px.(33: Find the moment Senerating function of the conti 
andom ariable X with probability density f, unction given by nuous 
i 


(= if-la<cx <0 


_ea-x 
~ 4a? 


=O, elsewhere. 


Uf 0< x << 2g 


The moment generating function Mx(t) is given by 
M,(t) = E(c**) | 


=| et f(x) dx, 
dea 


provided the integral is absolutely convergent. 


3a 
Here | e’* f(x) dx isa proper integral and it exists for al] ~ 
-36 
real values of 4, 
. 2a 
| Now | et* f(x) dx 


Rae, 


0 


_ 1 . 
=| e** (2a-+x) ax | et* (a—x) dx 


-— 36 0 


7 ' e2at_ p-oat > 
2a* 3 ~2,| a . 
a a 
1 \ 

see oe xet* dx if t 4:0 
g 
' 4a 0 
= inh (2a) 2 


a 
at 55 i x cosh (tx) dx 
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_sinh (2af) _ sinh (2ar) peak (2at) _ 1 
at at 2a*t? 2a3 72 


—1-+cosh (2at) 
2a*1% 


—1+cosh® (at)+sinh?. (ar) 
- . 20H 


— 


_2 sinh? (at) 
| ~  Qqsz2 


{Soi iat if 10. 
at 
Also Mx(0)=1. 


o Ma(t)=[ SA (@) if 1+0 


1 if +=0. 


| 
i a 34. Find the kth order moment about the origin of the 
| ‘\y continuous random variable X with probability density function 
Fix)=20-2*,0 <x << @, by finding the moment generating function 
\ 


, of X. 


ee eG, The moment generating function M(t) is given by 
“YP os ' 
és 


M,(1)=\ det® e-at dx=2| et-ae Y 
0 


e 


¢.= fici ae { 
« =COefficient of j '0 the above expansion 


kK! 
=r 


So 


sthe required kth Order Moment is’ ¥1 
2" * 


a er he 
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(35) Find the characteristic function of the Laplace distri- 
bution efined by the probability density function f(x), given by, 


wh eeel. 


faze Nm <x < (A> 0). 


The required characteristic function ¢(/) is given by 


t fix |] xX—p 


d())= | é ° OF é€ A dx 


sth 
eels » ie | etfs ey, =xdx 
24 27. 
7 
=U) pF i He Lge 1) 
rT A raced ex | ats) dx 
2A ZL, 
-@ lad 
: I 
oth a dtcih 
ene oD ape: Bre tgedl 
2h . 23 n 
1 ( Ps ant 
av Tid with 
hip 
a 
~ 14434 
aly 
So the charaeteristic function is“. defined for ali ‘real 
1+471* 
Values of 1, 


Ex. 35, For a given positive integer n, show that the standard 


deviatj Bsn ee 1 | 
eviation of a binomial (n, p) distribution cannot exceed at Fora 


oe also the coefficient of skewness of ‘the binomial 
on with maximum standard deviation. 

Let ¥ be a bin 
Then Var (¥) 
8 Riven by ‘ 


omial (n, p) variate. 

=np(l—p). Hence the standard deviation o of X 
= Vn V5(i— p). 

™ P > O.and l-p> 0. 


attains the maximum value vn 


P 7 
* 
s a 
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vp(l =p) =r eti=o P) (taking A.M. and OM of 
Pyle 
ie., WV p(l—p) < 4, * 


where the equality sign occurs if p=1—p he. if p= A 
Hence,o <4/n.% and the sign of equalit 


a | ‘a Occurs if 
‘Thus it is proved that the standard deviation o 


Ps) 
variate cannot exceed Vin. and further the standard ; 
2 inten 


-€o-eflicient of skewness is 


ex( 37 Find the probability density function of th 


: € CON inuoys 
disribution which has the characteristic function e- \t! 


-Let X be the continuous random variable whose ch 


aracteristic | 
function is e~ | t! 


. Then by the inversion formula (7.6.7), 
| ite 18h 

{e=—\ @ e dt, 
- Qn J 


where fx) is the probability density function of. X, 


0 @ 
= ! +t prise: l | —t grits 
rl ert eo iae mT 55) ee dé 


ie 9) 


-1{ ~t pita dy 1 on did || 
2s | e-t @ eS e 


=> | e~ tei tt oni +f) dt 


@ 

1 | 
== \ 6 cos tx at. 

ale 
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= - Lt e7! cos ty df 


nope 
0 
ok Fj {e“ceos tetas) 
ae } 
ey OX 
a(1 +x?) eee oe 


> that for any real characteristic function $.t) 
; 


Ex. 38. Prov 
‘. anequalit? 1-421) < 4 {1-0} holds and hence prove that for 
 paracteristic fometion | — | £2) |? <4 fl [£0 17h. 
(XV be the random variable whose characteristic function is 
chen # 4) = Ele (e**%), Since d(t) is real, we have $(f)=<¢(t) 
and 4 consequently 


gah fo + o( b(t)$ 
= 4E(2 cos LX) 
= E(cos EX). 
| — (21) = 1 — E(cos 24%) 
= E(1—cos 24x) 
= 2E(sin?1X)- 
Now sine =4 sin? cos? af < 4 sin? 
So, 2E(sin’sY) < 8E (sin? ix) = 4E(1—cos tX). 
| 1-914) < 41 -$()}- 
Now for any characteristic function f(t), 


fo fo= (10 1, 


Sar, 
; eal valued continuous function of %. 
“Orem ft 

, there exists a distribution whose characteris 


® | fi) NI? which is real. 
Bee i \2, Then by the above ine 
nction, we have 
Bit We ion <4 {1-40}. 
tee we pie | f(2) |? and PY a WAU, [*. 
MP3 | f(21) |? < Af1l— 1) {8}. 


So by the uniqueness 
tic function 


quality for real 
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Ex(\ 39. }! Find the characteristic function of the Pin 


cal g; 
probability mass function given by 1 disiy, 


bution wi 


og tn ah m 
PX == pm (Tm 


Hence, find the mean and variance of X. 


", (m > 0) for r=Q, l ia 


| If #(t) be the characteristic function of ¥, then 


t= 2 reiliee) 


r=0 
= 1 7 ) ei tt 
Ney Di ane 
r=0 
1 .@ 
m it 
= —— Jae 
cee 21 (Te 
= 1 L | ro etl= m <| | 
Tm mM jkt 1+m l+m 
i+m for m > 0) 


= EE t RB, 
_ forall te R 


Now, 4(f)= te (1 - 


1° {,\, meit m2 | 
\ ee: GTEE fo ons, 

“tall Tha toe } 

We see that the coefficient of it in the above expansion d! 


$(t) is 


m ay 
I+m° 


Cm (Tm ree? Teme tI 
“aaah tee tl eee ny a | 

sglg'tp 
wetilt-rtgl RBs? 
=T711. 


Hence the mean of X is mr. 
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~ - (it)? . . 
again, «, =the coefficient of or In the expansion of $(t) 
1 mt m? 8 
= {te 
1-+m fer (1+)? . 1 ar eee 


= agme t+ laa 2+ (Pe) ste 


Now, we have 


(L—x)-P? = 1+ 2x+3x94 sa hits , if | x | <— L: 
nape et ae +384 ax sa ia wii | x | <1. 


Now a power series can be differentiated term by term in the 
interval of convergence. 
2 [aya |= + ote Sexe + 4tet +. it [xe rei 
"dx UL —x)? ; 


1 : | 
or, =m t Ta ys — =14+2?x4+39x2442x34... if law] =1.. 


. bt 32a8 $488 4m | a if |x| <1. 


Now, 0 mo 
) “lan l 


m ~s 
80 We have 
1+22_ 31 ( m yi 
4 l+m ay 
i ee 
- 1 
raise 
1+m 
Hen 


te, Xo =m(1 + 2m). 


aa m(1 + 2m) —m? 
=m(m+1). 


a 4 Applying FAIL and 7.4.18, find (7) the 


varighee of binomial (2, 3) distribution, Gi) the mean ang ven 
“ara e random variable U defined in example 3 3 of 7.2, . M, 
LC. H. (Math, 0: 

POnGig, | 
| 
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| 


if 


(i) If X be the binomial (2, $) vatiate, then the Stine 
distribution function F,{x) is given by 
Fxx=0 if ae = x =U 
=°¢, (3)? if O<x<l 
=2C,(Q)*4+7°C,@® if <2 <2 
=1 if x > 2: 


Then by7.4.12 we have 


E(x)= {1 —Fx(x) —Fx(—x)t a | 


{1—Fx(x)} dx 
ee here Fx(—x)=0 forx>0) 
=| (d-3) dx+ dx+ ja- Q dx 
d i 


=$tis1. 
Now by 7.4.18, we have 


Var (X)= | ox{l — F(x) + Fx(—x} dx EQ) 
0 


-| 2x{l — Fy(x)} dx—1 


0 


r 2 
=| 2x(1 -Yax+| 9x(1 —3) dx} 
1 


Qo 
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(ii) By example 3 of 7.2, the distribution function F, ( ) f 
u 
is given by , “ 
Fr(u)=0 Wwe = 
2 
=4ts if -2<n<]1 
= if'u> 1, 
Now by7.4.12, 


E(U)= -{ 11—Fet)- Fo(—4)} du 


Fy(—u) du 


Se sie papel deawa 
0' 2 


0 

1 2 

=| =F du—| Fo(—1) du 
0 6 

Ls 3 a 

{S74 7, | =u 
hee gq Me 


Now, Var (U)= | 2u{l — Fy (u)+Fy(—u) } du—{E(U)? 
Z u{l — Fo(w)} du+2( w Fo(—1) du- a 
0 


hdu+2 


2 


ull 1) da 2 uF p(—wda 
} 


4-2 u Fou) ox 


—— 8 


1 2 
=4| u(2—n) du+4 3 u(—w+2) dut+0-de 
Ml-)+4(-344)—2, 
3 
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=O) Find the mean and variance of the random yq 
rigs 
whose atstribution function is | Ole 


—AX for OK XN < & 


F(x)=l—pe 
=0; elsewhere » 
(a>0, p> 0). 
E(X)= [uF F(x)— F(—»)} dx 
0 
=|{1- — F(x)} dx 
0 
—4x 
=p dx 
=P 
A 


, ; ; steep mas! 
Y is a discrete random variable with probabilit ma 


Function given by 
P(X = —2)=P(X¥=0)= 
P(X=1)=4, P(X=2)=4. 
Find the median of the distribuzion of X. 
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: 1 


The distribution function F(x) of X is given by 
Fe) = 00ifs ere <-2 
=} if -2<x< 0 
=-1 if x2 ae 
Here we see that F(x)=4 for all x satisfying 0 <x < 1 and 
. Fix)? 3 for all x > 1. Then F(x-0)=y for all x €[0, 1] and 
F(x) > 4 for all x € [0, 1). So we can say that F\x-0) <q and | 
1 for all x € (0, 1] and these inequalities are not satisfied 


a ocasiely by any other value of x and hence,by definition 


. « OF1_ 
the required median is —— =g: 

Ex, 43. Find the value of 1 ( if there be any) for which the 
distribution of 4 y(l) variate is.mesokurtic. 
Let X be a (i) variate, We know that E(X)=1, Var:(X)=I, 
(gamma distribution ) Page, 393. 


- ‘Then X will have mesokurtic distribution if 
2 
Bein déoadl P+ -3, 


which gives 6=0 and this is absurd. 
Hence,:there exists no value of / for which X has mesokurtic 


distribution. 


Ex. 44. If X is anormal (0, %) variate, then find the variance of 
X+X?. 

Here E(X)=0, E(X¥?)=Ej(¥ —0)2}= Var (X)=e?. 
80, E(X¥+X?)=03, : 
Now, Var (X¥+¥2)= Ei(y+ X?)?}— {E(X + X?)}? 
= E(X?) + E(X*)-+2E(X3) 404 
Nowy PEE +2E WS) oF, 

> ae 1$ a normal (0, c) variate 

X4)*4,=1,3.0¢ = 3 4 3 
Var (X+Y9)— 524 304 oo eae lane 
=07(1 +4202), 
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Ex. 45, Find the mode and the median of the 
Co . 
distribution with probability density function given by MN 


a bx?” 1 


sp b> Da >LO<acg, 


vy) _ab(a—1)x*-? — abx-1 , baxena 
Hee Pb (ie bxtyh 9 <a cy, 


a 
Hence, f’(x)=0 gives (a—1)- pe =0 


; a—1l a 
4.6, x= (waxDl ~ C (say), 


‘It can be shown that f"(C) <0. So f(x) has a local inaciinge 


; 1 
atx=C. Hence,the mode is mt asi 
a 


The corresponding distribution function F(x) is given by 


[ abso 
FQ)=| oars dt,x> 0. 
) +00) 
=0, elsewhere, 
1€., FQ)=1- 7 4) if x >0 
=0, elsewhere. | 


Then F(z)=}(x > 0) gives _— 


1 
T+bx* 7 | 
z | 
1\a 
or, x=(5) ) 
_ ia 
Hence,the required median is 5) : 
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Examples VII 


Find the mean and variance of cach of the continuous 


1. 
en by the following probability density functions ; 


distributions giv 
(i) fixkey- a fo<x< 4 (ii) Six)= fe ee 
= 0, elsewhere. 


' 
, = Sze oO 


ected at random on 4 circle of unit radius. 
tical expectation of its distance from a fixed 
[ C. H. (Math.) °84 ] 


2. A point is sel 
Compute the mathema 
point of the circle. 

O is the centre of the circl 


( Hint: 
‘able denoting the measure of Z AOP, where Aisa 


the random var! 
axed point on the circle and P is the point selected at random on 


e of unit radius and X is 


the circle. Here Y is uniform in (0, 2m). The random variable 


denoting the distance AP is 2 sin X= sin _ The required 


on 
eXpectation is E(2 sin *\=| (2 sin 4 Lares. 
2n W 


U 


eo are drawn (a) with ees or (b) without 

te’ find th rom an ure containing 8 white and ° black balls, 

cs () ai expectation of the number of white balls in the 
(b). 

( Hint - 


site ba a X be the random variable denoting the number of 


lawn, 


a 


ATA MATHBMATICAL PROBABILITY 
Ex. Viy 


(a: X is binomial (4,p) where p= ‘aia of drayj 
white ball =-8,, and hence,E(X) = 4p = 


es ~ 56s... .B- 
(b) P(X= yar = oe 


C.x3C, __ 168 
PX =))=—1¢, ~ BiG, 


"Cs 70 


P(X= 4)= ue, TC, ' 
8 84 168 70 32 
a ee 4. —== 
E(X)=1 -aq-+? ig, t m¢,+4: te ir’ | 


4. Acoin is tossed repeatedly and the probability that a heag 
appears at any toss is p, where 0<p=l-q <1. Find th. 
expected length of the initial run of heads. [ C. H. (Math,) 90] 

[ Hint: Let X.be the random variable denoting the length of 
the initial run of heads. Then X denotes the number of heads 
before the tail appears for the first time. Then the probability 


mass function of Y is given by 


P(X=r)=p'(1—p), r=0, 1, 2, 3, ... +. 
the required expected length is given by 


E\X)= 2s rp*(1—p) 


p(t p)(l+2p+3p?+--) 
=p(l- 


\l—py?=—?_. 
py(l—py i=) ] 
5. The probability mass function of a discrete random variable 
X is given by 
P(X=x)=kx, x=1, 2, 3, 
Find E(X). 


6. Find the mean, variance, coeflicient of skewness and 
coefficient of kurtosis of the distribution of a discrete random 
variable X, where the probability mass function of X is give? by 

p(X=0)=l-p, PiY=l)=p. 
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3, Find the mean and the variance of the contin 
y with probability density function given by we ee 
x-1 
paafi- Bt -1<x<s 
=0 , elsewhere. 


_ Find the mean and the median of the continuous random 
iable ¥ with probability density function f(x) given by 
fixj=2x, 0% <i 
=0, elsewhere. 


yal 


15. The probability density function of a continuous distribu- 


tion is given by | 
fix)ealx—x?),0< x1 


a being 4 constant: Find the mean, the mode and the median of 
this distribution. 
m(m+n—1) 


that the variance of m,n) variate is —\—__—*. 
16. Show tha } Bq(m, n) @ D2) 


where m > 0,” > 2. [ See 7.4.68 ] 
17. Find the median of the distribution of ¥ whose distribution 


function is given by 


F(x)=0, x<l 
=q,(x-1)*, L<x <3 
=I, x > 3. 


Also find the mean of the distribution. 


Pp 


[ Hint: E(X)= | ne Ax) — F(-x)}dx=| {1 —F(x)} dx 


0 
1 3 tes) 


=| (1 -0) ax+| {1 —3,(x— 1)4$ dx+| (1—1)dx= +43. 
Median = i+ 478, | : 


18, P —_— ‘ ‘ 5 : esas 
tt areto’s distribution is a continuous distribution defined 
© density function 


dolar (=) if x>B 


=0 if-x< 
B. 
( where *>08>0) 
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NM, PPS =o 6, mh 
fe thd 
+ HL) 

< Vail | 19 arm ay 


Var (X) < (P=4\". 


9. F(x) denotes the distribution function of a COntinuoys 


‘ Tandg 
variable ¥. Show that the expectation of y CaN be een 


as EQX)=\ {1 Fb) ~F(—2)} ae. (CH (ay, 


0 
[See Theorem 7:4.3. ] 


10. The probability density function of 
variable X is given by 


fx)=WGB4x?, -3 ox < -1 
= 1',(6 — 2x2), “1 42¢< 1 


a Continuous Tandon. 


=teB-x9, Lox c3 


=0 , .€lsewhere. 
Show that E(X)=0, | 
li. Find the mean and the standard deviation of the continuous 
distributi 


on with Probability density function given by 


fx)=ae?, 0 <x 

and a, Bate constants, 
the distribution, 

12. Find the mea 

distribution with prob 


<*~,b>0a>0 
; 0 
Also find the Semi-interquartile range 


iati iform 
N deviation about the mean of the un 


ability density function given by 
fO=1 if OS <1 


- = 0, elsewhere. 


y 


gy. 
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jnd the and the variance of the continuous variate 
13. probability density function given by 
x wil | eee ui eae 
fozayim ae x<3 
=0 , elsewhere. 
Find the met” apes median of the continuous random 
ried aittt DRODaPI EY tena ate ety 
rg fla - F 
f= 2% 04x 1 
=0, elsewhere. 
js. The probability density function of a continuous distribu- 
Me is given by 3 | 
a f(x)eale-x7), OSS 1 ‘f 


peing 4 constant. Find the mean, the mode and the median of 
a 


this distribution. 
the variance of B,(m,n) variate is m(m+n—-1)_ 
Ce cin a(m, n) ~ (a -1)—2) 


where m > 0, > 2. ( See 7.4.68 ] 


Find the median of the distribution of Y whose distribution . 


17. 
function is given by 
F(x)=9, x < 1 
=q(x-1)*, 1<¥< 
I, 73: 


Also find the mean of the distribution. 


p 
@ 


[ Hint: E(X)= | 1 — Fx) -F(-xhdx =| {1 = F(x)} dx 


0 
1 3 


=| (1 -0) axt| {1 — da(x— 1) dx+| (1-1) dx= 48. 
1 3 


0 
Median = 1+ 4/8. ] 
18, Pareto’s distribution is a continuous distribution defined 


- YY the density function 
5 at QA\4<+1 . 
fix)=% (-| if x>B 
B \a 


=0 if'x < B. 
(where « > 0,8 > 0). 


MATHEMATICAL PROBABILITY 
jal t about th by yy 
show that the rth order moment a © Origin oxi ™ 


: farther that the variance of the distribution jg KX 
Show tur 


«f® if « > 2. 
19. Find the mode (or modes) for a binomial (, 1) ie 
ti 
tion. 
20. Find the mode (or modes) and the coefficient of 5 they 


4, of a gamma distribution with parameter 1. 
[ See Way \, 
= a Ore ss ve that the recurrence relation 
4 | 


du 
% Nees =D(1 —P) (nk Meat 


for a a (n, p) variate. Hence obtain the ©XPressions for g, 


and By: 


22. If X isa y({) variate, then find the value of E(x3), 
23. The distribution function F(x) of a random variable Li 
given by 
F(x) =0 ifx<0 
=l—je~* forx > 0. 
Find the mean and variance of X. 


[ Hint: Here X is neither discrete-nor continuous. 


= 

Ht 
a 
has) 

Il 


ae ~— F(x) = F(—x'} dx 


Il 


ow 9 oie 


{1 — F(x)} dx=| 4e-*dx = 2 


U 


Var (X) =| 2xf1 ~ Fix) - Fi —x}} dx —m? 


=2| 


oi, 


“a ~ F(x) dx— 45 =2 2 | x4 Le-®) dx-7s 
0 


=y P(2)-7 


t=i- 5 one 


Té=1¢ | 


al 


i yi 
Find the.mo 
stribution wi 
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de or modes (if exist) and the median of a 


sontinvor® . 


fs)=3 


Here f'(*) exists for all : a 0 and ]'(%)= —j1%p 
hich shows that f'(x) #0 for all x > 0. So, f(x) has 
mum for any x > 0. Again,f(x) =0 for x <0 and 


Pa x>0 (A > 0). ( C. H. (Math.) 82, °79 ] 


Ax 


( Hint: 
rx 7% ™ 


no local maxi ; | 
jocal maximum for any x <0. Further, f(0)=0 


and fX) 7 0 for x > 0 and so there exists no interval (—6, 8) 


6 > 0) such that flx) <fi0) for all x.e(—8, 8) and x # 0. So,f(x) 
has 00 local maximum at x=0. Hence,the given distribution has 


no mode. ] 


95. Ao electronic. 
hours ), which is a cont 
density function 


inuous random variable with the probability 


fixj=e"*, x > 0 
=0, elsewhere. 
ei the cost of one 
each item for Rs. 3, but guarantees a total refund if X < 
- find the manufacturer’s expected profit per item. 


0°8, then 


(Hint: Let Z be the random variabiec denoting the profit. 
Then the spectrum of Z is {—1, 25. 
U'd 


P(Z= —-1) =p(X < 08)=| eo Fax= 1 —e—08 


Si 0 
se, P(Z=2)=P(X > 0°8)=e7', 
| ‘Then E(Z)=(=i)(1 —e~ 98)42 . e708 == 3p- 98 oan J 
26. 
Two players A and B throw with one die for a stake of 


R850 wh: 
, wh ee : 
tatty th \ch’is to. be won by the player who first throws 6. If A 
wen find the expectation of 4. 


th probability density function given by - 


device has a life span’ X ( in units of 1000 _ 


such item is Re. | and the manufacturer selis . 
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: Ey, Vy 
[ Hint : Here the probability that A wins is | 
ere rte ae Gane 
=a{l-( 3)9 \- Loe (fh 


and the probability that B wins is 
B.. e+(8)° He (Be. EB eee 
=4. B1—(B)2y Sry, 
which is also equal to the probability that “A does not win” 
Let X be the random variable denoting the amount received 


by 
A. Then me iad of X is { - ~ 50, 50} -and P(X = — 50) = =f 
P(X= 50)=./4,. 


Then the expectation of A is given by 


E(X)= + (— $0) +°-(50) = %" (in rupees). ] 


27. Find the mean and the Variance of the discrete random 
variable X with probability mass function given by 


f(x)= =kq*,x= 0, 1,2, - O<q <1) 


[ Hint: Zz kq* =1 gives k=1—q.. 


x=Q 


00 


m= EUX)= >! x(l — gat =(1 —a)q+29¢ +39) 4g +") 


x=] 


= q(1 -q)(1 —q)7? -_ j q 


=(L~ gg" +3. 29344. 3gt 4) 
=24"(1 —g\(1 +39 +692 + ---) 
= 2971 —@)\(1 —g)-3 = aos 
Var SIS BUD) 89 — 800 
| 
Og 


See also 7: 4( Geometric distribution ). | 


then find the distribution of th 
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(ad the moment’ generating function of'a uniform random 
in(- —- 4, a) and hence, find E(X™). [ G.-l. (Math.) 03 ] 


Hint: See Ex. 32 worked out. ] - 
“For any real characteristic function ¢(t), prove that 
* 1+4(24) > 29}. 
40. Find the probability density function f(x) corresponding 


10 the ame function 4(¢) given by 


=0 if |r| > 1. | 
31. Find the median of the binomial (6, 3) distribution. 
[ Hint’: See worked out Ex. 25. ] 
‘ig uniformly distributed in the 


32, A random variate X 

2,2). Ifa random variable Z is defined by the formula 
xy, if xX <1 

z={ 1, if X >l, 

e random variable Z and the mean 


and variance of Z. ic owss (Math.) 00 J 
{Hint; See worked out Ex. 40 (ii) and example 3. of 


interval (— 2 


section 72. J 


| 


33. Find the moment generating function of the deneal (0, 1} 
distribution and hence deduce the nth central moments. 


[ See the concluding part of 7°5. ] [ C. H. (Math.) °87 4 


(mou the moment generating function of the 
“lon defined by the density function 
Six) =xe7=, x > 0. [ C.-H. (Math.) °87 ] 


Hi: See 7.6.17, J 


i 
ikey iis nee n consecutive traffic. lights, each 
ae, ia nee ieee p or green with probability 
hs a ceing: : € number of green lights passed by the 
Pped first by a red light. Show that the - 


Ing 'Y distrip 
the Utio 
©m N Of x is given by pqs}, iif Qi - n and 


ean 
Mp "and Varian ; 
ah ce of x as n-> oo: [C.H. (ateirh) 86 | 
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aa VI I 
36. A fair coin is tossed fourtimes. Let x deno 
of times a head is followed immediately by a t 


te the Dum Mber 
ail, 
variance of Y. Find the 


| Hint: Here the distribution of Y is given by 
P(X =0)= Yq, P(X=1)=14, He j= 


| Var (x) E(X*) {EQ} = 9, 
37. A discrete random variable with probability mass Gin 
given by, = ~° TuNCtion 


PK = 0)=4, P{X =(2k-1)_} = 


(2k — “yr; a K=0, +1, 42 | 


Show that the characteristic: faétion $(t) of X is given by. 


W=3+5 » cos (2k — cos (2k ~ 1)at 


OR he 
| Hint : per 
F emt Sever tamil iy ptee’: Zn psstewir 2 
2 wae ° mate é a: 
Bite _ 2 -sitr 2 sitw 2 dia 
te oe ‘sete t ‘so, 


= 2 tir -j 2 - A 
ite ti +e Oe a ere ce® ere ttt) 


wa (e>! tt 4-7 FF ET) foe 


$+, cn tn 4608 | 4 cos 58 x 
32978 52 23 


14a 4 COs £05 (2 — 1) 
£ > Meas Qk-2*! 


ndom 
38. The Probability density function of a continuous * 
variable X is given by 


Ix)=!x4+3 if -1lex el 

=0, 
where @ is a constant. 
.Var (X) is maximum, 


elsewhere , whic? 


fot 
Find the value (or values ) me 
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at: pivyeds, BX) = 5, 
UP ge (Xa SO" = 87 — 0%). 


483 


a that fix) > Oin -1 <x <1, we must have 
ee Again,{—6* is a maximum when §=0 which 


4* w(t: 3) Hence the required value of @ is 0. ] 


| rind the mean and the variance of the distribution in 
| ; ty (nding the probability generating function of the 


bh etributi 
ing distribution. 
gcresponding i 


( Riat: Here P(s)= >, kq’s’, Where k=1—g, 


a-0. 


nen P= (1-4) pS (qs)* 


@=0 


. 4 1 
elaet oo T le] <3. 
( W 1X95 q 


Now Pis)= C8. is. 


- (l—gs)? 
; em ge {t - | 
P= —49 [>] 1] =1). 
timo >it 1] 


RnB) Pt) 


Alo EW —I)p= Pr) = "4 —9) . 29" 


-9)*  (l=q)*” 


% Var(yj=_29?_ _ gg (2-1) 


| (l-g)* (l—g)\l—gq 
i a . 
| ~(T=9? 
{ Answers 

1. 
| ods (ii) 0,2 

§ atl 

j 
Met), _I~2p  1-3p(1—p) 


P1~p! Wp(1—p) 
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| 3 
11. 2,5, 2 10BeS. 


12....4. 
13. 1 


14. 


AS. 4 


1 ji 
2 By Ge 


19. Unique mode 3 if nm is even and 


if n be odd, then th 
modes: are ae ge 


> 
0. mode is!]—1, y. = 2 
Z ° > 1 V1 
(1 —2p)2 _1—6pq 
21. py Pg = 1—6p9 |, , 
:: pq °°*"npa 

2? G+OLG+) 

Tl) 


24. Mode does not exist. Median is ; log, 2 


28. O ifn is odd ang 2" 


a5 if n is even. 
30. Axa! ees 58 se = 09, 
n x 


31. is the median. 
34. ja ift < ], 
a5, 28 

p (l—~g)s 
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b 3, 3. 
Unique mode 5 if m is even and if an be odd, then the 


modes are Lae 1. 


mode is /—1, ¥, =5; 


afi =2p)* 9. 1=9P9 
Bip 8 npg 
@+NTG+) 

ri 


Mode does not exist. Median is . log, 2. 


0 ifn is odd and ai if n is even. 


1 1l—cos x 


S(x)=- 5 x? 


2 is the median. 


—-o<x< &%. 


1 
ss <i. 
— ift 
1 
p (i—q)* 


CHAPTER VIII 


MATHEMATICAL EXPECTATION~—II 


8.1. Two Dimensional Expectation. 


We consider a two dimensional random variable (xX, Y). Let 
ol, y) be # random variable whereg: RX R— Ris a continuous 
function. Then the expectation of g(X, Y), denoted by Efo(xX, Yt, 
Is defined in the following cases : 

Case [. The distribution of (X, Y) is discrete. 

ret PX=2i, Yous)=fii, where (24, vi) ia a point of the spectrum 
of (X. Y). If the double series = Solas. vi) fig [Rummation is taken 


over all points of tha spectrum of (X, Y)l be absolutely convergent 
then we say that Ffg(X, Y)} exists and the value of Efg(X, Vitis 
given by 
E}o(X, YteWx oles v3) fis. (8.1.1) 
Case II. The distribution of (X, Y) is continuous. 

Let f(z, y) be the probability density function of (X,Y). If the 


double integral \ . | _ gla. v) f(a. u) dx dy be absolutely convergent, 


then we say that Elo(X, Y)} exists and the value of Efg(X, Y)} is 
given by Efg(X, vit= | | g'r. y) fiz, y) dx dy. (8.1.2) 


Remark. If g(X. ¥Y)=9,(X) [or ga(Y)]. then the expectation of 
ofX. Y) [if Efo(X. Y)} existe] can also he determined by considering 
the distribution of X alone (or Yalone) and so it should be proved 
that the values of Efg.(X)} [or of #{ga(¥)] calculated in two ways. 
sreequal. Let us° prove that the values of E{g,(X)} calculated in 
two ways are same when the distribution of (X, Y) is continuous. 
Let f(z, y) be the joint probability density function of the random 
variables X and Y. 

Then Big x}~ | \ 2a) fle, y) de dy. 


= \ {os(e) \". f(z. y) ay} da 


-\" g1'e) fle) dex, 


‘wh : 
"re fxe) is the marginal probability density function of X. 
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But l° gilt) faz) dz is the value of Ejg,{X,} with respect to 


the distribution of X alone. So the desired result is proved when 
the distribution of (X, Y) is contiauous. We can similarly prove the 
result when the distribution of (X, Y) is discrete. 

Then the values of E(X), E(Y), E(X*), EY"), H(X*), E(¥*), ete. 
(if they exist) will be uniquely determined whether they are 
calculated with respect to the joint distribution of X and Y or with 
reapect to the individual distribution of X or ¥. 

The fanotions Orv Oar oe" +gn,g used in the following theorems 
are all continuous in Rx R. 


THEOREM 8.1.1. (a) If Elg,(X. Y)}. Elg.(X, Valssecccs Ejgn'X, Yt 
exist. then Elg,(X, Y)+o9(X, Vj teres t+oa(X, Y)t 
~ Eilgs(X, Yi} + Efga(X, Vip tens + E(ga(X. Y)}. (8.1.8) 


(6) If k be a real constant, then E {k ofX. Y)=k Efg (X. Y)t, 
provided Ejg(X, Y)t exists. 


(c) If X, ¥ are independent variates, than e 
Fiox(X) o2(Y)} = Zig.(X)} Elgs(Y)}, (8.1.4) 
provided Eig, (X)} and Efgs(Y)} exist. 
(a) If fz, y)>0 for all (z, y)€ Rx Rand Ejg(X, ¥)} exists, then 
Eio(X.¥)} > 0. 


(e) If ole. y) >0 for all (c,y)e RXR and Fif{X, ¥)}=0, then 
the spectrum of o(X, Y) is {0} 


Proof: (a) Case I. Distribution of (X, Y) is discrete. 


. Tet (X= xy, Y—y;)=f,5 where (z4. ys) is & point of the spectrum 
of (X, Y). Then 


Figs(X, Y)+92(X. Y) +--+ gn{X, Y)} will exist it 
a2 lores, vs) +00 (ay, ys) meee +gn(z¢, ys)} fis is absolutely 


convergent. Here Hfg,(X, Y)t, Elge(X. Vit, 0... » Efgn(X Y)t exist. 
So = Zales, va) tis, FZ aalze. U3) fase soccer = = gn(2s, v4) fez are abzso- 


lutely convergent and consequently 
73 loses. us) + galze, yj) + ++ + ga(zi, ys)} fii: is absolutely con- 


vergent. 
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sere sim ¥) +oa(X. Y)+ -o-- +on(X, Y)t exists and 
ence, 
Fig. (X, Y)toalX. Y) +e + oa(X, FA 
- 5 = gilze. vi) fist = = galzi- va) fig tee +S ge (5, va) Sus 
‘ 
= Elgs(X, Y}+ Elys(X. ¥)} + eceres + Elon, ¥)}. 
If. Distribution of (X, ¥) is continuous. Let f(z, y) be 
rn probability density function of X and Y. Then 
ey x Y)+ga(X, Y) to" +gn(X, Y)} will exist it 
ga‘ ’ 
. i fyalz.y) toe (x. y)tecseeeees +onlz. vl} Ae, y) de dy is 


absolutely convergent. Here Efg,(X, Yt, Ejys(X. Fitiove Eloa(X, Y)} 
exist. So [: \" gilt. y) fiz. y) dz dy, ‘ea galz, y) flz, v) de dy, 


‘ " ge'z,y) f(z, y) dz dy are all absolutely ounysresad and 


consequently LA. {gi(z. v) +oalz, vy) + sores +on't, y)t Xz, y) dxdy 


ie absolutely convergent. 


Hence, E{g.(X, Y)+ga(X, Y)+<er* +on(X, Y}} 
-\" i {os(z, v)+galz, y) terre +on(z, vt f(z, y) dz dy 
= l" \ gilz, y) f(z, y) dx dy +|", i". galz.-y) fle, y)dz dy+-- 
seeeee \: gala, y) lz, y) dx dy 


= Eig,(X, Y)}+ Efga(X, Y)} +--+ Elon(X, Yi}. 

(t} Case I. Distribution ot (X, Y) is discrete. 

Let P(X=2;, ¥=y;) = fis where (x4, yj) is a point of the spectrum 
o(X,¥. Then since Efg(X, Y)} exists, = = oli. v5) fig 1s absolutely 
convergent and this again implies that 

= 2 kglzs. v3) fez =k = = glz;, v3) fes ig absolutely convergent, for 
“ay Teal constant k From this it immediately follows that 
Ejko(X, Y)}=k Ejg(X, Y}f- 


Case II. Distribution of (X, Y) is continuous. The relation oan . 
be proved Similarly in this cage. 


Pr os | 
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ase [. Distribnt: AlH 
Distribution of (x, Y) is discrete, . 
Elo.(X) oa(¥)}= = EZ orlee gal 70" iln) fla 9) a . 
where P(Yex, Y=), alvs) fis, Now |_,J-» 
i toys) fog and (2;, 4; 7 dytdz 
of (x. x), Ti, vi)i Is g poi e | f(a. y) y 
Provided the double Series ig sbiclvtetyan, bis 8Pectry -\", nte| ~ 
Vergent, | 
= Eiox(x}} and Efgs(Y)t exist. mat -| gi(zifxi2) 
oS Zar) fis and Ex my 
a E galvs) fas are absolutely Convergent, " f ‘ galy) fla, y) dx dy 
0 BE aledyamshuled 3h nO adi? alias 
1" w{| fle, y)da pd 
“Zas(ri fei. since fei % fui, l.. ote ey 
and 2 Foals fes= Ehoalvs) B fast -| astu) fe'v)dy 
: 2 
“= galys) fyss nes fui “Efi. “ ‘i im gx(z)galv) fx(x) fr'y) dz dy is absolutely convergent. 


| Also here X, Yare independent. So fix, y)—fx'2) fr'y)s for all 2, y- 
Therefore = = gala) 92(¥5) fz: fy; is absolutely convergent. Also | 2 [eo . 
here X, Y are independent. So firm fei fy is for alli, 7 and hence Se \, ", gil) gs(y) flx, y) dx dy :is absolutely convergent. 


2S ole) gs(v3) fiz is absolutely convergent. Consequently 


| and Efg,(X) gs(Y)}= ie ie gilz)ga(y) fx(x) frly) dz dy 

E4g,(X) g¢(Y)} exists and | . : i 

Blg(X)oa(P}= SE Egle galvs) fos fui | ~ (\", 9.(2) fale) az)({  oalalhevty) ‘u) 
ne = Figa(X)} Efgo(Y)}. 

Distribution of (X. Y) is discrete. 


oe H ; , 
= E{g,(X)} Blgs( Yih. me 4 7 olts vi) fas is absolutely convergent. 
Also here g(z,, 


= {5 galed) fest x15 oalvs'fus} (@) Case I. 


Case II. Distribution of (X, Y) is continuous. v4) > 0. fis > 0 for all i, pe 


So 
2 2 ol; ’ 


Ejgs(X) gs( Yi vi) fii > ® and hence, 
o @ Elo(x, Y} => 0. 
=f", f° ose) oalv) ev) de av. Cans > , 
-@ J—¢ ‘ : # w 
of X Istribution of (X ° 
in @ ’ Y 1 
where fiz. y) is the joint probability dontty font sotstel! Here { ‘a seen ) is continuous. 
os i) s 
Y, provided the double integral on the right han Alto here : ao absolutely convergent. 
convergent. | 2,4) > 0, 
; { ist. .8o 8o i" Hey) > 0 tor all x, y, 
Here Eig,(Xi} and Eilgs(¥ } exist. .° | ba 


. ° 5 9) det ea Mey a) de g 
("J g(a) fle, ») de dy and fe. galv) fe 9 mies, th : Y > 0 and hence 


absolutely convergent. 
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(e) Case I- Distribution of (X, Y) is discrete. 
. . 
Here Elg'X, Y)t exists. 
Pod T g's. us) fis 0. 
- aleo BlglX. Yi 2 = g's. v3) fis 
But fas > 0 and g(r. yj) > 0 for all i, j. 
qhen ¥ X g’zi- v3) fej 0 implies that ory, vs)=0 for every point 
rar] 
(26, v3) 
af g(X, ¥) is {0}. | 
Case II. Distribution of (i vite aoattiunns, 


of the spectram of (X. Y) and consequently the spectrum 


Let f(z. y) be the probability density function of (X, Y). 
Hence Eig(X. Y)} existe and 
Ely(X, vi-| , oz, y) fiz, y) dx dy=0. 


But f(z, y) > O and o(z, y) > O farall s,y and g is continuous 
in BXR. 


So ie \° gz. y) f(z, y) dz dy=O implies that g(z,y)—0 for 


syery point (z.y) of the spectrom of (X,Y) and consequently the» 


spectrum of g(X. Y) is {0}. 
Cor, 1. EiX+Y)=—2EiX)+ E(Y)if HX) and HY) exist. (8.1.5) 
Taking n=2 and g,(X. Y)—X, ga(X. Y)= Y we find from (a), 
Efg.(X. YitgelX. Yi=HX+ Y) 
= E{g.(X, Yi+ Efga(X, YI 
= E(X)+ E(¥). 
Cor. 2. If X, Yarc independent random variables. then taking 
oi(X)=X, gs(¥)—Y, we find from (c) that E!XY)=-EH(X) E(Y), 


Provided HY), H(X) exist. 


8.2. Moments, Covariance and Correlation Coefficient. 


Momants. Lat X, Y be two randon variables and let ‘ sare 
two given non-negative integers. If E(X7Y B) cates es hesrls aby 
& bivariate moment of order (r+) about ths origio ax on 
4x. Bo wo have 4ooml. 41" (XY). a gts In general, 
dag" E(X"Y?) etc, provided the  eaeeie a arte of order 
if E{(X-a)"(Y—b)*; exists then it will be called a are respectively 
(r+k) about the poiat (a, 6). We note that <10 <o1 


= EY). 
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{the distributions of X and Y. We denote thece means 
8 respectively. Thea J:\.X-mys\"(¥-m, 4 is called a 
Z Thwardate central moments and is denoted by Usk. provi- 
(r+ B)th oF a ez —mgl*t exists. So 74 have poo=1, Mio =o ~0, 
ged BIE my hy” His 7 Bi X—maV¥—my""bet0,, provided 
= BY X— Me Ais Now if the standard deviations of Xand Y 
pectations yee Aaasiel by oz. Sy respectively, we find that 
‘the oe? apd Hos = E{(Y —my)*} = oy7. 
p20 ~ ; Let X, Y be two randon variables and let mz, My 
Covariance. situations it will be esszential to investigute the 
In sara relationship between the values of the random 
type of proba y. [t will be explained in section 8.4, that-a 
variables x a aE of having linear relatiouship between X and Y’” 
measure of Hi wie Emly provided the expectation exists. Sp 
ig given - 7 ans a measure of tho aforesaid property of a 
ree cra e dE er and it is called the covariance between X and 
ae tase by cov (X, Y) Tous the covariance between X and 
Y {s defined by er 
_cov (X, ¥Y)-E{ X-mz\¥ — my)} (8.2,1) 


provided the expectation on the right hand side exists. 


the mean 
as Mz aD 


exist. 


Correlation Coefficient. 


We observe that for a bivariate distribution, Cov (X,Y) is a 
measure of a property which does not depend on the units af 
measurement. But cov (X, Y) is not dimensionless. 
view, we define the correlation coeffi 
by p(X, Y), and definea by 


Keeping this ‘in 
cient between X and Y, denoted 


1 = Coy (X, Y) 

AX, jm COV | ES (8 2,2) 
Where o,(> j i 
sa st 0), oy (> Oj ere respectively the standard deviations of 

The { i i , 
can lly: examples illustrate how E\XY), E(X +¥), cov (X,Y) 

. puked for g Biven joint distribution : 
x, 

1. Two balls are drawn without 

i ree balls, number 


& number 
Numbers 9 ~ On the 


replacement from an urn 
ed1,3,3. Let X be the random variable 


Jirst ball dr 
Find cov (xX, yy, awn and Y the larger of the two 
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ectrum of X and Y are : 

sain st distribation of X and Tits given:by 

pixel y-2)-3- $=-4 

pixel yo3j=t-3-% 

px=2 y-2)—%- 4-3 

pxe3, y=8)=3 ~3=4 

wx-3, y=-3)-0, since (X=3, Y=9) is 

px-3. Y-3)-# aut 


¥ {152.3} ang 


aD impossible event 


The marginal distributions of X and Y are given by 
pxelet PX-2)-% P(X=3)—4 
Pyo2)-ktS+O-3 PY=-3)—34+444=2, 
Then mz E\X)=1.3+2.44+3.3=9 

mye E(Y)=2x +3 x$=§5 
HUXY)71~2.341-3.342.29.349.3.34+3.9.9 


T3.3 Feet ht at 1 4 3—3, 
cov (X, Y)= E(XY)—memy [ see (8.2.5) ] 


=11-16—4, 
Ex. 2. Let the jotnt distribution of X and Y be given by the 
probability denssty function 
fla, ye aty, if O0<2e<10<y<1 
= (0, elsewhere. 


Find (i) E(XY), (ii) E(X+Y). 
oO 
1 2? £ 
“\.(5 +4) si 
=tt+t 
=}, 
AX+Y)= i" \: (2+y)* dx dy 


mx¥) =| \" zy(ax + y) ee dy 


-\, (2 +a+4) de 
oO 


=$thtt 


7 
= 


Importa 
Coefficient. 


THEORBM 89.1. 


"+ stand ; 
lel oy, ard deviation at 
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ot Properties and Results of Covariance and Correlation 


cov (X, Y)= cov(Y, X). (8.2.3) 
cov (X, Y)= EY X—mz)(Y¥ - myj} = EY -myXx- mit 


Proof : 

- cov (Y. X). 
exes aX, y)=plY¥. X), if og > 0,6, >09. (8.2.4) 
THBOREM 8.2.2. cov (X, Y)~ F(XY)—mz My, (8.2.5) 


provided E(XY) exists. 
Proof: We have E\(X- mz)(Y — my)t 
= FA(XY-mzY —myY + mzmy) 
= BXY)—mz E(¥Y)— my E(X)+mzymy, 
since E(X), E(¥) and’ E(XY) exist, 
= E(\XY)—mzmy. 
Hence, cov (X, Y)= H(XY)—mz my. 


THROREM 8.2.8. If a( ¥ 0), ¢(¥ 0), b, d are constants, then 


plaX +b, e¥+d)= fara eX, Y). (8.2.6) 


Proof: E(aX+b)=aH(X)+b =am,+b 
E(cY +d)=cE(¥)+ d=cmy, +d. 
Then cov (aX +b, cY +d) 


= EiaX+b-am,— b(cY+d- 
= Elac(X- my - my) 

ac EiY(x- Ma)(Y — my} 

™ ae cov (X, V), 


atin vor(ax+p)mg2 


cmy — d)} 


var(X) =a%o,3 
Var (cY + @)=c¢? yap, (Y)= o* a," 


aX+b ig la] oe and that of cY +d ig 
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$ 

. gXt» cYt4) 

Bone agp axtb.ck +e) 


ae cov (X ¥) 


“jallel Ce Cy 
ac ex ¥. 
—--— 7) Pp ' 
* jal lel 


nee the theorem: 


e If a > 0,c> 0, we find that 


1. 
we paX+b,c¥+d)=e(X. Y). (8.2.7) 
A conifies that the correlation coefficient between two random 

abich is independent of the units of measurement and the choice 
variables 
of origt: 

Cor. 2. plaX+b.c¥+d)~aX, ¥) or, ~AX, ¥), 

Dae asa, c have the same sign or opposite signs. 
acco - 


TaeoREM 8.24. If the correlation coeficient p(X, Y) between 


tro random variables X and Y ewtsts, then 
-1<AX, Y)<1. (8.2.8) 


= —m 
z Me VOT v, 
Cg Cy 


Proof: Let g(z.v)™ 


Here g(z,v) is a real valued continuous function defined in 
BxR. Now 


e- ms, V— M0)" & 0 for all (2, ve RXR, 
( Oz Oy 


a4 =e , ¥-my)") Oi: ‘X, Y) exists. 
Alo &{(2=™* + od \ exists, since p( 


‘* ‘Then by (d) of Theorem 8.1.1, we get 
f 2 
a Yom) }>o0 
ae (nn a 


Ge" _ dy" 
or oe? tg,3 * 2X y)>0 ean 
or, 1+p(X, Y) > 0. 
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hs FT—-™Me _ Yr y, F ; 
Taking gal, y)= Se ey (r.y ERx R, it can he Proved 
—) ly 
similarly that = 1-P'X. Y) > 0 (8.2.10) 


"From (8.2.9) and (8.2.10) we conclude thas 
-1< (X,Y) <1. 


Uncorrelated Random Variables. 


Two random variables X. Y are said to be unccrrelat 


ed if and 
cov (X, Y)=0. 


only lf (8.9.11) 

So if cz > 0, cy > 0, the random variables X, Y §re uncorrelated 

if and only if p(X, Y)=-0. (8.9.19) 
TazoREM 8 2.5. If X. Y are tndependent random variables, then 
p(X, Y)= 0, : 


provided p(X, Y) exists. 


Proof: Hers cov (X, ¥) exiats, since p!X, Y) exists. 
Now, cov (X. ¥) 
- EX — meX¥ — my) 
=< E{(X— ma} Ei(¥—my}}, by (c) of Theorem, 8.1.1 
= {E(X)— mz}E(Y)— my} t 
=0, 
Hence p(X, Y)=0. 


,Note. The following example shows that the converse of the 


 ahove theorem is not true. 


Let t 
werers XS he given by | 
FXG, : =—O)—F, P(X-1, Y=0)=4}, 
WX=-1, Yu0)—}, (X=0, Y=1)<3. 
marginal distribut?ng of X and Y are given by 
PX=O)—t, PX—1)=3. P(X = -1) =}, 

B21) ART Oe, Mra apng, . 
Me=O. b+] -t+(-1pag 
Od po. 


he joint probability distribution of the discrete random 


Here the 
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(NV) 0+ o.¢+1.0- l= Tl be0ci ded, 
ie ov (Vs fie WN )- many 0. 
So cov '- 
‘y=0. 
Honce, rr Va y) 
Now we goe that 
aged, Vonaty PLO) 4, P= 0) F. 
pherelor's pixeo. y=0) 4 P(N =0) P(\'=0), and consequent) 
So for the above random variables X 


- yf are not independent. 
: find that Ax. ¥)=0 but X, }” are not independent, 

we ‘ 
PHEORESL 6.2. 6. Cauchy-Schwarz Inequality. 
dom variables such trat IHX"), LY") ang 


1) he two ran 


if X an oN ne an 
(XY) exist, then EX VI SDs X*) E(y*), (8.2.13) 
sohate the equality siyn elds if and only if HH X*)=0 or 
py-@X-0)= 1 for some constant a. 

Proof : Let g(Z, yo (y— kei® where k is » real constant and 
(x yeR* RB. Then g(x, y) is 4 real valued continaous function 
defined in Rx. Now 

Bgl Ye EY kX)*, 


which exists, 9i2c® B(x), H(Y*) and H(XY) exist. 


Also, o(2. v) =(y—kz)” 
Henoe,; FY - kX) SS 0 


> O forall (xz, ye RXR. 


Now, Mi(Y- kX)" 
= iy? — kX +k? X*) 


= W(Y*)— ak E(XY) + 2 E(X”)- 


Yy) +2. X*) > 0. (8.2.14) 


So we get Ei y*)— 2k (xX 
for all real values of k, 
Now, there are two possibilities : 
(i) mx2)-0, (4) F(X") 4 0- 
(i g.J.1l, the spectrum 
In cae (i), by (e) of Thesrem Fees ich es 


jo}, here P(X = 0)—1- So ia this case "es ua wit 
consequent; the required jnequalisy 18 estublis 


of equality. 


of X ia the set 
y,<90 and 


h tha sig? 
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In case (14), 2 (X*) > O and g 
o (8.9, 407 
rsp MEE BL tone ier 
E(X*) * BX*) > O for att reas y 
_E(XYN* | WY) <n 
or. { k aa) * noe) ~ at) > 0 
(8.9.15) 


for sll real k. 


XY); 
= is a real number. 


Now, X*) 
: B(X. 
So, taking km eh in (82.15), we get 
BY?) _ [E(XY\* 
x) (aa }’>o 
B(Y*) Hier)" 
or, HX") ix") 


or, E(X?) H(¥*) >{EXY)". since HX*) >, 


Hence, (AIXY)]* < H(X?) HY?) 
In case (17) we find that 
{E(XY)}? = A(X") H(Y*) 
jtand only if the roots of &* E(X*)— 2k E(XY}+ Hy") = 
and equal, t.e., ifand only if there exists a real value of & a ie 
which B{(Y-aX)"}=0. Now #{(Y-aX)*)}=0 ifand only kills 
spectrum of the random variable Y—aX is the set 40} sith 
Hence, it is proved that in case (si), 
{E(XY)}? — W(X?) HY?) 
if and only if P('Y¥-aX—0)—1 for some real constanta. Alsorit bas 
been proved that in case (i), {Z(XY)}* =H(X*) H(Y* 
of each side is 0. ‘| she vis ae 
Thus in any case the required ine i 
quality is established and 
be {E(XY)}?=H(X")E(¥?) if and only if H(X*)=-0 or 
Y-aX=0)=1 for some real constant a. 


P\y-axX-0)=1. 


Cor. -1< p(X, Y) <1, 

which is already established in theorem 8.2.4. 
We consider the random variables ¥*, Y* defined by 
Xt at Me yteYo™, { A 


oz! oy 


MP-32 


AL PROBABILITY 
quality to x*, Y*, we get 
(8.2.16) 
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Now applying Cauchy-Sehwarz ine . 
S gaaxty ty < eye 


But EConnes eral ‘} ? 


and muy} 2{(2 ‘|. 1. 


cov (X. ¥) =px, 2) 
Oxz0y 


Also, HX*Y*)= 

_ So, from (8.2.16) we find that 
{p'X, Yi}* <1. 

Hence, -1< PX, ¥) <1. 


TrponeM 8.2.7. If X, Y are two random variables having 


standard deviations ozs oy respactively and if cov (X, Y) exists, then 
war (aX+bY)=a%0g%+ b*0,* + 2ab cov (X, ¥), 
where a,b are real constants. (8.2.47) 
Proof: E(oX+bY)-aH(X)+ bE Y)-amz+ bmy. 
Then var (aX +bY) = Hi{(aX + bY)—(amz + bmy)}*] 
= Elja(X— mz) + bY —my)}"), 
which exists since var (X), var (Y) and cov (X, Y) exist. 
Now El{a(X—m,)+ UY —my)}*) 
=o? Ei X—m,)*} +b? El — my)*} + 2ab Ef X- me) ¥- my)h 
=g%0," + b®0y* + 2ab cov (X, Y). 
Hence, it is proved that 
Var (aX +bY)—a%0," + b2cy* + 2ab cov (X, Y). 
Cor. 1. (8.9,17) can be expressed 28 
yar (aX + bY) =a" var (X)+b* var (¥) + 2ab poety 
If % >0,6y> 0. 


(8.2.18) 


we get from (8.2.17) 


Cor. 2; Takinga=b=1 and ¢-1,b-~-1. (8.2.19) 


as var (X+ Y)=—var (X)+var (Y)+2 cov (xX, Y?. 
Cor. 8. If X, Y are uncorrelated, then 
var (@X+bY)—a* var (X)+5* var (Y). 


(8.2.20) 
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8.3. Moment Generating Function. 

The joint moment generating function My, y (ta, ts) of the Sinton 
variables X, Y is defined by 


My, ts. ta) = Het X4aY) (8.8.1) 


‘provided the expectation exists and where ¢,, ts are real variables. 
We assume that (8.3.1) can be differentiated under expectation 
partially with respect to ¢, and ¢, any number of times and so if the 
(r+k)th order moment E(X7Y*) exists, then this moment can be 
obtained ‘by taking the value of 
O7t* M(t .t 
ad at i= 0, ts =-0, where M=Mlts, ty) 


stands for Mx, y(t1,¢s). Thus 


rtk 

Lae,a0,* (eo,ts=0) WHX"Y"), (8.3.2) 
ES beena neo 22 +, (8:3.3) 
[Fe] ten teen Eh (8.3.4) 
(241... seo,” BIXY) (8.3.5) 


We state (without proof) below an important theorem. 


THEOREM 83.1. The joint moment generating function of a 

dtvariate normal distribution with parameters mz, My, Ox: Cy, P. 18 given 
imz+ 23 Be * Pbybats 

by Mx. y (ty, bona! mattamy thlt.?or? +: plytaczcy ls? cy?)) (8.8.6) 


; Now we shall find #(X), E(Y), var(X), var(Y), cov(X, Y), 
on ¥) with the help of (8.3.6), where (X, Y) has a bivariate normal 
distribution with probability density function given by 


f(z, y) en 
QnV/1 — p? Oz oy 


pact SEY 0 EYED) 


-e<z<0m,-e cys, 
=a C7 > 0, oy >0, -1<p<1. , 
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By (8.8.6). 
om = (me + tyou" + pteozty) x 
Ota 
Pei tamygth(ti 2? + Upt tagsry tts *o,7)} 


(a hoky 
oy Em (t, =0, to =0) ae 


“Bo, E(X)= me. 

Similarly, E(Y)= mv. 
2 

Again, a = {oz +(mgtih oe" + ptetgoy'*} x 
1 


Pa mat bamyt Hts? a2" + pbitagssy tba ay") 


=og2? +m". 


wx (578) on ta=0) 
“Similarly, EY?) = oy? + my". 

So, var (X)= E(x*)- Me? = On" 
and var (Y)= E(Y*)-— my? oy’. 


o'M 
» B(XY)= (Fak 


. Hoy a 


=({pogoy + (mat tion + piate0y)My + teoy? + ptica%y)t * 
{t,m,+tam,+ Alea? 27+ 2ptatataty tts ey" It) py m0, ry 20! 
= pogdy t+ mgmy. 
Hence, cov (X, Y= H(XY)—- HX) E(Y) 
‘ = pogty +mzMy — Maly 
= pry. 


cov '/X Y) — 


Gg0y 


So, AX y) be! P- 


al distributson 


Ari rm 
a bivariate no 
as orrelated. 


Y are Une 


. e that for 
We have seen bsfor So uso for # | 


a a = 


Proof: 
cov (X, YieO if X, ¥ aro independ-nt. 
distribution cov (X,.Y)=0 and conseave 
independent. 
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Now let o(X, Y)=0 for a bivariate normal distribution with 
paramebers Mags My: Far Cvr,P- But here p(X. )')=p, sop70. Then 
the joint probability density function of X and Y is given by 


i) Ge 


fiz, = gen sae 
1 (z— mz)? ] _(yam,)" 
=” = £ 4 = =—-"- g . 
J2n oe . J8n oy id 
for ~~ <2r<r,7- 7 Sys. 


Now the marginal probability density functions of X and Y are 


given respectively by 


_(z— ms)? 
fyiz)~ Van Ga we) - Oe cece 
1 (y—m)” 
and fr(v)= diady a Ta r-o<cy<em. 


| So, fiz, y)—fxa) fr{y), for all 2. y. 
Hence, X, Y are independent. 
80 the theorem is proved. 


8.4. Extension of the Concept of Expectation with respect to 
n-Dimensiona) Distribution. 
Expectation : 
Let (X,, Xg,......, Xn) be an n-dimensional random variable and 


let g: R°—> R bea continuous function, where R*= RX BX XB 
(x copies of R). 


jar i ee of aX, Xa: sages Xn), denoted by~ 
1 Xa. . Xn't, is defined in the following cases : 
Case I. The distribution of (Xj, Xa,.--..-. Xn) is discrete. 
wes fx, Xaresccss x(t. Bary On) PIX, = 21,X5—" l5,..., Xn = Ln), 
eta sere + 2n) is @ point of the spectrum of (Xi, Xq,...... , Xa)e 
wey, comnce 0 a) fx .5 x05 2365 oy (Pai Maiyiaeses » Zn) (summation ig 


tak ; 
®n over all points of the spectrum of (Xi, Xe. ...... . Xn)] be 


| ab 
| 4 na convergent, then we say that Eig(X,, 
Biven by Hfo(X., Xs... Xn) 


| Zoe. ta... tn) fers Xue 


sree Xe (aa, Bay ony In) 


(8.4.1) 
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Case Il. The distribution of (X34 Xay...... »Xn) is continuous, 
Let fits, #2 «+1 @e) be the probability density function of 


(Xi. Kawwe Xn). If the multiple integral 


i r ff gltrs Careers Dn) fits» Lar. Mn) daidag.., dtp 


-o J-o -o 


be absolutely convergent, then we say that Eig(X,, Xay......, x.) 
exists and Elg(X1. Xs.---» Xn) is given by 


Elg(X1s Zar x= [7 | 


‘ wf" oles. @a,...,2n) f(a, Tass ttn) 


daidrs...dzn, (8.4.9) 
We state (without proof) some important theorems. : 
THeorEM 8.4.1. If Elgs(Xi. Xa..... Xa)f, 

Elga(X1, Xavi Xndhe vey Hlgn(Xa, Xa, ..., Xn) exist, tren 
Elgs(Xa1 Xaseees Xn) + 0a(Xas Lay vey Xn) to +95 (Xa, Kayes Anh 
= Bfg.(X1, Xas -s Xn)}+ Elga(Xi, Xe, «.., Xn) + tteeee 
s+ ElgulXas Xa, ..s Xa)} (8.4.8) 


Theorem 8.4.1 is the extension of Theorem 8.1.1.(a) 
n-dimensional distribution. 


to 


THEOREM 814.2. If Elg(Xs.Xs-.... Xn)} exists andc is a real 
constant, then Elcg(X1. Xs, «--, Xn)t=c Hlo(X1. Xa. 01 Xn}. (8.4.4) 


Applying Theorem 8.4.1 and Theorem 8.4.2 to G;X1, OsXq,..., 
GnXn where G;; Gq, ..-, Gn are real constants, we get 


Bla, Xy +agXq terre tanXn) 
=a, E(X,)+osE(Xq) +++ + anE\Xn), (8.4.5) 
provided E(X,), (Xs), .... H(Xn) exist. 
THEORBM 8.4.3. If Xi. Xa. --1 Xn are mutually independent 
raudom variables and Eig.(X)}, Eiga(Xs)}. +1 Hign(Xn)} exist. then 
(8) Elgs(X) 92(Xz).-.on! Xn)} 
= Elgs(X1)} Eiga(Xa)}--.Hign(Xnlh 
(ii) Ege (Xe,) 964! Xig)---De (Xt gy) 
= Blgs (Xe, HE fos g( Xe ib -- Eig! Xie 


(8.4.6) 


(8.4.7) 


: e . q € {1,2 ca tt 
where favtas im are - distinct and %3+%9 °°" tm 


andm <n. 
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te that (8.4.6) is ® particular case. of (8.4.7) if we take 

6 4. 

bideamowe =], ig BOs ee ima=in =f. , ae ; 
“up (Xz). var (Xa)e wv ‘yar mn} eL18t ANG 

ye ie random variables Xi, Xe 


mon and 44 


OREM 8.4.4. 
f aa cov (Xi, Ss) exists for any pair of 
ur 


(i, go1.2 mand § fj then 
1, wm], an ove 


) 
var (0123 +a,X3t°" +anXn 


< 5 gue 0 (8.4.8) 
- >" var (x42 >, > a; cov (Xin X35), 


j=1 i<j 
1 an Gre real constants. 


+ Agus . 
i incite (8.2.17) to n-dimension. 


‘(g.4.8) ig an extension of | 
Gor. If Xs. %s Xn, are pairwise uncorrelated, %.¢- 
OF. 1s + soon : ‘ 
cov (Xe, Xs) = 0 for 4, Fm 1s Bs ores nand ¢ ¥ j, then 


var (a,X1 taaXa tort anXn) | 
~a,2 var(X,)+aa" var (Xe) ++ tan® var (Xn). (8.4.9) 


Remark. If Xs, Xs. «+++ Xn are mutually independent, ther 
they are pairwise independent and so they are pairwise uncorrelated 
and consaqiently (8.4.9) holds if Xi, Xs, -... %s are mutually. 
independent. 


§.5. Joint Characteristic Function. 

The joint characteristic function of the joint distribution of the 

random variables X and Y is a complex valued function bx y (t, 2) 

of the two real variables t, 4, defined by 
$y yt, u)— Efeltxtury 


(8.5.1} 
where j= f=]. “i 


i i : 
"*+4Y)) oxists for any distribution 


real values of t, x. t 
aracterist u. Let dy't), dylu) be 


at dy 50, y= ic functions of XandY. Th | 
io 4)=$p(u) and $x, 7 (t, O—dz(t). We h en we see 
®m 8.1.1(d) that ave proved in. 
Eto.(X) 9 4(y)} i 
= Eig, (X) g 
'Yare independent, ei Wva(Y)}, 


504 . MATHEMATIOAL PROBABILITY 
Now lot geo X) + shs(4) 
Vegal¥)4 the! Ys 
<T. Now we shall 
B(OV)~ (0) E(V). 
if X, ¥ are independent. We see that 
BUOY) Hllas(X) + i’ XMioat Y +iha( ¥)t) 
= Eig3(X) ga(¥) - h,(X)he(Y)} + §Hlgs!X)ha(Y) + hi(X)oa(¥it 
— [Bigs X)} Blae( Fi — Wiha (Xia Y IH 
+ i[Bigs(X)} Eth! Y)t + Btha(Xt Etoa( YI. 
since X, Y are indcpendent 


prove that 


where *™ wi. 
(8.5.9) 


= (Fig(X}+ sEXhs(X MEtga( Yih + iE{hs(Y)}). 
= Biga(X)+ oh (X)} Efga(¥) + thel¥ I} 
= E(U) HV). 

Hence (8.6.32) is proved. 


If X, Y are independent random variables, then 


THEOREM 8.5.1. 
(8.5.8) 


dy, y (t, u)=— x(t) byl), 


with usual notations. 
Proof: We have 
ery (t, u)= Hf 


= B(el!=) Eeit’) 


nigel f ¥ (**. uy 
by (8.5.2) 


=¢x(t) dy{u). 


Hence the theorem. 
Xai oes Xm 


random variables X1, 
woop tn) of 


Joint characteristic function of n 
The joint characteristic function dy, x,,.. 
the joint distribution of X,, Xa. --- <9 is a complex v4 


of n real variables f3, ts, --+. ta» defined by 
a(t, Fy heXatoe tf 
x{e 


9 Xn (ta. 
lued function 


x,) 
rAw'l, (25-4) 
92. Xie Xe (ty, bes oss tn) = } ( 


where i= /—]. 
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Generalising the theorem 8,5.1 for » rando ti 
m varia 


following theorem : bles we get the 


THEOREM sana Tf Xi. Xs, ..., Xn are mutually ind 
random variables with characteristic functions dy (ts), poe 
X,W1s Xa ts © eeep 


dy. (tn) respectively, then 


x. (tas ts, --, dn) = by (t) by (ts)....b, (tn). 


ty, Xay cere 
Proof: Since X,, Xa. .... Xs are mutually inde 
d 
be shown easily that pendent, it can 
E( Ty Ua -++.++Un) = E(O1) E(O4).....-E( Un), 


| 
where Up—ge\Xr)+ thy (Xr), for r=, 2,-4.5 d= J —1. 


(8.5.5) 


Then dy, x,,...,.X, (bre bas ---1 tn) 
= EloitsX1 , eitaXs..,,.,¢i+eXn) 


— Eleit:X:) H(aita Zs) ...... E(eit.X.) bby (8.6.6) 


=¢y,(t1) $x,(ts) easiaise éx,!'tn) 
Hence the theorem is proved. 


The converse of Theorem 8.5.2 is also true. Since the proof is 
beyond the scope of this treatise, we just state the dionvarie 


theorem below : 


TREORBM 8.5.8. If the joi ists f 
: joint characteristic function of n random 
variables X, Xs. ..., Xn be given by a 


(ty, bas .-0s tn)— dy (és), (ts) eee ty (tn). where 


(tn) are respictively the characteristic 


@ 
Xn Fay veey Xn 


ty (ts), by (ta)s .-- by 


functions of X,, X. 
are depenient. a, ---. Xn, then the random variables X1, Xe ..., Xn 


Repr, . e 
Productive Propertses of various distrsbultons : 


A. 
ees Binomial Distribution. 
REM 8.5.4, . 
Sartiabes eosin a Tf X.. Xa,...,X_ be mutually independent binomial 
Ei$2 den... oe p), (na, p)-- (—. p) respectively, then 
¢ 18 a binomial (ny + ne t+ re + ny, p) variate. 
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A, 
A BS =X,+Nat---- +X. Here the characteristic 
Proof: Le bined 
function Xx is given by 
be) et), bo 1) 3. 9 
Xe 


=(peitt+ay. 
g-i-p and #— J —1- 


Then the characteristic function $, (t) of Sy is given by 


ob, (t)— Eiett8-) 
Ss, 
mm BfoitXs + ta bevvee + £EH} 


= EleitX: . ettXa...... ‘ 


N b ore.4 X, are mutually independent random variables. 
ow geekge cere a 


Then by (8.5.5) we get 
BlettX, . ettKs . 22... 
— B(ettX.) HleitXs)...... EijettX-) 
=(peit + g)".(pett + q)M2...--. (peit + g)n- 


=(peit ta)titnat ota, 


Hence we get 


by (t) = (patt + q)¥at fat oreo + Mr 


which is the characteristic function of s binomial (ni +nst--° +79 p) 


variate. 
So,by the uniqueness theorem of characteristic sopeniet* 
provedthat S;—-X,+Xe+---+X, isa binomial (ny +a + °° +74. 


t is 
py 


variate. 


B. Poisson Distribution. 


THEOREM 8.5.5. Tf Xin Kas soeree 
Poisisn variates with parameters #1. Has : 4 
Xi t Kat ------ +X, has Poisson distributton 


Ba tuat-- +p,. 


X, be mutually independent 
ur respectively, then 
with parameter 
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Proof: Here the characteristic function oy (t) of X%' is given by 


& 
i 
$y (t) —etxle —1) fork —1,2,...,7. Then the characteristic-function 
ale 
de, (t) of Srp— Xi. + Xa + --- +X, is given by 


$¢.()<# foit(*» +A Xs too +h 
S, 


tX, UX, itx, 
—E[e ae BE eone at*] 
— Ele **) He***) Be *), 
since X;, Xs, ---, X, are mutually independent. Then we get 
dg, (t)— dy (2) Sess "px (t) 
ui(eff—1) wa(eit —1) uy, off —1) 
é e woceerg 
oir lelt — + us (elt —1)+ sees ++ u,(eff —1)} 
(Art Ba benreee +4,)(elt — 1) 
—e . 


So the characteristic function of Sy, ~ Xa + Ne tee e- +X, is 
given by 


+ (a Matern + m,)(eff — 1) 
é 


og (t)— » which is the characteristic fun- 


ction of a Poisson (4, +g +---*+- +yy)- variate. Henceyby the 
uniqueness theorem of characteristic function, it is Proved that 
S-=— Xi + Xe te-+--+ +X, has Pois3son distribution with parameter 
Ba + pa Hover eee + ur. 


C Normal Distribution. 


THEOREM 8.5.6. Tf Xue Xas -.-0 Xn be mutually independent normal 
gee with parameters (m,.01), (ms, Oa), ..-: (Mn, on) respectively, 

en Xa t+ Xe t----- + k, has norm2zl distribution with parameters 
(ma + my + ------ + mn, Jo, = +og74+ seeeee + on"*). 


Proof: 


Here the characteristic function $y, (t) of X; is given by 


He (B)—me git bene? 
Hi és € for kK=—1, 2 .... m. Then the characteristic 
unoti = 
ton of Su— Ky + Xa tee + Xe is given by 
eg, (6) — mje Et Sete + Ee) 
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So ds. (t)— rs Paget es coud tm 
atx, ‘ i 
= Ete ‘ Ee") wagaee Rte"; 


sin . q 
ce X., Xe. 0, Xn are mutually independe 


nt. 
bo (t)= by {t) by (rng () Then we get 


— im t-—do age tmat— ont? asa 
e a 1 al a dm, 
6 ry Cer weeg ab ho, t 


= gilt, pee. +m\t—d(o,24 6,9 
So the characteristic functi dled Ae hy 
Shion of Sa—X, +X, gen... 

$9, (t) = eilm.+ m+ teens +m) t—-HHor+toyry 


which is the characteristic function of a normal 


(m. +me +--+ 4m Jo.* +008 Qa 
Cy Oy, +o, t tse + on?) variate, 


Uniqueness theorem of characteristic fun 
Sam Xi + Xqt---- +X, has normal distri 


(my + mz +--+ +979, or +o, H cence + oy), 


mis now prove the following general theorem, from which 
‘obtain the reproductive Property of normal distributi oe 
Partioular case. wnat 


THEOREM 8.5.7. If X,. Xs, s+ Xn Gre mutually independant n 

varrates wsth parameters (m1, %,), (ms, ~s), ..., (1, Tm) Vitbscteaty 
1f 1,43, ...,4n be any real constants, then 0,X, +0,X%44+ se hanae 
has normal distribution with parameters. ‘ 


(asym t+agme ++ + anmn, Vai" 03" +Ga"oa* + anteal), 
Proof: Here the characteristic function y(t) of Xx is given by 
dy. (i) seimt— deste? jor k=1,3,..., 2. 
Then the characteristic function of Sn=a,X,+GsX—t “++ GnXe 
is given by 
as it(a, 2X, +a, Xa ++ +OnXn)t 
by (t)— Bieta 
= B(ette:X: , gilts Xa.. gitan? ») 
ie E(eits Z1) B(eites%s)... H(gitan%s), 
-since Xa, Xs. ---: Xn are mutually independent. 


Then we gat , (t) =, (ast) $5, (aat)-by (ant). 
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dagmyt— dante” for hae, Ds 0-1 Me 


. a 
4a, mat—9022o, 7b... eiaaMat —han*on"t 


Now, ¢x,(axé) 4 
¢ (1) — aiaamit— dare 
son ghlagens tastes Hoe Fae 


stio function of Sa 


age 
6 
Mt—g. (a, 2032 +Ga%oa2 +o Oa on) 


—a,Xy + aXe te tanXe 


go the oharcteri 


is given by Hla,2o Pas toa 2 Heeb an one? 


og, (t) = 
which is the char 


(aums +a9Mo ee 


by the Uniqueness & 
= 0X3 +aaXa + bas 
+Ggmg ti tanMn, Jay 2714 +a 


pilarm, tearm tet Game) ~ 
acteristic function of » normal 

e+ ann. Vai tag %g +o tan se 
heorem of characteristic function. if is 


++ + dn Xn bas normal distribution with 
30,2 fee +an?%m"). 


0,4) variate. 


Hences 
proved that Sn 


parameters (asm 


p. Gamma Distribution. 


8.5.8. If Xr. Xar--1 Xn are mutually independent gamma 


TAHROREM eels at 
riates with parameters 3. ve .-- 
i gamma distribution with parameter 1, +1a +++ +In. 


Proof: Here the characteristic function of X; is given by 
dy (#)—(1— at)", for k=1, 2, ....™ 
a 
Then the characteristic function bg (t) of Sn=Xy+ Xete+Xn 
is given by 
$y lm Bilal eta aa 
= Bi eit%, , eitXs++..gitXn) 
= BlettX:) H(eitXs}++.-+- Heit Xn), 
since X,, Xa, .--. An are mutually independent. 
$5 (H=dy () bg (ter, (t) 
=(1— tt) 2a(1 — it) deen () = gerd, 
=(L—gi ltl te +], 


Then we get 


So the characteristic function of Sam \,+Vete-+ Xa is givens 
$9 (t) =(1 _ at) (oe oe 1a) 


which is tho characteristic function of a gamma (1, +1 +++ + Jn) 
variate. Hence by the Uniqueness theorem of i 
function. Sn= Xi t Xa tee t Vy has 


Parameter 1, +1, 4--. tla. 


characteristic 


ssmma_ distribution with 


In respectively, then X, +Xo+-" +Xe 


>=. 
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- Regression curves. 


F tations, 
itional Bxpec a 
3.6. cond vaeftharint distribution of the random variables X and 
We consice 


ope —f bea continuous function. The conditional 
canted ‘of (XY), given X=2, deno 
ollowing cases : 
distribution of X, Y is discrete. 


Joint 
Yeyj), where (7% y;) is » point of the spectrum 


of (X,Y). 
BiglX, ¥) } 
is defined by E(gX, YIX= ri}= Soles, yi) i (8.6.1) 


here f= Ehud provided the series on the right hand side of (8.6.1) 
i 


is absolutely convergent 

the spectrum of X) then, 
Case U. Joint distribution of (X, ¥) is continuous. 
Let fiz, y) be the joint density function of X and Y. 
“Here, for a fixed 2 Ejg(x. Y)|X= z}is defined by 


. faz is not equal to any 2; (7; is @ point of 
EjolX, Y)| X= 2} cannot be defined. 


Big'x. ¥) | X=2}= uc Wy) x (ule) dy (8.6.2) 


where f,,_v Pear and isla) |"_ fee t) dt, 


Y|x. 
provided the integral in the right hand side of (8.6.2 


convergent. 
_ ‘The expressions for E{o(X, Y)| X=2} given in (8.6.1) and (9.6.3) 
indicate that the ‘conditional expectation of g(X.Y). given pete ) 
nothing but the expectation of the random variable g(x. Y)= l¥) ye 
with respect to the conditional distribution of Y on the hypothes? 
Xez. 
Gs es. 
We can similarly define Eig(X, Yy)|Yy=y} in the above two css 
Thus we have 
(8.6.3) 


Efg(X, Y)| Y=yvit= Zales: 3) fa, 


) is absolutely 


it (X, Y) is discrete, where f.4— Zfs5 and for ® fixed yi» 

vol " 4) 
ach yk fev) (6.6. 
Balx, Y)Iv2ub= |" ole vty oes 


ted as Eig(X,Y)| X=ct, is. 
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1 
it (X,Y) is continuous, where fr{y) -{" fit. y) dt, provided the 


series in (8.6.9) and the integral in (8.6.4) are absolutely convergent. 
As usual we say that ZH {fx, Y)lx= x} and Hig(X,Y)|Y=y} exist if 
the corresponding series or integral defining them are absolutely 
convergent. 


Conditional Moments, Conditional Means and Conditional 


Variances. 

Let r be a given positive integer. If Eiy"|X=za) exists, then 
BY'|X=2) is called the r-th order conditional moment of Y about 
the origin on the hypothesis X~2. Likewise HiX’|Y¥—y), (itit 
exists), is called the r-th order conditional moment of X about the 
origin on the hypothesis Y~y- 


Let us consider the particular case r=1 in the following cases : 


Case I. Joint distribution of X, Y is discrete. , 


The conditional expectation ZY|X=s;), if it exists, is called the | 
conditional mean of Yon the hypothesis X=2,; and-it is denoted by 


Mn gt 80 my 538 given by 
»- BS ysfsi a 
27 
my, | i fis ‘ (8. 6.5) 


where (x4, v3). fad, foe. have the usual meanings. Similarly. the 
conditional mean of X on the hypothesis Y=y,;. denoted by my . is 
given by (when it exists) 
Zz rifes 
Zlj7 fa 


(8.6.6) 


™ 


Case II. Distribution of (X, Y) is continuous. 


ne conditional expectation E(Y|X=—<), if it exists, is called the 
mn lonal mean of Y on the hypothesis X=2 and it is denoted b 
r\z) and so my'z) is given by é 


Ao, ie uf(z, y) dy 
~ fs(z) (8,6.7) 


wh : 
are f(a, v). xz) have the usual meanings; 
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Similarly the conditional mean of X onthe hypothesis ¥—y, 
denoted by my‘y), is given by 
' gfla, y)ax 

m (y) = fy'v) (8.6.8) 


The conditional expectation EYY-m,1,)*|X—ag. if it oxiste, 
when (X, Y) is discrete, is called the ‘conditional variance of Y on the 
hypothesis X=2; and it is denoted by 7p); where the non-negative 
number oy{¢ is called the conditional standard deviation of Y on 
the hypothesis X=%- Similarly *x|; oan be defined when (X, Y) 
is disorete. Thus when (X,¥) is diserete, “y|i and %x |; (if they 


exist) ate given by 


a mS (yi-my 5)" Hs (8.6.9; 
a = 5 (es- ms) ,)* (8.6.10: 


The conditional expectation E\y—my(z)}"*|X—2], if it oxists, 
when (X, Y) is continuons, is called the conditional vartance of Y on 
the hypothesis X—2 and it is denated by or *(z). Similarly we can 
define ox *(y) when (X, Y) is continuous. 

Thus when (X, Y') is continuous o*y{a) and ox* (y) (if they exist 
sre given by 

ect 
ax! _ a f(z. v) (8.6.11) 
o* viz) \". {y —my{z)} Fx(z) dy } 


Hew 2, (8.6.12) 


tela |” te-ma (al iy ae. 


Significance of Conditional Means. | 
The expressions for the conditional means given by (8.6.5). (S.6.6, 
in the discrete caee indicate that the conditional means ™y|%: 
mars, of the bivariate 


my \; give the positions of the centre of 
he Ilves 2 "7 


probability mass particles situated respectively on t 


and y= 5. isl 

Also the expressions of the conditional means given by wt oe 
(8.6 8) in the. continuaus case indicate thas the epee 
m,'z), mz’y) give the positions of the centre of mars of the 
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probability mass respectively on the infinitesimal strip (parallel to 
y-axis) between z, #+dz and on the infinitesimal strip (parallel to 
g-sxis) between y, y+dy. 


Meaning of E{g(Y)|X} and Ejg(X)|Y}. 

The valuo of conditional expectation E{g'¥)| X—2} when it exists. 
varies as varies and then EF {g(Y)|X—2} defines a real valued 
fanction of a real variable z and let us denote this function by 
n(z). Similarly we can define the function I(y) by 

Uy) — Liglx ) ly =} 
provided the conditional expectation exists. The random variables 
corresponding to the real valued functions h(z),l(y) sre respectively 
A(X), (Y). Then the random variables h(X), I(Y ) are respectively 
denoted as E{g(¥)|V} and Ef(X)|¥}. Now if Efh'X)} and FE {Uy)t 
exist, then 


ELEIYIXH = BAM XI} = [> Ae) fa(z) de 


= a E\g(¥ )|X=2t fxla) dz (8.6.13) 
end ELEWAXIYH EVE H |" Uy) Sel) av 
-\" Ela(X )|¥ = vb fri) dy (8.6.14) 


wien (X,Y) is continuous. Similarly we can obtain expressions for 
BLE(Y)|Xt)] and E[Elg(X)|¥}] when (X, ¥) is discrete. 


i eae 86.1. If(X. ¥) be o two-dimensional random variable 
"49,: R->Randgs: R—>R be two continuous functions, then 
(a) Eligs(¥)+9a(¥)}|X=2) 
= Elgs(¥)|X=2}+ Efya(¥)|X=z}, (8.6.15) 
(0) Elos(¥) gs(X)|X=2}=ge(e) Ely,(Y)1X=2} (8.6.16) 


Provided the conditi 1 - 7 . . 
ana on tonal expectations in the right hand sides of (8.6.15) 


P ° 
first seal (a) Here Ejy,'¥)|X=2} and Elgs'¥ )|X=2} exist. W 
Onsider the case when (X, Y) is continuous, ° ° 


Then ." te. y) 2, rie 
oxy) —E z. ¥) 

Yergent, whe, ae) Ic. oa'v)“p(2) 4 are absolutely con. 
se ere f(z, y), fx(@) have the usual meanings, 
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| ° aU) a: 
Hence, i fgaly) + os(v)t oe dy is absolutely convergent and 


‘e fgalv) + oa(o)} fea) ay 


) (x. v) 
~{" ost ey fle.) ay +|" osu) Sead. 


pu” pal) ED ay Blas(I1X—at 9nd 


{". ont) ) gy = los YX = 2h. 


So 0 Eflgs(?) +90 ZX z] exists and 
Effgs(¥) +ga(YX=e]— = Eig,(¥)|X =a} + Hol VIX ah. 


gs continuous. Similarly we can 


Go (a) is proved when (X¥, Y) i 
a, being a point of- 


rova (a) when (X, ‘Y) is discrete and where 723, 


es spectrum of Xs 
(b) Here Elgs(¥)|X— 2h exists- 
\", ne) Ee dy ia absolutely convergent and hence 


Then in the continuous case 


7 ‘. g3(z) gulv) fem) i) dy 
is absolutely convergent and consequently 
f° ante) onan $23) ay = Blon'V onl) sh 
So we get 
lod(VianlX)1X=2h-asla)|”_ 090) Garay 
=ga(z) Eig.(Y)|X=1- 


Similarly we 


Hence (b) is proved when (X, Y) is continuous. 
ean prove (6) when (X,Y) is discrete and where z=24, 7% being 4 


point of the spectrum of X. 
TaeoneM 8.6.2. If 9: R—~>B be @ continuous 
Eifg(Y)} exists, then 
‘ (8.6.17) 
ElE{o®)|X}1= Ejg(Y- ; 


function and if 
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Proof: Case I. Let the distribution of (X, Y) be continuous 


_ We have Big ¥i— |", [°. o(u) f(e.,y) dz dy, . 
erhere f(a, y) is the probability density function of (X, Y) 


-\", {{", o(v) fla, y) ay} de 
“E(w fe.) 
-\ {\", oly) a) ay} fx(x) de, 
fz(a) being the probability density function of X 


a | on Bio(¥)|X— 2h f(a) dee 


= El Eio(¥)|X}). 
Hence,the theorem is proved when (X, Y) is continuous. 


Case II. Let the distribution of (X, Y) be discrete. 


Here Eig(Y)}- == glu) fess 
where P(X=2, Yous fiis (r;, vj) being a spectrum point of (X, Y). 
Bid ¥)- 3{ 3 ols} Ft) fe selene: fx ares 
— EH(a4) fer where Alas) = = glvs) i = EjgtY) Ix= rit 
and the random variable h(X) = E{g(¥)|_Xt 
= Eih(X)}= ELBIo(V)|X 4). we 
Hence E[Eig(¥)|X}]=Hfo(¥)}, when (X, ¥) is disorete. 
Cor. E{E(Y|X)= H(yY). | (8.6.18) 
Taking g(Y)=Y in (8.6.17), we get HIE(Y|X)}= KY). 
THROREM 86.8. J, 
conditional sivtcae's* (of cote, ag one i eet 
: or(x)= E(¥"|X=2)-{m,y(z)}. * (8.6.19) 
: Ue - 
oof: Here 93 (e) = Ell — my(x)}® |x=2] 
= EUV? — 8my(e) ¥ + my (a) }|X=a] 
~EX*|X— a2) + Elimy*(2)- Imy(a)V}| X= a] 
by (a) of Theorem 8.6.1. 
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(2) Y}| X-2} 

+B {-Imy (2) ¥|X=2}, 
by (a) of Theorem 8.6.1 

Sle, y) dy 


= f 
(-2)my{z) y 7, 


* mr (2 F(z) 
omy? ()— 2m (2) EW |X= z) 


my? (@)- 2m ‘g) mz (2) 


o-my" (2) 


Henceswe get 
or*(a) -E(¥*|xX- g)—{mz(z)t*. 
It can be proved similarly that 


Note. 
(or1 i)? -EY* |X=24)-(mz, a)": (8.6.20) 


when (X, Y) is discrete. 


g'7. Regression Curves. 
stribution of Xand Y be continuous. If my(z) 
exists, where € R, then my(z) gives a real valued function of & 
real variable z, defined in some domain, say D, where D © R and 
this function is called the regression function of Yon X. In this 
cage the equaticn y=my (x) defines & curve which is called the 
regression curve of Y on X. 


Similarly if mz(y) exists 
mz(y) is called the regressio 
z=mz(y) is called the regression curve of X on Y 
- The curves y=my(z) and z=mzx(y) are also ca 
curve for tie mean of Y’ and ‘regression cure for th 
respectively. 

The following two theorems 
of the regression curves for a bivariate ¢ 


Let the joint di 


(y € R), then the function defined by 
n function of X on Y and the curvé® 


‘ed ‘regression 
a mean of 


give geometrical interpretations 


ontinuous distribution. 
THEOREM 8.7.1. For a continuous two-dimensional variate (X z 
: pie’ 
Gnd for any continuous function g(2), B(iy-o(Xi* é minimus 


when g(x} = my!z). 


MATHEMATIOAL BXPROTATION—It_ 517 
Proof: let fle, y) be the joint probability density function t 
of Xand Y. Then Et{y—g!X)}?) 


aa [". {:. {y—g'a)}? f(z, y) dz dy 

“ [ \c {y—o(z,}* f(@. v) dy|ae 

a. [ Jus fy in gia)}* fely | 2) fx(z) ay |ae 

[ a fely | #). which is the conditional density function 


of Yon the hypothesis X= J 
={° seto[ 7, tale se 2) ay] ae 


= [7 salereite- ola | X~ a) de. 


Now Eliy-g(X)}* | X=c] . 

= BU{Y—myz( X)+mz(X)—-o(X)}* | X =e] 

= Efiy—my(X)} | X= 2] + {mz(z)—ofe)}* 

. + 2imy(e)— (a)}ENY— mz(X)}| X~ 2]. 
Again E[{Yy-mxAX)}}| X=] 


- a S(x,y) 
I. ty—mria}} Fay 


=", vselu| 2) dy—mxle)|” Felvl @) dy 
=my(z)— myx) =0. 
Bo EUY-9(X}}*] 


=|", sale) (BIE- ms(a)}* Lx =e) dz 


_ i". imx(z)—gle)}* fx'x) dee. (8.7.1) 


Now {mz(z)-g(a)}* f(z) > 0 for all x E(— 2, o) 


Also {my(z) : 23 
N —olai}* Fe(e) i g 
‘continuons, So M Yale) is continuous at any point 2 where fa() 


| i" imy'z) — o(ej} fx(e) dx > 0 and 
| ~2 'mrle)— of2)}? fx(e) de=0 


Where fx(2) S 0. if we choose g(z)=my(z), 


| 
| 
i] 
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So from (8.7.1) we find that 
Bav—oXN) > [0 fe'2) BAY—me(X) Xo el de (8.7.9) 

and the equality sign in (8.7.2) occars if we choose g(x) —mr(a). 
Hence, it is proved that E({Y—o(X)}*] is minimum if 


(X)—mrx(X), 4.6. if g(x) — mr(z) 
For a conttnuous two-dimensional variate (xX, ¥) 


THEOREM 8.7.2. 
Aly), BUX —A(Y)}7)] is minimum when 


and for any continuous functton 


ly) = mx(v)- 
Proof: Simila 
exercise. 
Geometrical Interpretation of Regressio 
_ . Let Ss - BUY o(X)}2] and Se — E[{X— A(Y)}*J where o(#). A(y) are 
continuaus functions. Now Sy, represents the mean value of the 
o(X) which is the random variable corresponding to the 
from the curve y= yw) measured 


r to the proof of Theorem 8.7.1 and left as an 


mn Curves: 


square of Y— 
deviation of the random point (xX, Y) 


P(x,y) 


Fig. 8.7.1 ; 
parallel to the y-axis.and similarly Sq represents the mean’ value of 
the square of the random variable corresponding to the deviation of 
the random point (X, ¥) from the curve = =—h(y) measured parallel to 

illustrated in figures 8.7.1 


the z-axis. The aforesaid deviations sre 


and 8.7.2. 
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Then the theorem 8.7.1 reveals that among al : 

SS; is minimum for the “ & all continuous co 
yr) 2 regression curve 9 = mz(z)-ana a 
2. 


y 


Oo 
Fig. 8.7.2 


theorem 8.7.2 reveals that among all continuons curves z—Aly), Ss is 
minimum for the regression curve & —mz(y). 


Y are independent continuous variates, 


THEOREM 8.7.3. If X. 
ght lines parallel to the ames of 


then the regression curves are strat, 


co-ordinates. 
Proof: Here myr(z) -\" yEDay 
oe r='z) 


(2, fxlz) flv) 
- te) dy. 


since X. Y are independent 
=f" v Fel) dy = 2(¥)— my. 


Bimilarly, mxz(y)=— E(X)—msz. 
8 ad 
Sdcucs the regreszion curves are youmy,c=m, which are straight 
Parallel to the axes of co-ardinates. 


THEOREM 8.7 . 
distribution are eae The regression curves of a bivariate normal 
Proof: I oe 
normal Matabeih a oe distribution of X and Y bea Divariate 
on with parameters mz», my, %x, Cy, p» Then the 
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joint probability density function /(e, y) and the marginal probability 
density functions fx(z). fr{y) are given by 
- cas Ue e—me\* - =- ms y-m, Y- ’ 
Sle y)= —— xu-rill a) ( Ge ) oy (75%) 
1 Ondz0yV1—p*é 


a ns (z—mz)" 


1 . _ ee 
fale) Tao, ¢ » 72 <a <o ; 
1 . : 
~ Fay? (y—m,) Ze Apel 


1 . 
fry) V 2n oy 6 
Now my(z)-HY| X=2) 


f(z. 9) 
-|. ¥ fa(z) ay 


P 1 
“fe Y Yancy Jip? 
mally AEH 
@ 


V9n oyW1—p* -o 


als. (2) 29 F5™)(4) +¢ Car) lay 


oy 


ym, z-m, 


\y yore BE) ay 


On Fy J1—p* 
i -1 Po, - 
eee eee if yariarlt | oe 
ra 
Jf On Gy Vi-p =a 
oe o. “9 
- 4. |’ [oyWi-p* st {my +2¥(e - ma) dz, 


ue ; 
L_ fof ttr ema] 
iyo, Jizptde ‘ 
© a 1_ © “% 
~ 2Vi-e" ze 9 iev(ng +02 tee 55) é dz 


a - cae 

oO ose 2 ws : 

since { ze *dg=0 and a o 2den J% 
“a 


duds. og, 
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regression curve of Yon Xis 


7, the ¥ 
yumy +2 (a — me) (8.7.3) 

Similarly, the regression curve of X on Y is ; 
(8.7.4) 


games (ym. 
; ’ 
(8.7.3) and (8.7.4), we #28 that the regression curves of a 
“ee safatal distribution are linear. 
ari 
Hence the theorem. 
Least Squares—Regression tinean 


‘piv 
nd Regression 
4.8. principle of 
; bolas. ‘49 oak ath 
ro ave proved that for the joint distribution 
continuous variates) and for a continuous 
2] jg minimum when g(z)=my(z). In 
9 wo say that from the family of all curves of the form y=o(r) 
he ni 
a A continuous), the regression curve y=ry(a) is the best fitting 
an to the joint distribution of X and Y, 1.e., among all possible 
pagina relationship expr d by continuous functions, the most 
uD 


probable relation between 


In Theorem 8.7.1, we bh 


Y are 
{ X and y (xX 
‘anette’ y-o(z), Efiy-o(X} 


esse 
A and Y is given by the continuous 


function y = ™r(z). | 
be interested in finding sn approximate 


In general we may 
may be 


relationship between X and Y (joint distribution of X, Y 

discrete or continuous ) with the help of a curve of the form 
yog(e ; C1, Co... Cr) (8.8.1) 

where g(r 3C,, Cg, .... cz) is continuous and it has a known functional 


form and where ¢,, Cg)..... Cz are parameters. In that case we are 


to find the best fitting curve to the joint-distribution of X and Y from 
the family of curves represented by (8.8.1) and this curve is obtained 
alc known as the principle of least squares which consists 
0 findin ; a7 
Shien C1, Cas, ce for which H[{Y—g(X; c1, cg, ..-. cet] is 
Similarly, the ; 
distribution of pie airs of the best fitting curve tothe joint 
tom the family of curves represented by 


@= Hy: dys def add) (8.8.2) 


(hig Ac 
ont{ . 
nuoug function and’ has a known tinitional Ioem and 


are p3 
Tameters) can be obtained by.the principle of 
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Teast squares, whio 
EUIX- WY ; dys ds. - 

If the famity of 
+ce. then the cor 
ne or 
gression | 


way def") is minimum. 

ourves represented by (8.8.1) be straight lines 
responding best fitting line is called the least 
the regression line of Y on X Similarly 
ine or the regression line of X on Y is 


yurmen 
square regression It 


the least square °° 
fitting Hne to the joint distribution of Xand Y 


defined as the best 
from the family of strajght lines z= d,+day- 


Tt the best fitting curve be obsained from the family of curves 
given by yooy teat t Cet” +e +cexn4¢12*, then the corresponding best 
fitting curve is called the kth degree least square regression parabola 
or the kth degree regression parabola of Y on X and similarly we 
can define the kth degree regression parabola of X on Y. 
gression lines for 4 bivariate distribution: 
(discrete or continuous ): 
we sre to find 


- Equations. of the re 
Let (X, Y) be two-dimensional variate 


To find the equation of the regression line of Y on Xi 


the values. of C1, Cg 906 


A(X), IY), HX"), E(Y®), E(X Y) exist. 
Let S<EUlY-¢s —¢9X)*}. which exist for. all values of C1, Ca:- 


then: S can be regarded 38 & function of two variables ci, Ca, where 


S‘and its partial derivatives with respect to ci. Cs of any order are 
dition for S to be minimum is 


continuous. Now a necessary con 
a8, oS 
Oe, 0, Bie 0. 
Now we note that 
S=E[{Y-(c1 +cgX)}}*) = SS fyi — (cx + cami fis: (8 8.3) 
) 7 st (x, ¥) is discrete 
o = | 
-| a Nt fy—(c, +ea2)}* fla y) dz dy» (8.8.4) 
if (X, Y) is continuous, 
where the symbols fas. /(7, y) have the usual meanings: ane = 
series (8.8.8) and the integral (8.8.4) are absolutely convergen' mA 
with respect 0 ¢ cg within 
we gob 


process of partial differentiation 
summation or within the integral is valid an 


B-xt-str- (cy + ¢2X)}) 


g so in either case 


= & 


re 


Sand. 38 Ht « afy - (ca + co XX! 
ied. o2: j 


h consists in finding dy. da, .... ds for which: 


bh that EX(Y —¢, —¢2X)*} is minimum. Let. 


——--- 
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Then the equations ~ —0, 5-0, called tio equations, 
give BLY) -cz —¢sB,.X)=0, (8.8.5) 
EEY|~ 6s E(X)- ca H(X?)=0, (8.3.8) 
or, 6, +CgMa= My: (8.8.7) 
64%zt Cargo ™%11- (8.8.8) 
Solving (8.8.7) and (8.8.8), we get 


on, 20% (zy) By 
Cy = iy one — Ne = My ?P de Mr =C,¥*(say), (8.8.8.a) 


_ cov (X, ¥) 
Ar. ee (8.8.8 6) 


o ; 
=p es =C2* (say), 
where p=p(X, Y). 


“Now to prove that S is minimum for cy—¢1*, Ca—Ca*, we shall 
prove that S > S* for all cy, ca, where 
S*=E [{ Y- (c1* +c2*X)}*]. 

We have S =E[{Y—(cs +coX)}*) 
= B{(¥—c,* —cg*X t+04* +og*X—cgX—C)*} 
= E[{Y—(c.* +c9*X) + (c1* — cy) + (cg* — cz) X}*) 
~E[{Y—(c.* +es*X)}*) + (c,#— 03)" +(ea* —cg)? x 

E(X?) + 2(c,* - cy) LY —c1* —ca*X) ; 
Now by vi ph 1*~¢a)leq* — 6s) AIX). 
en 
Bt , —c1* —cg*X)=0. 


S=S¥ i(, *: 
1*-¢,)* +(cg* -¢ )3 
= St : 2)” Xg9 + Wc,* - = 
+(e1*~6,)9 + (o9#—¢,)2 (a 24 sai ca)(ca* —c2) mz 
eT by 
+ 26, * —cx)cg* -cg) me 


= S* 
+ {(cx* —¢y)+ (cg* —¢sa)m,}2+ (co* —¢e)* On" 


Now {(¢,+ 
Wo. 1" C1) +(cg* —¢ ) ame}? 
‘Ca. He 2 Mz} +(c in ee 
Thug it mes § = S* for all fs, a Ca) on” = O forall velaes 


Is 
Pray, 
ed that Sis minimum,whe 
5 n Cy =¢,%*, Ce = cd 
2™Co . 
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So the equation of the regrerion line of Yon XY is 
yue,* +t, az 


o taf 
or, yomy—P ai matP oe 
Gg 
ory y— mye gs (e- ml. (8.8.9) 


It can be proved similarly by minimizing 
$,- Bi] X-(d, +dsY)}*) 
that the equation of the regrestion line of Yon Y is 


z-m_~p = ly-my). 
v (8.8.10) 


Note. 1 From the equations (8.89) and (9.8.10) we find that 
the two regression lines (if they exist) intersect at (mz, my). 

Note. 2. We observe that the regression lines (8.8 9} and (8.8.10) 
coincide if p= +1 and for p=0, the equations of the regression 
lines become yy, £= Mz which are perpendicular. 

Note, 8. We have proved before that the regression curves 
y=my(z), ge=mz(y) are the best fitting curves to the joint distribu. 
tion of X and Y from the family of all continuous curves of the forms 
yoglz). c= hly) respectively. So if for a given bivariate distribution 
it happens that the regression curves y= my(c), z= mz(y) are straight 


lines, then the least square regreeeion lices must coincide with the 


regression curves y=my'e),2=mzx(y). In Theorem §.7.4 we have 
proved that for s bivariate normal distribution the regression curves 


are straight lines whose equations are given by (8.7.3) and (8.7.4). 


Go the equations of the least equare regression lines for bivariate 
normal! distribution with parameters mx. My, Cx. %y P will be given 


by (8.7.8) and (8.7.4). 
A measure of goodness of fit of the regression lines to the 
Joint distribution of X and Y. 


By ‘goodness of fit of a given cu 
tion of X and Y’ we want to mean 
when we use the approximate relati 
Now the expression S*=Z (Wy -(c.* +¢s* 
of the square of deviation of the random 


to the joint distribu- 
approximation 
X and ¥. 
lue 


rve y=g(z) 
the goodness of 
on Y=g(X) between 
r}}*] gives the mean va 
point (X. Y) from vhe 
regression line 
- oy m ose et | 
y=e, "ts 'f, ( where c,* = My Ps. z) = 
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arallel to y-axis. So the goodness of fit of y=oy*tes*z 
gh if the yalue of S* be low and consequently S* will 
9 measure of goodness of fit of the regression line, 
he distribution of (Xi ¥). 
= BU{X-(di* +4a*Y )}*] gives an inverse measure 


{ the regression line gnmdy*tds*y 


possured P 
gill be bi 
gire a jnvers 
on" tet bo é 
ginilarly, S,* 

af goodness of fit 0 


Co Oz 
( where dyt—me- Pg My ast-0 2) 


¢ 0 ry 
vow St BU Y-(my-P 5 mat pz. X)} ] 


2 BIe-my)~P ge Xo mal 
= E{(Y-my)*}+P" co. BY(X-mal"} 
— ap 2X B {{X-mel (¥—my)} 


2 
oO o 
= oy tp? me 0," — 2p = Fgyp 


=o," (1-p*). 
Thus we get S*=%y" (1-p*). see si (8.8.11) 
Similarly, we find that 
(8.8.12) 


BtmeM(l-p) 

From (8.8.11) and (8.8.12) we observe that for given values of 
6,,°Jy the values of S* and S,* become low if the value of | p| is 
high and for low values of | p | we get high values of S* and S,* 
and consequently goodness of fit of the regression lines to the 
bivariate distribution of (X,Y), thatis, the concentration of the 
bivariate probability mass near the regression lines will be high 
ot low according as the value of | p | is high or | : 
‘direct measure of goodness of fit of th i io cea 
Siulitla ot rane? e regression lines to the joint 


g 
p=) denoted b 
ty Y bey, is called the regression coeffi ant of X on Y. 
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We Gnd thst 
p's bry byz- 
“ a (8.8.13) 


cna 
ier Lela t vbey doe 


and so we can state that | p | is equal to the geometric mean of the 
regression cosficients. 
Significance of the correlation coefficient between two random 


variables X and Y- 

Let p be the correlation coeficient between XY and Y. In 
(g.3-11) and (8.8.12) we noted that |p| is a direct measure of 
goodness of ft of the regression lines to the joint distribution of 
x and ¥, that is, | p | gives a direct measure of concentration of 
ths probability mace near the regression lines. 80 we can gay that 
she tendency of having a linear relation Y=mc,*+c.*X or 


Yed,etds*¥ increases as | p | increases. 


Now O< fp! <L. 

Soif |p {is maximum, that is,p— +1, the above tendency is 
mazimum and in this case the total probability mass is concentrated 
on the regression lines which coincide. Again the minimum possible 
value of 1p |isOandso if p=0. the above tendency is minimum, 
that is. if p-0, we get the least possible concentration of the 
probability mass near the regression Lines. If p > 0, then the 
equations (8.8.9) and (8 8.10) indicate that it is most likely to get 
the relation such as ‘Y increases a8 Xincreases’ and if p < 0, the 
same equations indicate that it is most likely to have the relation 


*Y decresses as X incresses’. 


We have pn oor he Y), Then for given oy, 5, we ia ust 
zy 
mentioned tendency of 


eov{X, ¥) and p both measure the abave 
having linear relationship between X and Y and we note that p is 8 


dimensionless measure of the same tendency. 
The following figures illustrate the regression lines for different 


valgesof p. 
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y y 
(mx , My) 
(mtx , Ty) 
a x fe) x 
Fig. 8 8.1 (p > 0) Fig. 88.2 (p <0) 
y 
y 
(mz, my) 
(mx ’ my) 
x: ; 
fe) oO 
Fig. 8.8.3 Fig. 8.8.4 


(<1, when the two regression 


(o= —1, when the two regression 


lines coincide with the straight lines coincide with the straight : 


line passing through 


(mz, my) line passing through (mz, m,} 


o 
et, i P pa 
and having a slope ze = 0) and having a slope — “s <0.) 
2 


y 


(my, my) 


. Fig. 885 (p= 0) 
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Least square regression parabola : 

We consider the distribution of the two-dimensional variate 
(X. Y) which is either discrete or continuous. To find the equation 
of the kth degree regression parabola of Y on X, we are to find the 


values of C1. Cas --++ ChtR for which 
E (ir—(ex +CsX+ C3X 2 + oee + cn41X *)}4 j 


is minimum. 
Let AnBUY (cr tesXt+esX*+ ee *+x41X*)}"], whers we 
assume that L(Y). E(v?), E(X*) for r=1, 2, ++, Qk and E(XTY) exist 


forr=“1, 3, °°" ke Then A can be regarded as a function of k+1 real 


yarisdles C1: Cs» 
re continuous. Now & necessary condition for 4 to be minimum 


+++, Ck+1 Where A and its partial derivatives of any 


order & 
ig that 
O4 O4_ __94 © 
Gc, Ocs Sa (8.8.14) 
which are the normal equations. 
*, ...; Che ™Ck+1* be the unique solution of ‘the 


If Cy C1 *,Cqg™Ca*,- 
normal equations (8.8.14), then we have 
ie =0 fori=1,2,°,k%+1. (8.9.15) 


i Ner%s C2%s «++» Ceta® 


Now 249 {E{Y—(cy te2X ter + cCr+rX* $7] 
Oey Oe 
= B[-3x'-4Y— (cr HeaX to + cus X*)H). 


Then from (8.8.15) we get ; 
Ejxy'*(Y—-01* —ca*X— °°" — Chet +X*)}=0 
or, B(X*-*Y¥)—c,*H.X'")— es *B(Xty— + — cnt *E(X s+k-7) m0, 
for 4-1, 2,7, k+1 
* X44h-10 08 


or, EB (X*-*Y) — 01 *4s-10 — Ca* X80 — °°" — C42 
for #-1,2, °°, #1, 


where “ro ~ EX"). 
Then we get the following syst 
Ci*K00 tCa*K10 + Ca *X20 tee HCK+1 


* =x 
C1 *kyo +C2*%20 + Cs*X20 t+ ** + cyt *Xk+10 ~*14 


em of normal equations : 


¥#kgo X01 (8 3 16) 


feoet cht *X2k o ~%k1¢ 


Cr* do +e2*Xx+10 + Os *Xk+20 


es 2it—[ SP eo, Be, 8 28, . 
2 
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5a: 


Assuming that the system of equations (8.8.16) h 
solution, solving the system (8.8.16), we can find c,* a a 
1" seq 


and itoan be shown that A is minimum for ¢ —c,* bees Chay ® 
2 2 


een 7 ChEA Then the equation of the kth denn ee, in 
ata 35 aes bidigha td gic sees +cx+1*%2*, which is cite 
fitting parabola of degree k, to the distribution of (x, Y) feoen re 
femily ii perabolss given by Y~mCy +ceet+cgr? + + Cx yk se 
t1,é@a.°") Ck+1 are parameters. Similarly the equation of the re 
degree regression parabola of X on Y can be found. 


Now let A* be the valueof 4A, where c, =c,*, cg=—c,*. -. 
=¢x4i%. Let Wong 
Br Buty cy —coX— cg X* — +++ — cyy X*)"f, 
Then B can be regarded as a homogeneous function of ‘t,¢,,¢ 
» ae S) ' 
wu Ck, Of degree 2; Then by.Euler’s theorem, we get : 


OB ,,, OF... 8B 
‘Ss +c, Oc.’ + Chey Benen 7” 2B: 


Now we see that 
Bo At for t= 1, cy cy*, cg cu*, *0%, Ch+a ™ Chea * 
dB 0B 3 zs 
Ot + Cha ‘oO ] 
i Ock+1 (t=1,¢,"0¢1% 
“ee iV(Y-e,* ~Co*#X—6,*X? — oe. — Chi *X*)} 
O38 03 OR : 


since ,— ae 
Cy OCs Oka 


Ces MCp ay 3 


~ 0, for t=1, C1 ™c,*, Ca ™ca*, °°", 
Ch+1 ‘4 i 
Ch+ i *, by Virtue of normal equations. 


So 4teR fy - 
Ey BLY) eg aimee *H(X*Y) 
2 , 


hey Stem xy, 


Sages 

“~ ~~ Ci*®Xo1 Cu*X gy —s-- — Chi * Xk {8 8 17) 
4*, given by (8.8 ‘ ae 

Roodness of y (8.8.17), can be taken as an inverse measure of 


fit of the Tegre-sion para 


to the distribution of (, Y) bole y~c.ttcpee yt + cry, *xk 
Now F ae 

follows. to obtain a direct measure of goodness of fiit we proceed 
Let Un. a 
Casy ; NG es ae TS 
MP-34 NN tits aa nat all zero. 
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Then 4°72 i(¥- U)*}. Let u be the real viriable corresponding 


to U. Taoen considering the family of atraigh’ lines y=c+du, in the 

(sy) plane (c, d sre parameters), we see that the equation of the 

regression line of ¥ on U can be obtained by minimizing 
Biy-c-dU) ity —e—de,* - des*X-*— den+i*X")"f, 


3p— FB} 
Now since B\y-(c,t+esX* +cxsi.X*)*} is minimum for 
sory Chen TCktL*. 39 


os = Cx*. C8 “Ca¥, 


Biiy-c-de* - des*.V-°"* — dcK+1 
c=0, dwl. 


+x) 


ja minimam for 
Hence,the equation of the regression line of Yon Uisy=u and 
by (8.8.11) we get At ,°U1 —{e(0, Y)H I. (8.8.18) 


Now the equation of the regression line of Y on U is 


yomyne0, Yo w= mh 
“ 
6, is the standard deviation of U. 


where %u = E, 0), 


But here the regression line {a you. Hence we have 


5 a 

p'U,¥) vl (8.8 19) 
and mi= OY) 5 Mn (8.8.20) 
shows that p(U. 1’) > 0. 


Since ¢, > 0. %. > 9 (8 8.19) 
Case II. c,*¥=0, cs# = 0, aiwverawie ’ 
In this case U~0 and Y=0 is the best fitting curve to the joint 
distribution of U and Y from the given family of curves. Now 
y=Oiss straight line an case y= isthe regressick 
line of Y on U (i.¢., the best fitting line to the aforesaid distribution 
by yoct du) and so in thie 


from the family of straight lines given 
ct =m, —P(U. me m,, 70 ane 


d hence in this 


caso by (8.8.3.4) and (8.8.8.0), 


ae =(0, ¥) 2" =0. which gives p(U, Y)~0 


§o in any case we got 
0 < AULY) <1 (since -1 << eH) S 1 in general) 
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Now from (8.8.18) we get {o(U, YP =1 -4*, 

¥ 
wa that | (U, y)| -p(U, Yi increases as A* decreases and 


y the non-negative number pl, y)-/1- a wet te 
Gy 


meaaure.of goudness of fit of the regression parabola 
k 


hich sho 


sonaequentl 


taken a5 & direot 
yrot testa + cher *% 


to the joint distribution of and Y, where A* is given by (8.8.17). 


8.9. Co-relation Ratio. 


We know tbat for a bivariate distribution of a continuous variable 


of ¥ on X ia y= my'z), where 


pe the regression curve 
mlz) cH |X ==): The random variable corresponding to my'2) is 
celation coefliviens plony X), Y} is called the correlation 


m,(X)- The cor 


ratio af Y oo Xs 
We know that y= my’) is the best fitting curve to the joint distri- 


bution of X snd Y from the family of all continuous curves of the 
Following the method of obtaining a direct measure 
ts kth degree psrabola to a bivariate distribution, 
the correlation ratio p{mr’X), Y} can be taken - 
y= my(z} 


form y = y(ZI- 
of goodness of fiko 


we can show that 
a direct measure of goodness of fit of the regression curve 


to the jolat distribution of (X,Y). 
3.10 Illustrative Examples : 


Ex. 1. 2wo discrete random variables X and Y take the valu 
1,2, 3and the joint probability distribution ef X and Y ie given by 


the following table : 


Pind exp 
« XD clations a 
nd varia 
nee, : 
sof X, ¥ and X+Y. 


e 


uu 
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(x=9)=0.4, P.X=3)= 0.3, 
given by 
fie. v= 110 < g<a,0<y<a. 


We bave P{X= 1)=0.3, P 
BExX)-1%0.3 £9%0.4+3%0.3 2.0. 


HUY 2)=1x0.344x0449%0.3"4.6, 


o yar Ye E(X 1) - {B(x}? 
=4,6-4 
=0.6. 
Again P(Y=1)=0.3, P\Y=2)=0.5, P(¥=3)-0.8. 
BUY )=1X0.942%0.b+3% 0.3 = 20. 
Bly 2)=1x0.844x0449x0.3=4.6.: 
+ var Y = HY *)-E(Y)}? 0.6. 


tet Z=X+Y, then Z assumes the values 2,3, 4, 4, 6 
P(Z=9)<0.1, P(Z=3)=0.2, P(7=4)=0.4, PZ =5)=0.2 


Now aquare of the distance between the two points is 
Z-\X-Y/'. 
| (2=-y)*. “ dx dy 


1 


., Ea 
oJ0 
a af : a at 
“3 [5 ork |au 6 . 
{ 


mean mand common variance 1. If 
P(X+2Y < 8)=PQX-Y > 4), 


then find the value of m. 
ead 


PiZ=6)=0.1. 
HV +Y )e2x0-1+3% 0.244% 0.445% 0.246%0.1-40. 
Let are and 7 =24—Y 


BIXY) =1%1xX0.141x%9%O14+1%9x0142%1%01 


£9X9X0.949X8%X01F9%1x0143%2x01 
Var Z=4 (var X+4 var Y) 


+3x3x0.1 
= 4,0, 
cor (X, Y)= B(XY)- B.X) HY) 410 independent, 
= 4,0 _ y x 9 
0 Aen BUW)=4 {9R(x)- ly) f= ™, 
= - 4 
yar (X+Y) «var X + var Y +2 cov (X, ¥) Mer Were (4 var X+yar Vest 
ut Ynys. 
=0 6+0.6 
Thos 2=™ w=? 
= l Y) ug —_ 4 
2. sie ve And “45 *te both. standard nor | vari 
. dom on a line-segment i" 3 mal variasas 
| Ex. 2, Tico points are dropped al ile setunen te goin Now the « 4 
Pind the expectation of the square of the distance 0¢ sing tit Blyen relation inp lies 
Let the random variable X, Y denote the numbers ih i Z 
ae ye a 
position of the two points chosen at random " ie val the® : WE <'m =P is oon 
gegment. ‘The density functione fyia)and frly) of X an 9 % Js > ae 
le. * as 
given by RG 4 4 
1 wit 1~ m 
pe 1 0S 2<0 Or, = .° i 
fx{t) a nl 6 dt = | ft W5 bs 
1 gz 6 at = ; i 2 
atv Q<y<a ‘ 1~m at, 
~ A woe 
| v6 
dy, 4 


frlv) 5 


y, Y being independent, tha joint density funotion of X and \ is 
’ 


Ex. 3, Let X,Y be independent normal variates with ths common 


Then E(Z)=${ E(X)+9E(Y) t=m, since E(X)=E(Y) =m. 
“3 fince var X=var Y=] and X,Y 
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x+y. V-X-Y. Then 


58t MAT 
Let OU 
emt or 3-3m—m— 4. cov (U, p)=EL(X+) )— (me + my} (X-¥)-(me- my] 
- 357 V5 = B[(X- me) + (¥— mat (XK - ma) —-F —msh ] 
sf = 8 (X-me*}- EB {(V—- my)*5 
m={ ; =-var X-var ¥- 
Ex. 4. Two random variables X, Y have the least square regression z 
lines with equations Srt+2y—- 26-0 and Get+y- 31—0. x)=]. a? f:(z) dz=ar*, 
2 nd ,Y)- . 
Find HX}, HW) and eX ) nvtiews 
The two lines intersect at (4, 7), which gives : : Ais «2 Ga%e* 
E(X)]o man 4 By )=myn7. ver Xe HX )-{- Fix )Bear’ = * gtr? 
If the regression line of Y on X is n csaviesylle 1edee", 
8r+2y-2670, Fe. 9m -3!2-%) 
4 cov (U, V)=ar* —bs* — 39° (a*r® — b*s°), 
BD a: en 
then P Og 2 Again var Unvar X+var Yevar V. 
Tren the regression line of X on Y is . yar Oar! +bs* - 3g (a*r® 428g carnve 
Get y-S1e0, f6. 77 -t(y-31), eth Fo (7.9) 
so that = -%. (8.10.1) Jvar OV var V 
: ar* +bs* = #42 (aro + b's). : 
Le 
4 


. (oct) (> c)agrict 


és pret iy [° : 
ow j_. f:(z) da=1 gives j faz dz=l,ie,r?= 5 
o , 2a 


ia, peat 
Bot pot does not satisly (8.10.1), since 7# > 0, oy > 0- 
oe pop(X. Y)=—} and 
{ - fa'y) dy=1 gives phe cks 
fx. 6 The probability density functions of two independen 2b 
random variables X and Y are defined by 4 i. 2.2 ; 
fii-sor, OSTS? mee, e(, 7) ~10_ 45" 90" 9 36a 565 
-0 , elsewhere ; i da _ 2 ? = eae 
= ‘ 4b 9a 98 36a + 34k 
fsly)~ 4by. ocy<cs j a+ 36b 
-0 , elsewhere. “po 
Find the value of p(X+Y, x-Y). iid. 7 a 
* Ca 
- BX) i" z filz) dem ee Mobabitig ie: the covar; 
ry / LY function ; : Gnoe between X and Y. i 
RY)= 408° my. Ce eee 8 Given by . if the joint 
3 fe +2 > 9, 5 
t ' elsewhere, 


> 
[ C. FH. (Reon) 1901 


i 
j 
} 
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Here meso Fix)-Jf f za*-Y dz dy 
od 
af (ret f ov dy) dz 
v i) 
-fare* dz 
uv 
=Ti2'= 1. 
Similarly, my = E(Y)=1. 


E(xY) =J Sizy s-2-" dx dy 


Sve’ dy) dz 


afer 


=f ze" dz=1. 
0 


So,the required covariance is given by 
cov (X, Y)“E(XY)—memy—-1-1-=0. 
Ex. 7. If o2, 03, ofy are the variances of X.Y and X-¥ 


respectively and 4 is the correlation coefficient of X and Y, tha 
prove that 


°C, H. (Math) "S93 


ariables 


If mz, my be the respective means of the random V 


X acd Y. we get 
E(X-Y)-E(X)-EY)=<m.z-my, 
mean of the random variable X—- FY 
o. EV(X-¥)—(my—my) f= E {(X- my) —!¥- my) 
= Ej (X—mg)* $+ Ei (¥—my)"}- 98 {(X—mX¥- ry)! 


or, var(X¥—Y)—var \+var Y—32 cov (X.Y) 
3 
Or, Fy-ym oz? + oy* — Waa, 
pe A Og = Feny, 
2o,0, 
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The probability density function of (xX, ¥) ts 
1 a 2— y? r) 
ar} exp { a(e zyt's )} 
~-wocrcm, -e sys, 
[¢c. H. (Math.) '95 ] 


Ex. 8. 
FACE hed 


Y on X. 


on X is yomy(z), where myx) is 
Xewx..and it is given by 


nd the regression curve of 


Y 
the hypothesis 


BK 
The regression curve of 


the conditional mean of Yon 


f vfia,v) dy 
mr(2)— Fle) 


Now fx 0)7 [fe y) dy 


oo . vw? 
Te alone) 
- 5 s dy 
- JS \7 2? 
sic dls -2{(35-+*) +2} 
sl e dy 
= Jt _\? 
ae 2 -a(4,-+ x 
-*3, | a Ji 2 Pog 
x1 
"e r . 
-—= ‘—z 
nV2 j é dz 
where z= ./2 ( y _ J8 
V3 ie 
2 z? : 
4 = 
pe kell) =e it 
n J2™ Vn- Jan 
A a 
ah i ut (a, y) dy 
oe ee Ha( geet y? 
a) ye (- *H'S) 
oat a e ae yo J8 a 
anja} ve 21 (34 sa)" +2} j 
yv 
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ao J8 
ay eels 
or. \". y fiz, y) dy =< vi hs 
a? 


where 2—- V2 (4,- Ye 


Now \" ze"? de ia convergent and its value is zero. 


Pi \". y f(z, v) dy 


2? 
‘as J3 é 2 /3 J -73 d 
a/a g af 6 Z 
wee a 
2 3re 7) 


326 , 
* OVIn v= = 3/8 Jn 


vflc.y)dy 326 ~ 


‘ = = V3/n__ 3 
te Mee aC 
s — 
V2 


the regression curve of Y on X is yraz 


Ex. 9. For the continuous distribution defined by 
fle. y)— 32" - Bry +6y*, 0<2<1,0<y<1 
for the means and also the least square 


find the regression curves 
¢ @, H. (Math.) '87) 


regression lines. 
The marginal density function of X is given by 


fx(z) = ‘s f(z, y) dy 


< , 
- i (322 — Sry + By*) dy 
=82'-4r+2,0<¢£ <1 ; 
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“el that of Y is given by 


few= |, Mev) ae 
= f. (32% — Sry + 6y*) dx 


= 6y*—4y +1, 0<¥<1. 


Again fi. y f(a. v) av 


‘ y(B2" — Say t 6y2) dy ~4(9x? — 16249)” 


“|, 
{- a f(z, y) de 


and a 


-{' a(32? — 8ary + 6y*) dz = 1's(36y* — 32y +9). 
é ; 


¥ y fey) dy _ 
e m (z)= fx'2) 


927-162 +9 
6(32" 2? — 4x + 2) 


x f(z, y) dz 


. = _ 36y* — 82y+9 
and my{y) = fel) 6 


™12(6y* - 4y+ iy 


Hence the regression curve for the mean of Y is 
6y(3z* — 42 +2)—92"-162+9 


and that for the mean of X is 
122(6y* — 4y + 1) = 36y* — 32y +9. 
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Again the means mz and my for the marginal distributions of X 


and Y are respectively 


me \", 2 f(z) dz -|" aléai® 440) de =, 


i; 7 * 
and mya” yfr'y) ay-|" y'6y*—4y+1) dys 
The varlances og” and oy” are given by a 
v2°=E X*)-—m *-{" 2 . a 
x s z* fz(r) on 144 


-|" x*(8x*—- 4249) de- e 
ae 67 
15 ~ cri 720 
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A 
‘and ote EY?)-my"=| y?(6y" —4y+1)dy-F= xy. 


i 
E(XY) -| | ry(3r" — Sry + Gy") dz dy 
ojo 
pY af 7 
- | {,| (3z* - 82?y+6y°*z) ae} dy 
° ° 
1 
= yf, i360" — 309 +9) av 34. 
12}5 
cov (X. ¥)= E(XY)—mamy 
mrss Xa)~ — ae 


IxX¥ 
Oy cov eee) ails 


we bye P , ay 


oq COV (Xa y) 15, 
oe nee 


and bry" al ‘ 
Henee the regression lines are 
yr4> — d7le ~ 4's) 


and e— yy —33(v 4). 


Bx. 10. X.Y and Zare three random variables so that X andY 
are independentand Z-NY. X can take two values 10 and 20 and the 
probability that Xie10 is} Y can take three values 5.6, 7. ™ 
promability that is 5 tedand that itisGisk. Find the erpectatios 
of Z. [ C. H. (Econ.) 58] 

PX-10)-4¢, PiN- 20)-1- t=7. 

“2 EX)-10x%+20x5- %. 

PY =5)-3. AY <6). PY T-1-(¢+4)-2- 
wo BY)=<$5*}+6x%$4+7*2=6. 

Since Z—-XY, where X and Y are independent, 

E(Z)- BAXY)- E(X)EY) = ‘Px 6=100. 


Bx. 11. Jf X,Y are independent standard normal variates. ther 


Eimin (141, iv Di= af” {1-42} dee 


_ fe 
where $'2) is the distribution function of a standard normal var? 
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E {min (1X1, [¥1)} 


- pyardy+ff Iz] fz, y) de dy 
TMLee ee 

-off |x| s(a. vy) dz dy. from symmetry, where f(z, y) is 
fyi>[z! 


the joint density function of the two-dimensional random Variable 
(x, ¥). Now X and ¥ being independent, 
fz. y) =fx(z) flv). 


falt). fr(y) sre respectively the marginal density functions of x 


andy., 

fiz, y)— Piz) Oy), 
X and Y being both standard normal variates and #{z) is the distri- 
bution function of a standard normal variate. 


E {min (|X, |¥1)} 
=af f Jz] ¥(r) P'(y) dx dy 
lyl> lol 


~1" Iz] vel” wy) av} az 


-8| Pe we){| P(y) ay\ie 
oO z 
from symmetry of a normal distribution 


. al” abe) {l-wehde 


; B 2 
“8 Lt [ ~det1 - oi) ] +8-3 i 1 {1 — D(x) dex 
. ( integrating by parts ) 
=a" {l-4(z)}? gz, 
Ex. 12, 


Points in g } 
follows : 


Find the mathematical ex 


: rectatton of the t - 
ridge hand of 18 cards f the total number oj 


where the points are assigned as 
2 for spade 


Let th 
In the 


4 for heart, 8 for club and 6 for diamond. 


®random variable ¥. 
F ex ; : 
ith drawing (j= « denote the point received by the player 


4,3 ang 1,2,...,18) Fro 
6 each with m symmetry, Xy takes valuee 
: Probabilj 
ms EX; lty o 


) 
NEHA KE EExd eg pers 
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Ii Se the random variable, denoting the total number of points, 


thea 


S-X,+Xateo ren 
E.Sj-EiX,)+ BXeit- t+EXis) 
“13x ae ~ 33s, 

Ex. 13. Anurn contains 100 tickets numbered 1, 2, .... 100, from 
which 10 tickets are drawn successively without replacement. Find the 
mean and variance of the sum of the numbers on the tickets drawn- 

Let the random variable X; denote the number of the ith ticket 
drawn, i=1,2,.-.,10. From symmetry. 4% can take any one of the 
numbers 1, 2, ---: 100 and the probability of its taking any one of the 
100 numbers Is equal toxga- Bo 

1+2+--+100 _101 

EX T0998 
Les S=_X,+Xat-"+Ato be the random variable denoting the 
sum of the numbers on the tickets drawn. 
Ey 3, = F(X.) + E(Ug tore + E(X yo) 
10 Pi = 505. 

Agaia, var X47 EL%4")- {EiX,)}? 

setts mt 1m0? ji 


‘100 
100 x 101 x 201 _ (sau) i. 
600 


distribution of the random yarlable (Xa, Xs): 


We now consider the 
++, 100 ; 71, 2, °**, 100. Since the 


The spectrum ia (i, 3) for #= 1, 2° 
sickets are deawn without replacement 


ee ae sail 
PIN si X279 100 x 99 if 1%) 
=~0 il ie-y 
100 zoe 100 
—- ] i- >") 
a HSN oon 2 4 a 


a ad ~ 2004101201}. 188), 


MATHEMATICAL EXPECTATION—II 543 


cov (Xy, Xs) E(Xs)- E(Ns' BN) 
~ 15851 _(101)*. _101, 
6 12 
Tosa from semmotry, coy (Ny, Xy)= - 4h, ix); 
B71. 2, +, 100; f=, 2. +, 100. 
10 


Hence, var S= = yar \, + . cov /.\y, ¥y) 


i-1 i<j 
= 19x 538 +a(- 1th « 947441) =7575, 

Ex. 14. If the sncapzndant random variables Ny. XL, 0.1.0 Xu all 
hans the samz distribution and their sumis normally distributed, then 
[ C. H. (Mata.) 92] 

Tat Sam X,+Xyt-++Xn be sormal (m,o) distributed, where 
XX; ..... Xu are independent random variables, each having she 
samo distribution. Lt X(t) be the chargcteristic function of each of 
the random variables. \{/j-1,9,...,n)and Kt’ bothatof Sn Then 

Kigqeeit obs, 


prove t42; each of them is normally disiributed, 


Alin K(t)= Ei, #%s) 


imt— fot! wes 
B. j age +X,) 


UX, iY, i 
= Bis ‘ 4 eve y 


1° ux, uy, wv 
= he ) I: ieee a 


since Y\, Vy, 


“Wore *, Nn ara independent 


ve Xijeee yea) e 


*hisy shows 
shat 7 
tes Vie /Xb...., Ve ara Oach normally ae "| —=- ‘| distri. 


Br 15, tay 


“iabley y- Joint probability 


andy yy 
fiz, yk) -T- 


dansity function of tha random 


Vforz>Wy>Orty< 1 


HE is con vs tlaewhere, 
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Find (i) the mean value of Y when X=}, 


(si) the covariance of X and Y. [ C. H. (Math.)'92] 


(1,0) x 


O (x, 0) 


Fig. 8.10.1 


Prom I". a fiz. y) dady =1, we get 
ak jr l-e- -1) ay} Jaze 


or, i (1-2)"dr-1 or, kn 6. 


If fx(z) and frly) be the marginal density functions of X i al 


then - 
ile) 6. fle viav-8| (1-2-y)ay-a1-2)', 0<e< 
fiv=6). ye, i)de~6| (1-2-9) de a(1-v)?,0<9<I 
7 Die 13) =}, 


a Bx)-|" a fx'2)=3 3s a(t -2)*de= 3B(2, 9) 


; ‘8 
mayes| fi-vitaenb 
EIXY)= I [° Gry (I-2- ¥) da dy 


agra. 1-2-v)dv}de 
| ° r(o)r(4) _ 1 


|. all -¢)° da Bi, 4)= 6) 20 
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cov (X, Y)=Z.XY)-E(X) E(y) 
~sh-re" — to 
The conditional mean of Y when X=} is given by 


a eatin fv sly) dy 
mylt)- BY|X =i) = 


4 
6 J y(t-4-y) dy 
“3-9? 


+2 
~4{/va-20) dy= -% 


Ex. 16. The random variables X,Y are connected by the linear 


sation QV+3Y+4=0. Show that p(X, Y)=-1. 


H-re OX +3Y+4=0. (8.10.2) 
‘| BAX+8Y+4)=0 (8.10.3) 
or, Imz+3m,+4=0, where m,=E(X), my~E-Y), 

Theo from (8.10.2) and (8.10,3) we get 

X-m,)+8'¥-my)=0 
or, §(\-mg'= -3(¥-m,). (8.10.4) 
". 4E\(V-m,)*}=9E{(Y=-m,)*} 
or, 4o,*=9o,* 
Of, Qos 3cy. tince a, > 0,0, >0, (8.10.5) 
Hehee, p(\, ¥)= FAX = ma\'¥ = my)} 
Og Oy 


hy -${; “— my Z 
= fcalvomel"h ay (6.10.4) and (€.10.5) 


Oz' hoz 
rae | 
2 tel 
2 ‘ 
3% 


ban 
Show that 2.\°+ 8Y and 4X'49Y are uncorrelated if 


80,3 elo pihi =(), 
Let Yag: 
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Then my=Qmz,t+3my, mytdmyet Imy. 
(C-ma) ¥-m,) . 

=\(Qx+ SY) - (2m. + 3m v)} x {Xt 9¥) ~ Am, 4 9m y)I 

= {2(X- m,) + S(1'- my)h4(X- mz) 4 WY - my)I 

=X - m,)* + 97(¥—my)? + 30.X—m, (¥- ry). 

“coy (U, V)+ EXO- muXV- mh 

=8E(X—m,)"} + Q7E(Y —my)"} + 3 BUX - m,XY- my) 

=80,°+370,°+ 30 cov (X, Y) 

= Bo F427 cy* + 380psa7y: ; 
Hence, U, V are uncorrelated if 802" + 30ps,cy + 279y = 0. 


Rx. 18. Two points are independently chosen at random on oa 
sides of a square, the length of a side being b. Find the aoe 
of the triangle formed by the line joining the two random points 
she aides of the square, 


D c 
Q 
B 
. P 
Fig. 8.10 2 


. ths 

Let X and Y be the random ‘atiables corresyonding c _ 2 

a ints chosen at ra 

; here P and Q srs the twa po) oa 
ss ae and AD of the square ABCD. of side b. ie Xx 
sue aie 7 ealact random variables, each uriformly ony 
“4 "I ae their marginal density functions are given Dy 
10, b * 89 ‘ 


buted #2 


pring Cars? 
=(0, elsewbare- 
fey osus) 


and 
-0, elsewhere. 


Area of the triangle APB 3XY- 
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if f(z, vy) bo the jolnt density funotion of the random variables 
Xani Y, then the required mean aren ia given by 


wey) |" I, bry f(z, ») de dy 
~i{]° esate) ae}{|” v soln av} 


X and Y being indopendsnt 
1 b b 44 
*oy* ({'« az) ({’ . ay) - 8 ‘ 


Bx. 19. A workman fs 


oparating nm machines of same type 
arranged in a strasyht line al separation a Srom ono another. Assuming 
that an operator moves from ona machine to another machine in order 
of priority, find the average path length between the muchines. 


L234 is 
ee ir pclgctacnconccumgng aig 


Lat the machines be numbered 
"indom variables X and ¥ denot 


‘“tchloe presently attended by th 


text machine roquirlog the 
Priority, 


1 ton from left to right. Det the 
® respectively the numbor of the 


© workman and the number of the 
attontion 


of the workman according to 
The spectrum of X in 


7.4, (fm eee 
wibby ig Bem 


§ 
Uyn hs (F159, sev, 9), 


Sine, 
tho tschines are of the same type, 


PIX=m)=1 ge n). 


ath, és, the expectation of 

| variable Z, 

@ 

: Path longth between machine 
hon 

ct kth machine is required to 


4 prevent position is th 


4 X=-7, and Ymyy 
be attonded noxt by 


imig... ® tth machine) ; 
ho a (i PTE 1D oes, 

GTM when i 

N “a when t<k, 
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Rrom definition, E(Z| X=ai)= > a4 P= k| X=i) 


kek 
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' vo 


oy? B{X— me)? + a7 HY my)" +208 (X—m,\¥— my} 


26,2 t Boy? + Qap oz5y, 


: qhore p is the corralation coefficient between X and Y. 


->, 1ij-ia+ > (xij. ts 


keiti 


k=l 
since py=k| X=i)=2 | 
== [af(i-1) + (i- 2) + ceenee Ltall+2tenn +(n-i}f 
a {fi-1), (0-iin-i+ 
“al oe j 


= % {9)2-An+1)itnint I). 
On 
Then E(Z)=E\E(Z| X) 
im 
a > Rg| Xo BY) 


del 


“ 


ia y a {942 - n+ 1)i rain it 


jel 
4, \, aS ital <n), 3 ot) 
2n \ oy 
_(ntlin- -1)a , 

3n 


tant 
20. Let UaXxtoY and yext< = no where a 18 a cons 
- of X, Y where x, re 


cov (U, V) @ Li(X 


$0, Qa aie 


. Gg r 
Gy? 2 Var Ato} 


Tig se 2 
= i {lx=ms)+ ¢ () -my)} 
v 


wi (=m) + 2, BOY = my)? +25 BAK ~ mak ~My) 


- (1 as p)oz" 


- mz) + a()"- my)} {(X- mz) + : (V-my)} 


“i {(X-m,)"+ +(a+ “lx mz)(V- my) += oo m)*} 


= B= ma)%+ [a+ 72) BY(- mal —my)h + 2 BAY —m) 
=0,2+ [o+ “| pG,Gy+00,0, 
=(1+)s27 + 0/1 + p)o,cy 
(0, yal Vg gives 
(1+ p)(o, 


g ‘ 
+ac,6,)=(), 


' G # 0,0, 4 and p #-1 since p> 0. 


and oz: %y 476 the standard deviations anes “t 
positively correlated. If P(O 7 a Bx. 21 ii 
Xi, sic 
H(X+aY)= ms tamu where mz = E(X), my" BW) mat, tn thow that Av ars mutually independent normal (0, 6) 


var (At! + X92 4 oes. 


a Vare given by Here, aes " i, Ho 
The variances oy? ov of om ~ Aye, 11,9, 8, 9, 
oye var (x+aY) a | Ut Wet Var Xim HY, Xi)- Tobe x, 
“a pi(x tev) (metams! tie ane OF de, 9, sg, 
2 B(x-ma)taF-mslh Ati, nt “tor i= 1,9... 
e 2, oe 


1 Xn? are vibe 
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MATHEMATICAL PROBABILITY 
x,°+X 24 cereee +Xn* +e 
( ¥ $as Ex. 23. The joint probability distribution of : 
| rabl, et of the discrete 
random variables X, Y is given by the following table : 


= Ja (vat Xi tvar Xe?7+° +yar Ket) 


Now each XY, being normal (0, 9), 
var X,2=E(X¢4)—{E(X <*)}? 


=3o04-c! 


=20%, for j=]. 2, cabpaaiit’ 
where a,b,c, @ are non-negative real numbers. Show that X,Y 


var (Fatt ksh ete \ 
n are uncorrelated iff ad = be. (C. H. (Math.) 83} 


P(X¥=0)=atb, P(X=1)=c+d, 
P(Y=0)=ate, P(Y=1)=b+d. 
E(X)=0. (a+b) +l(e+d)=c+d= 
Ex, 22. If X and Y are random variables. then show that no E(Y)=0 en erers b+d - 
s tl ' ~ ic 
o,* can be below the E(¥2)=0. (@+b)+12(c+#d)=ctd, 
EY2)=0. (atc) +12(b +d) =b+d. 
og AEM NECN C644) (04d) = (64 ema) 
O,4= f 
A E(Y *) —{E(Y)}? =(b + d) —(6 +d)? =(6+¢)(1—b—d). 
bain, E(YY)=Ox0xatOx1lxc+1xOxb+1xlxd=d 
which is the equation of a parabola with vertex cov (X, Y)=E(XY)—mzmy | 
ee =d—-(c+d)(b+d). 
, oss uncorrelated iff cov (XY, Y)=0 
he, iff (c+d)(b+d)=d, 


portion of the curve y=y*x* 42 po, tyxt 
x-axis, where oz, Ty, p have the usual meanings. 


%x242 po,1x+o,7 can be expressed as 


(8.10.6) 


The equation y=%, 


o_\2 soy ti 
y—0,2=0,*(x+e °:) — prog” 
v 


{-p a (-p2)¢,2 i 


a point lying on or above x-axis (since —-1 < ¢ < 1) and concavil! ie, iff 
upwards, axis parallel to the y-axis. Further we note that i 1 ON bet+d(b+e+d)=d 
iff bet KL 2 
2 se of ~aj=d,.°. eS 
y=o,8(1— 9?) +2" (x+p 2) >0 hey iff be=ad, eagbonaaally 
Ex. 24. 


Ifx . 
for all real x. : Y are inde 
pendent and Z. , 
Z= W are given 
w the ¥ cos 0+Y sin 6,W=-xX bs nee - 
, Ss , 


the given curve can be belo then Show tp 
at o(Z W= 2 
»W)= (ty? —0,2) sin 26- 


Hence no portion of the 
V (,2 — : — 
(c, o,?) sin? 29+ 4c,30,* 


x-axis. | 
a 
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If mt., my be the means of Z and W respectively, 
m,=E(X cos @+ysin 0)=m, cos 6+ my sin 0, 
my,=E(—X sin 6+ Y cos 6)= —mz sin 6+ my COS 8. 
where m, and my, are the means of ¥ and Y respectively. 
Also the variances c-? and 7,” of Zand W are respectively 


given by 
«2 = E{(Z —m,)?} 
=Ej[\(¥ —m,) cos o-+(Y — my) sin 6°] 
=cos76 Ej(X —m,)*}+sin? E{(¥ -— my,)?} 
4+2sin 0 cos 6 EjX-m,X¥ - my)t 


=0o,? cos’e+cy" sin”®, 
)(¥ —my)}=cov (XY, ¥)=0. 


since X¥, Y being independent, Ej(¥ —m. 
642 = E\(W —Mmw)*} 
=E[{—(X —m,) sin 9+(¥—my) cos 6}? ] 
=sin26 Ej(X —mz)*}+cos"9 E\(Y —my)*} 


—2 sin 0 cos 6 Ej(X - m,)(Y — my} 
=o,? sin°9+0,° cos? fe. 
Again, cov (Z, W) 7 7 
=E f(x —m cos 0-+(Y —ty) sin Chi— {4 — Me sin 
ae i , +(Y—my) cos ef] 


=E{-(X—m,)* sin 20+ 1(¥ —my)? sin 26 
4(¥—m,)(¥ —my) cos 26} 
264+ 4{E(¥ —my,)*} sin 29 


=—3E (x —m,)*} sin 
si 4+ cos 24 E\(X¥—m JY —m,)t 


A042 -%s 3) sin 20 
4 sin?O0+%y 


2 0s76) 


7 cos?a+oy* Sin*6)(%« 

cos" 6)(%e? cos*a-toy® sin?6) 

29-40, 2oy2(cos*-+ sin* 6) 
39 cos”6) 


a 
Now, (727 sin?o+ey” 
=o,* sin"@ cos?I+ Fy 
2)2 sin? cos?6+ 
=3(0,2 -%y")* sin?29+02°7v P 
= hire? — ev")? 510” 294402%%y 7) 
‘ 4) sin 29 


(042% : 
ae p(Z, W)= (22-%v")” sin?20+ 472° %y” 


| sin”g COS 
o,70y? (costo +sin‘'a+2 sin 


3-0 
=(e, ¥ 
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Ex. 25. Find the expzctation of the sum of points on A undi 
undiased 


dice. 
Let the random variable ¥, denote the number of petits 
On the 


+h die @=1, 2, ..., 7%). Then the i 
7 of al on 71 dice is given by a denoting the 
SHaX tXo tern tXn 
E(S)=E(Xy AX gee +X,,) 
= E(X |) +E(X 9) ++ +E(Xy). 
Now each of the random variable X; assumes values 1, 2, 3, 4 
5, 6 each having the probability }. : 
EX, )=IXAELXRFIKAT4SKLESKAEOXE 
=4, for i=1, 2, ......, m7. 
=) Tn 
E(S) = >" 
Ex. 26. I/ X, Y be independent random variables with means 
m,, m, and variances 0,7, Ty? respectively, then prove that 
var (XY¥)=0,20,%+mz20,?-+my7oz?. 
E(XY)=E(X) E(Y)=m,m,, X and Y being independent. 
Now var (XY) 
=E (XY¥—m,m,)* 
=E \(X—m,)(Y—m,)—2m,m,+m,¥ +m,X}? 
=E {(¥—m,)(Y—m,)+mz (Y—m,)+my (¥-—m,)?? 
=E {(Y—m,)* (Y—m,)2}-+m,2 E {(¥ —m,)?} 
+m,? E {(X¥—m,)2}+2m, E {(¥—m,)(Y—my,)"} 
t+2m, E {(X—m,)? (Y—m,)} 
= ~ 2mm, E ((¥—m.)(¥ —my)} 
(THE Umno £4 
sng FE fe mer) +2m, E(X —m,) E {(Y —my)*} 
+2m,m, E — hella 
ally & (A —m,) E (¥ —m,) 


. Fo 30 2 ) 
Since, y ery tM, 2042 4m 262 
SG Y being infshendent 
Vm > Ty & ’ 
fae 2 Uh ol" (Y ~my)?|= E {(X —m,)2} E (vy —m,)" 
Md also : Me) Ym Yaw _ wis 
E ( vi=E (X —m,) E (¥ —my,) 


—m )=E (Y —m,)=0. 


554 MATHEMATICAL PROBABILITY 
Ex. 27. The joint distribution of the discrete random variables 


X,Y is given by 


Find the characteristic functions $x(t); $z(to), Pay ¥ (1) tg) ant 
sp | P P.o |; ingul 
show that a; (tx ta) 4x (t,) dy (¢2) if [200 8-0 |is a singular 


matrix. . 
i : me dL cestieuion 
The characteristic function $., y (#,, fg) of the joint distribu 


of X¥, ¥Y is given by 
i(tyX+taY) 
by, alta te) { 


; it its, 
=Poo e°+Pr0 & *+pore *+Pire 


ity toa 
e€ 


i(tz +t) 


tty - i 
=PootPro & ‘th og 1e P+Dis 


‘ it 
Again, $;(,)=(PootPy peP+(protpire * 
it f 
=PootPo :+(PiotPi i)e tady,y (ty. 0) 
it 
dylts)=(Poo +Pin) e+ (Poi tPi je? 


and 
t 
= PootPiot (Pos +P.3) 2=by,y 


(G, tf). 
Poo P10 | besingular. Then 
Now let [Pee a. | 
Poo Pio | =0, ie, Poo Pil =Por Pre 
Po. Pi 
Case lI. pis”. 
Here és, y (ta» £2) 
i 
=pis t{pooP11 FP s1P 10° 


a o lg tt Y} 
UdpraPere +pir"e 7 


¢ fey ie ap = py sPtor 
ps7 *(Por + Par€ (pio tPi1e 4 Pt 
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Also ¢y(ts)=%x; r(t1,0)=py 17 "(pig +P, (Pyuitp,.e*' 1) 
and ¢y(te)= 4x, x (0, to)=Pis7 (py t+Pia)(P.otP ise 2), 
Hence, ex, ellys t,)=¢x(t,) dy(t,) if 
it ; 
Pi a” aa +pi1e \(Pro +P 1") 
it = 
=Pir Prot Pi (Port Pre “Pit * Por +PisProt Pie), 
fey Gf pry Pio+Pi (Por tPii=1, 
ie, if PyoPoi+PioPiit+PiiP01 +P 117 =Pis 
fey if PooPiat+PsoP11t+Pi1P01 +P? =Pit,, 
.’ PooP11=Po1P io; 
ie, if Poo tProt+Pv1+P11=1, which is true. 
Case II. p,,=0. 
Since Py1P99=PoiPi0, WE get Pop} =O or Pyo=0. 
If pyo =O, then py) =p,, =0 and Poi tPoo= 1. 
Then $3, ply, t2)=pos+Pore , 
and | $x(t,)=Poo +Py, =1, 
$r(t2)=Pyo +Poie 
80, day r(li,t2)=¢2(a) belts) if p,9=0. 
Similarly, we can show that 
renee 2 19) =42/ty) #r(¢a) if py =0. 
CeIt Is Proved that in any case 
$x, y(ty, te=Ppe(ty) dy(te) 


if [ Poo p 
. Por Pia | is a singular matrix. 
x. 28, 
MEK YX gyevseny X n be independent random variabies. 


a Positive integer less than n and 
Where 4s are 1 itd, x a ee 4a, Xp 
Constants, then Yu, Xxn4, are independent. 
The joint characte: [C. H. (Math. °76 ] 
‘ ‘acteristic function of Y, and X;,4, is given by 
POG WE fof Fat" Zea) 


t at 
Eje 9x, asx it . 
*e 3 AT hile cay eit Zee} 
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Since X1, Xqy---+. Vn are mutually independent and k is a 
positive integer <n, Nee NX gave Xe Xya, are also mutually 


independent. 
, ) 
Hence, OF rk gy lls u) 
: oi it = ux. 
apy i gps, 2 Oy. oie 


1/@,x fra ,X,. 11a,X,. tux, 
agg tri 2 8 cae Be 
since V,, X,, ---, Xx are mutually independent 


$trayXytagror- #seNtW (eer) 


=E fe 
=E (e 67] E te *e+1) 


=$1,(0) dx,,,(u) 


where dy (1), ¢z,,,(u) are the characteristic functions of Y, and 


X41 Tespectively. Thus we get 
(t,u)=%r, (1) ox, (4 


Frye Seas 
So,by converse of Theorem 8.5.2, Yx and Y,41 are independent 


Ex. 29. The joint probability density function of the random 
variables X and Y is yx2e*VUO<x<u%,0<y< oo}. 
Determine the correlation ratio of Y on X. -(C. H. (Math.)’9 1) 


The correlation ratio of Y on X is the correlation coefficient 
between the random variables my(X) and Y, where my(X) is the 
random variable sited to my(x) and my(x)=E(Y | ¥ x) 


=|"9 fix, Y) dy, f(x, y) ‘is the joint probability density function 


” Fads) 
of ¥ and Y and fx(x) is the marginal probability density function 


of X. 


Here Sxx)=] 3x" ew 7(v+1) dy = 4x" | e tus Udy 
oO 


0 


a 


= 4x5 e 


0 


e~**dy= 4x? e*,0< x < ©. 
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So, my(x)= ( 


where a,, 


F x eur ett 


qx? go 


dy 


=| xy e 7 dy 
0 


m (4 


ih 
ae 


=p {m,{X), Y} 


ze~* dz, where z=xy 


0, are the standard deviations of : and Y respectively. 


a 3 x3 eo tiwel dx dy 


\ 
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©, Smee ( 1) ye 1 py axe 
1 xy? = x x 
ce) 
_{ 1 2 e-®qy—1 
= Pon id e x—-% 
0 
Pak ee ee 
— a, 4 Ry 
ot=E (¥%)~] 
2eo 
Now, E(Y?)=| | »? a x en *(tt) dx dy 
0 0 
=| 4x3 e* (| y2 et dy ) dx 
ry 0 
=| 4 x3 er (|e e-* dz) dx yhere-xy=2— 
i x3 ) , Where-xy =2- 
0 o . 
ao 
=} 73) \ e~* dx=l 
0 
. o,%=1—)=3, 


=j|e" dx=1. 
0 
t2 
g7f 1 
p {my (¥), ¥ Sg = Sy 
a 2b 
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Ex. 30. If g: RR be a continuous Junction, then Prove 
ins t g(X), ¥ mr (X) }=0, where the joint distribution: of X and 
Y is continuous. 
We have 
say { 2(X), Y —my (xX) J=E { g(X) {Y —my (x)} J-m M9, 
where m= {g(X)}, m= [¥ —my (X)}. 
Now, m,=E {¥ —my (X)} 
=E(Y)—E {my (X)} 
=E(Y)-E {E(Y | X)$ 
=E(Y)—E (Y), by (8.6.18) 
=0. 
Also E [g(X){¥ — my (X)} 
=E {¥g(X)}—E {e(X) my (X)} 


-| { y a) f(x, y) dx dy — -jf_ iq a(xHE(Y | X=xbf (x) dx dy 
zi ; ¥ 9s) 0x, 9) dx dy -| a(x) if > ” Pay brea 
| { | ¥ g(x) f(x, y) dx ay-| ( ¥ 0) fxg) dedy 

=0, =o 


where, f(x, y), fx(x) have the usual meanings. 
Hence, coy { g(X), Y—my (X) }=0 and so 
pt g(X), ¥ —my (X) }=0. 


Ex. 31. Using the result of Ex. 30, prove that 
<f El{my(X)—ey* —¢,*X}7]=0,2(92 = p! . 

e-y=c,* 
ceed +e)” x is the least square regression line of Y on X, 


corr 
lay elation coefficint of X and ¥ and 4 is the correlation 
oF ¥ on X, 
L Tei 
! distribution of X and Y is continuons. } 


Sing 
2 v= = my * * : 
dt nee Cy te,*x is the least square regression line of Y on 
‘AVE, Dy (8.8.9), 
Cy, Wiss a a 
my Ao mM, oF =p -* 
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7 j 
We have | 
E (¥—¢o*— 01") ; 
=x [hv —my(¥) tmtg(X)—Co® — 64°) a 4 
‘SmA(X)—Co® ea XS" 
=E{{y-m (X)}PJ+E£ i{my(. : 
’ +2E [{¥ —aty(¥)}my(X) — Co — 1 *XF).. 
Now, cov {y —mr(X), ms(X)—Co* —¢,*X} 


=E [fy —mte(X)mas(X) — co — C473) 
—E{Y—my(X)}] E [{mv(X) —Cy* —o,*X}). 


Since E fy —my(X)p= my —m,=9, 
and E {my(X)—Co* —¢1*X4 
=my—Co* C1 Mx 


= fthy —Itty +P — tn —p"Y ms 
=My v es “ Ps 


=0, 
E((¥—co*—e.*X)7F 
= E{Y¥—my(X)} +E [feny(X) —¢o* — 01 *XV7I 

+2 cov {¥ —my(X), my(X) — ¢y* —c,*X}. 

Now by Ex. 30, taking g(X)=mr(¥)—c¢o*—¢1"X, we find that 
' cov far,(X)— eo* —¢,*X, Y —my(X)}=0. 

Hence,E {(¥ —¢y*—¢,*X)?} 

= E|{¥ - ms(X)}2] + E[ far (X) —eo* — 0, *X1?]. 
Now, by (8.8.11), we have 
E {(¥-¢g* —¢,*X)?}= %y7(1—P”). 

Again, we know that y=my(x) is the least square regression 
curve of Y on X from the family of all curves of y=g(x) ( g(x) is 
continuous). Then taking u=my(x), y=u can be taken as the 
least square regression line of Y on U from the family of straight 
lines y=a+bu when yw isthe real variable corresponding to the 
random variable U=m,(X). Thena*=0, b*=1. So comparing 
with (8.8.11) 

E {(Y —a* -b* U)*}=9,7(1 -{e(U, ¥)}?) 
or, E[{y ~ my(y)}*]= %y2[1 —{o(m,,X), Y)}?] 
or, E[{Y-m,(X)}*]=0,?(1—1). 


(8.10.7) 


Hence, from (8.10.7), we get 561 


o,%(1 —P*) So, 3(1 ae 


; )+EL 
» E [immr(X)—c9~¢ 2x Lime() ~Co" ~0,8%43] 


P)=o,2(9_ @ 
fx. 32. Let X, be the Faldo ar p?). 

trials up 10 and including the Sve Fray 

yariable denoting the number of trials fol hal X, be the: rig, 

up to and including the kth suecess ( for bas pod ae 

sequence of Bernoulli’s trials wher, ep is he, Ae 4,2). 

in each trial. Prove that ° 


var (X,+X,+-. +X,) anil —p) 
= 


le denoting the number of 


th Success 
in an infinite 

té 
Probability of success 


Further if X be the random variable denoting th 
or failures starting with the first trig] then rhe a 3 as 
’ a 


var X=44P 4 2-3)" 
Pqw\q p 


Successes 


where q=1—p. 
Here X,, X,...... , X,, all have the spectrum {1, 2,3...) 


Then E(X,)= a rP(X,=r). 
r=1 
Now, Xu=r denotes the event ‘success follows r—1 
cutive failures immediately after the GbR cuaceag Panis — : 
and X,=r denotes the event ‘success follows r—1 cna site 
failures starting from the first trial’. ecutive 
Then P(Xx=r)=(1 —p)*~*p, 


oo 


So E (Y= >) r(1 —p)'"p 
=p {1+2(1—p) 4301 —p)24 ong 
=P tsa)" 
1 


Dp 
Thus we have 


E(X)=E(Xq)=-" = E(Un)= 5 


E(X4+X+ “+Xq)=5 
MS-36 


, 1TY 
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Now, let Y= =X,+%st" +Xy Then Y is the random 
variable denoting , the. total number of trials up to and includirig 
the nth success. is the set {n, 2 +1, n+2,, ah 


Now,Y =" denotes the 
. Pw=n)=P" 
Y=ntl denotes the eve 
and: success in the (nf 1)th trial’. 
a p(Y=atl)="Cn-s P n-1(1—p) +P 
i "ce, p(l—P): 


So the spectrum: of Y1 


event ‘n successes in the first n trialy , 


nt ‘n—1 successes in the first n trials 


In general, we have 
penen= ntr— le, p*( (1-p)’ } r=0, 1, Dives 


so.E(r)= 5 ner)? "*t*4e, p® (IP) 


= prin? +(n4+) me, (L—p)+ (n+2)? ** eal 2)? +. 
pr{ nt atl)? l-p)+ 4 OtAOtl® (1-p)24...} 
| npr {nt ot) «(nt D0 114042) eet 
(1 “ae 
Now, we know that 
if s|x | <1, 


gaara eget ee ete ie 


x*(1- ~x)" -(ntl) = x%+(n41) x yon OFF? OPE ae 


ess of term by: term differentiation is valid. 
fem +(n+1)(n-+1)x" 


4 tint 2\nt2) Abthes 
2! 


ax nt int Dt ( nt2) Ot: 


6 nx"1(1—x)"*1 + (n+ 1)(1—x)" . x 
; (1—x)?"*# 


Here the proc 


3 #| x" 
, dx (I—x)"*? 


ot) a a4. } 


ax" {nt(nt intl) x+ (042). a x4] 


(8.10.8) 
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We have0<1-p <j 
Then we Bet 


So we: Can take x is 563 
nt (ntl)in+1)\(1 ~P in (8.19 2). 
; —P)+(n n 
(n-+2) 241) 


= MP" + (n+1) pry 2p (mp 


~~ pitta 2), 
iy E (Y*)=np" "™**+(n41 . 
- nga) 
3 a 
— "n+ 1)—np 
p? . 


vat Y=E(¥*)-{E (y)}3 
=Mn+1)—np_n? 
iP p> 


So,it is proved that 
var (Vy, +Xote $X,)= l=) 
p? 


second Part: Here X=r etait site 
is the event ‘success occurs in each of the aan where A, 
in the (r+1)th trial’, By is the event ‘failure occurs rials and failure 
first r trials and success occurs in the (r +1)th tra’ in =e of the 
Ar, Br ate mutually exclusive. € note that 

Then P(¥=r)=P(Ar)+P(Br)- 

Now, P(Ar)=p".q and P(Br)=q" .p. 

So, P(X=r)=P'qta’p, r= 1,2,.... 


Then E(X)= > rigaten) 


=4q ~ rp" +p > gq” 
r=1 r=1 
=q (p+2 p*+3p>+-)+p (g+24° +39 + 
—p)? +pq(l—4)"? 
=P 49 ‘ 
q P 
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. (i-x)’ : 
d }- preg atx tex -— 

Then ae 
ae Jextainsare seit” 

£{ ay 


ate 1=2)¥/2 x 429x? +3°% 
_ Comite 


or, (i-x) 


Taking x=p in (810.9) 


p(l Ate aps tpt Set” tT 


( 
eo 

1+p) 

ae a 


r=1 


Qe 
_p(l+p) 
ie, 9 Dy eer 
r=1' 


G +9). 
Similarly, > gr= 


r=1 


1+ 
Hence, E(X*) =" apes g), 


So var X=E(X?)—-{ E(x)? 


zp<!}) we get 


Saher oe . 
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Examples VIII 


1. The joint probability density function of the random 
variables X and Y is given by 
2. . 
fe, = Gs if OS yo x,0<dxda. 


Find the co» dit tonal mean of Y on X. If y=2x and x= =f sen¥ie 


two regression lines for a given bivariate distribution, find p(X, Y). 


Also obtain the regression line of U and V, where U=X+Y, 
V=X-Y. [ C. H. (Math.) 68 ] 
2. Find p(X, Y) (i) between X¥ and Y=3-4X, (ji) between 

y and Y=X?, where X is a normal variate with zero mean. 
[ C. H. ( Math.) '71] 


3. The joint probability density function of Y and Y is 
f(x, y)=8xy if OSx<y0dy<l 
=0 elsewhere. 


Examine whether Y and Y are independent. Also compute 
var X and var Y. [ C. H. (Math, ’88 ] 
Fy | 

[ Hint : fate)=| Sxy dy=4x (1-x4,0dx <1, 


z 


v 
fe)=| 8xy dx=4y3,0<y <1, 


i) 


Sx, y)# frlx) fely). So YX, Y are not independent. 
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a., 


@ 

/ re J 

; E(a)= | ax e-9* dy l 
0 y 


xY?)=| a®y3 1 dy 8 
0 


a 
ae ee 
var X=" a: 
6 4_2 
| var Yrig za"? 
gov (X, ¥)=E(XY)- EX) E(Y) 
2 
Fig. 8:10.3 =E (XY) -5. 
, var Y=E(X2)—{E(X)}8 =$-('s)? = 29s) | T/T 
; E(XY =|(| xy a*e"®" d 
var Y=E(¥2)—-{E()? : | foi J\J y) dx 
-| ora-(Jors ) i “| ze" dz) dx wh 
= c z} ax zs 
° 0 az ie te 
=3-(4)? : | 
= fy. ] -| x{ Le (-Be?-e? tar eee) i 
/ 4. Of the joint probability density function of Y and ¥ be : 
fix, =a? 840 Sx <y,0 <y <a, then find the value of -| (ax? e7 **+xe"#?) dx 
p(X, ’ Y) (a > 0). : 0 
BIT oe _2,1_3 
{ Hint: Here | (| a’e~9" dy|ds=1 for any a > 0, aa a ae 
0 2£ 
» py Ne! 
Sx(x)=\ a? e-*" dy=ae°*,0< 2 < om, Te%y J2 
| 5, Show that p(X, Y)=—4 if the joint probability density 


function of ¥ and Y is given by 


a® e~*Y dx=a? ye", 0 Cp < om, | 
S (x, y)= 5 x8 er vt). y>0,y > 0 


Cee gig 


friy)= 
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int: e sas 
6. Anum A contains six tickets numbered 1 to 6 and another [ Hint gett Probability 4 ensity 5 569 
a aickets numbered 1, 2, 3, 0, 0, 0. Two tickets given DY action. f(xy) ; 
urn B contains six ticke 4 fee ( : 
are drawn at random, one from each urn. Let = and Y be the Tis Fely | x), 
random variables denoting the numbers of the tickets drawn from ee if xe . 
urn A and urn B respectively. Find the expected value of XY. so here S(% ¥. 7 oe SMS Behl] ey 6 
=1, 1 —-x< : 
7, ‘Show that the regression curve of Y on X for the two. a aikesth ISA +x, 0:< x <{} 
ability density function ; ere, 


dimensional distribution with joint prob 


given by 
f(x, y)=2-x-); O<x<10<y<l 


=0, elsewhere. 
isa hyperbola. 


1 
[ Hint: fxx)=| (2-x-y) dy=3-x,0<x <1. 
j 


y(2—x—y) dy 4-3x 


fo mr()=" 3" 3 = 2x) | 
Hence,the equation of the regression curve of Y on XY is 
== 43% 
¥*3(3 —2z) 


or, 3x+9y—6xy=4, 
which is a hyperbola. ] 
8. If X,Y are standardised random variables, and 
Fig. 8°10.4 


p (aX-+bY, bX +aY)=1+725 then find p(X, Y). 


a*+b?’ 2 
z 
9. Let the marginal probability density function of ¥ be | 
E xX => — 
Paka (Y) x dx=0, 
fx@)=1,  -3<x<3, = 
and let the conditional probability density function of Y on X be : E(XY)= i xy f(x, y) dx dy, 
given by 
fAolsat, ae x eh exp <x co where D is the shaded region shown in Fig. 8.10.4 
=1, if -x<y<1-x0<x<} | a4 1 5 1-2 
=0, elsewhere. = : (| xy dy dx+| ({ xy dy) dx 
“py +x B =z 


Show that X, Y are uncorrelated. 
=0. ] 


MATHEMATICAL PROBABILITY 
10. If Xi, Xe» Xs be pairwise uncorrelated random 


variables, each having the same standard deviation, then find the 
ficient between Xj 4+X, and Xot Xs: 


uw. Let X,¥,2 be three random variables each with variance 
o2 and the correlation coefficient between any two of them be g, 
If v=4XtY+Z), then show that var U=i (1+2a) 0%. Deduce 
thata > —3 
12. IfX, Y are independent rando 
e(X+¥,X- Y)=p? (X, x+y)-e* Y; X+Y)- 
[ Hint: ‘ov iX+Y,X-Y) 
=E (X+Y)(X—-YI-E (X+Y) E (X- Y) 
=E (X?-Y?)—(ms +my,)(mz —my) 
={E(X?) —ma2}— {E(¥2)— my} 


= S.— 2 
=O, oy ‘ 
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correlation coe 


m variables, then show that 


var (X+Y)=0,2+oy?, var (X¥-Y)=%? +7": since X,Y are 


independent. 


02° 9 7 


O,2+5y 7 


Again, p(X, X+ yy EMA hele tm) 
zV¥o,2+o,% 


_{E(X2)—m,?}+E(XE(Y) — mem 


p (X+¥,¥-¥) 


oO, Vo,2@+o,% 
= Ce 
Vo,* +o,? 


Similarly, p(Y, X+Y a! 
ys wl as | 


13. Let U=aX+bY and V=bX-aY. If E(X)=E(¥)=0 and 
if p(X, Y)=p, e(U, V)=0, then show that 
(i) var U var V=(a® +-b2)2(var X) (var Y)(1—p*), 
(ii) ab (var X¥ ~var Y)=pc,0,(a* —b*), 
(iii) var U+var V=(a4y b*)(var X+var Y). 


Ex. vil 


14; The random variables x y are 
correlation coefficient P. Show that U ; 
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ormally Correlated with 
2 V defined by 
U =—+—and Via Au¥ 
On oy o, oy 
are independent normal variates with varian 
ces 2( 


a(1 -P) respectively. 1+p) and 


(C. H. (Math) 64 ] 
15. X, Y are correlated with correlation coeffic; 

that, if 4, 5 are constants, then the sdirelasian : and 

between aX and bY is equal to pif the signs of ab sont 

and to —P if they are different. Also show that ee. 

a, b, ¢ are positive, then the correlaiio facie’ = 

and cY is n.ovetiicieat betwequ:aX Eby 
Va?0,*+b?0y*+2ab poz0, ‘ 


[ Hint: p(aX + bY, cY) 


he E{(aX +bY)c¥}—(am,+bmy,) cm, 
J a26,?+b%0,2+2ab po,0, Vero,? 
_ac E(XY)+be E(¥*)—ac mzmy —be m,? 
Va20,?-+b20,2-+2ab pozo,W c2ay? 
: ac cov (X, Y)+be o,? 
ato,2+b2o,2+2ab poo, Vc8oy* 
= ac p50, +be o,? 


[ C. H. (Math.) 63}, 


wa Oe ee | 


V a?og2+b%c," + 2ab poco, 
16. (X, Y) has bivariate normal ‘distribution with parameters 


m,, my, On, oy, p> Show that 


_X-m, Aly ' 
y=" ,V=(1—p3) a(t X=ms) 
Vv Pd 


are independent, Find k if p(U,V)=0, when U=X+kY and 
V= uP ‘, ‘ 
. ries [ C.H. (Math) °66,°70 ] 


(Hint; 2nd part. \ 


MATHEMATICAL PROBABILIT Y 
(v, y)=B((x+¥}| x+521)} -BU+KY)E ( X+ se) 


Oe 
~E(x) 4 BOP) + (k+Z] EO 
v 
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cov 


OP 
= (e+ km,)(me-+ 22 ms) 
‘ o, 3)—m,? 
= B(X?)— ms! +k & {E(Y#) - my") 


+k{E(XY) —m,my} 
+o JE(XY)—mzm,} 


= On $k Sy tk F2%y p+Po.3 
=0,2(1tP)+k %2%y (I+P) 
=0,(1+P)(02+k %4): 
e(U, V)=0 gives 
Cz (- 6, > Oand here —1 < P< }).] 


oy 
17. The least square regression lines of Y on Y and of ¥ on Y 
are respectively x+3y=0, 3x+2y=0. If o,=1, then find the least 
square regression line of V on U where U=X+Y, V=X-Y. 
[ C. H. (Math.) °72 ] 


18. For acertain distribution y= 12x, x=0'6y are the regression 


lines. Compute p(X, Y) and “, 


v 


Also compute p(X, Z) if Z=Y—-X. [ C. H. (Math.) ’82 ] 


19. Ifo be the acute angle between the two regression lines of 


e . 7 . . = 2 . 
a, bivariate distribution, then prove that sin 6 < iz 5» Where p18 


the correlation coefficient between the corresponding random 
variables. 


. [ Hint: We have 


p Zyl ty (p31) 2v 1 

tang=|__° P% |= o, P 
14pcv 1% on*+0,8 
. oy po, ee" 


o.0 ‘ ‘ 573 


1-p? : ‘ 
a 3 (0 is a positive acute angle), 


4p? 
cot? > (I—pae Os COsec?a > (14p%)2 
(1 —pz)a 
2 
cosec 0 > FFF or, sino <i" ] 
+p 


20. If the random variables X,, ¥,,---, ¥,. all have the 
yariance #2 and the correlation coefficient between each ce 
random variables Xi, Xj (ij) is p, then show that the correlation 


. an 
coefficient between X; and X, is 2? 
2 2, 1+(n-1)p 
bd an 
[ Hint: Let v=") % v= ah 
t21 éentt 


out =ns2+4+2p ‘ "c,0? 
=no* -+-n(n—1) po, 
o,2=n0?-n (n—1) po’. 


cov (U, nae( x,] 


fei ieatl 
— (my ting to $MMg) (Mags Fo tgs), 
where E(Xi)=m; for i=1, 2,..., 2% 


Now PERSIA for tj 


ct’ E(XiX)) = pa? + minis 


AE (> n> x,) 


i=1 iz=atl 


=n2pot + (my tort Mtg) tins to titan) 
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cov (U, V)=n7Ps*. 
n? ps® 


", (U,V) = ost p0%nin = 1) 


ieee all 
1+/(n—1) 


21. The random variables Y and Y are normally correlate 


and U,V are defined by 
U=Xcos 0+Y sin 4, 


V=Y cos o0—X sing. 


Show that U, V will be uncorrelated if 


2p0,.0, 


tan 20= pao 


Show further that if U, V are uncorrelated, then 


OnFy=FeFy V1 =r | Cyr foy2=0,2+0,2. [C. H. (Math.) 65} 


22. If and Y are independent, Y is normal (m;, 7,) und Y 
is normal (m,,¢,), and a, b are real constants, then find the charac- 


teristic function of Z=aXY +5Y and the distribution of Z. 
[ C. H. (Math.) '65, °67, ’83 ] 

[ Hint: In Theorem 8.5.7, take n=2, a,=a,a,=b, X,= 
X¥,=Y.] 

23. Find’ the means, standard deviations and _ correlation 
coefficient of a bivariate normal distribution with parameters mz, 
Show that the variates are independent if the 
( C. H. (Math.) 65 ] 


my, Tx, Ty, Pp. 
correlation coefficient vanishes. 


[ Hint > Sx, Via 
1 {(esms)* = 26 = ma) — My) 4. (¥—Mte) *} 


21 — p*) oy aly vy 


4 
—Oo<cx< wo, -0o <p. 


Ex. Vil MATH 
BMATICaL EXPECy ATID 
N— 


The marginal den 
sity function Tx(x) of x ™ 
18 Biveg by 


Sule) = j Sls, y) dy 


1 
= 1 
Vn o, aaa 


f “aT=F leer ae my! i fom 


e 
=e 
1 _(z—mz)3 
ee 


; s 4 
j weve ;: eR aM — (ore 0 S| ~ mall, 


Jv 
1 e “aa | vials 
Saat fm rT) 
Jin o, ) Nine © dy, 
, 
: where o=7,V71—p*, m=m, —-2 (x—m,) 


(z—m,)8 
a 1 “ gig : . 
“ om : , since the integrand is the pro- 
a 
bability density function of a normal (m, ¢) distribution. 


_(z- ma)? 


2ea* 00 <x< a, 


e 


ies te 


ae f= oe v, 
_Wo-my)8 


Similarly TON Fae. e ¥* » “SO Ky KH, 
¥ 


_ This shows that X is normal (m,, ¢,) and Y is normal (my, Fy). 
Hence the means of the bivariate distribution are m, and my, 
and o,, 0, are their standard deviations. 

xf f (x— my — My) 


i , l 

Again cov (X, Y) TERN ters ig oe 

___!} x—mz\? _9, (x—taelly— My) 4 (Pos ‘ 
moat) a Te%y ec Mew 


wee trege sh BL ermal 


e 
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l Ve “My » exits)” on 40.3 
e als t! oe (* dxdy, 


= x-im 
yoy op X—Mz j eae . 
Tn 


, | 
Let ieee T 


* 0.x, = a V{—ph 
Then a(n) wy Pp 
cov (XY, Y= 4] a j (7,%y V1—p2 p? én+po,o, 0?) 
_P +n? 
e 2 dé dy 
ees e . 2 
= %n5y V1 2" | te? i| ne 2 dn 
2n S. } / 


the first. two integrals being zero and the integrands in the second 
two integrals being the density functions of normal (0, 1) variate.. 


o(X, ye (X, Y) _- P| 
Sy 

44, Let the joint probability density function of X and Y be 

given by 
fos, =x +3, if 0<x<1,0<y<2 
=0 , elsewhere. 

Find the least square regression lines of the joint distribution of 
X and Y. 

25. Let the density function of (XY, Y) be given by 


flx, y= {ltayx?-y)h, if|x| <1, fy[<l 
=0 , elsewhere. 


Find the covariance of ¥ and Y, 


gquate with corners at the points (0, 1), (1, 0), (=1, 


the xy-Plane- 


gy VI MATHEMATICAL EX¢ecta ion 
76, Let the joint distribution of Tt 517 
obability density function fl, ) ‘lied and Y b& tien by the 
fo =M tay 4 ervitara i , 
~ ? sya 
: ’ eltewhere, 


Find E(Y | X=). 
he joint probability dens: : 
a7. Let t Y density function of Y 
and y te 


given bY 
fx, Y=*TY, if 0<x<] V<yecy 


=0 , elsewhere, 
Find p(X, Y)- 


int distribution of y od Y js 
28. The jot a Uniform oy 
Ver the 


‘Show that X, Y are uncorrelated. 


[ Hint: fiz,y)=3, if (y)eD 
=0, elsewhere, 


one p is the region interior to the given square, 


Fig. 8.10.5 
Here fy(x)=1-x,0< x <1 
=I+x,-l<x<0, 
fr(y)=1-y, 0 <y<l 
=I+y, -l<y <0. 


MP.37 
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] 


m,=| x fax) dx=0, i 
-] | 


1 
m,=| » fr) dy=0. | 


it 


1 
o,4=E(X*)-0= | x*fz(x) dx=t, 


oy7=4. 
cov (X, Y)=E(XY)—-0 
=> xy 7 
\j 54 dx dy 
D 
1 i-z 0 a+1 
1 
=5|=(J y dy) dx+3{ x(f y dp) ds 
9 z-4 =| =—z—} 
=0. | 


29. Adie is thrown 12 times. After each throw a+sign iy 
recorded for 4, 5 or 6 and a —sign is recorded for 1, 2 or3, the signs 
forming an ordered sequence. Each sign, except the first and the 
last, is attached a random variable that assumes the value] jf 
both the neighbouring signs differ from one between them and 9 
otherwise. Let X}, X5,---, X10 be these random variables, where 
X, corresponds to the (i+ 1)th sign (j=1, 2,..., 10) in the sequence, 


Show that 
10 10 
E( 2%) and var (2, %)=3 


[{ Hint: The three consecutive signs namely ith, (i+1)th, 
(¢+2)th signs may occur in the following ways : 


ape, ped FF te mK mS 
i ’ alien 2 eo Sy —++t. 
Then X;=1 foreachof + — +,- + - 


=0 otherwise. 
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wilt 
“ . BXQaL- ¥4+0- Jed for fowl, 2, inz10. 
; 10 ) : 
Pg ai f= Zs. 
E § 4 
2 10 
Vv r ynl? 4G) = te i= 1 2, ooey + 
° Xj are independent if | i—j|> 2, for 


rve that X4, . 
Now we obse are independent, X4, X, are independent etc. 


example pe if |i-J | > 2. Now for any two random 
As] 


; ie a xX) (i xf) for which J i-—j| =1, we can take 
riables ‘, 

ae Now 

. 1, P(Xs=1, Xi+1=1)- 


E(Xs Xie) =! : 
X,.,=1) ocours if ith, G+1)th, @+2)tb, 


¢ en i oo ’ d 
; 4 3)th signs occur as pi ? or + +’ and so 
' P(X+=1, Xie. =DHretre=t- 


)=E(Xs Xoe1)—16 
att. tae Br I51,2.00%, 


10 
Hence, var (2. #4) 
= S var X,+2 p> cov (X,, X3) 


i<j 


Now (Xi= i, 


so, cov (Xi, Xi+t 


1=1 
=1UX% 4, 42. 9. x3 
=3,] 
30. Random variables Y and Y have zero means and non- 


zero variances 0,7, oy*. If Z=Y—X, find o,? and p(X, Z) in 
terms of o,, oy. [ C. H. (Math.) 82 } 


31. Find o,, o, and p(X, Y) for the bivariate distribution 
with density function 


f(x, y)=C ete? Oxy +499) ~ ocx<oo, — 0 <yces, 
[C. H. (Math.) {77 | 
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32. If U- and V are inde j 
pendent r. 
ah thats andom variables and xy 
X=U cos 6+V sin.6, 
: Y=V cos o—Usin 6, 
then show that the correlation coeffici 
oefficient 
seta between ¥ and -y is 
(c,2—9,,2) sin 29 
AJ (oy2 — 0,2)? sin220 + 45,2052 
[ Hint: See Illustrative Example 24. ] 
33. If piX,Y) denotes the coefficient of correlation between 


[ C. H. (Math,) °66, 69) 


X and Y, establish that p(aX +b, cY+d)=p(X, Y), where a,b ¢ g | 


are positive real constants. [ C. H. (Math,) °72 } 


[ Hint: See cor. 1 of Theorem 8.2.3. ] 
34. Define the joint characteristic function of the random 


variables Y and Y. State the condition of independence of ¥ and 


Y in terms of characteristic functions. If X,Y are independent 
and both normal (0, 1), find the-characteristic function of ¥+Y, 
[C. H. (Math.) 85} 
[ Hint: “See 8.5.1. Theorem 8.5.1 and Theorem 8.5.3 for n=2, 
Also see Theorem 8.5.6 for n=2. ] 
35. (a) Prove that the sum of two independent Poisson variates 


having parameters ,, M2 is a Poisson variate with parameter 
[ C. H. (Math.) 64, ’66, ’88, ’92] 


A+ #2- 
(6) Prove that the sum of two binomially distributed 
independent random variables with parameters (n,, p), (M,, 2) 


ally distributed random variable with 

[ C. H. (Math.) ’66, ’67] 
e been proved in Chapter VI. Also 
help of characteristic function— 
8.5.5 and for (b) take n=2 in 


respectively is a binomi 
parameters (1) +Ms, P)- 
[ Hint: Buth (a), (b) hav 
(a), (b) can be proved with the 
for (a) take n=2 in Theorem 
Theorem 8.5.4. ] 
36. Find the equation of the regression curves 
X on Y for the bivariate normal distribution of (X, ¥) with 
parameters mz, My, On,’ Fy, Po Find the acute angle between them. 
If p= 0, show that the random variables are independent. 
[ C. H. (Math,) °63, 65, "66, °66 (old), °69, 


of Y on X and 


69 (old)] 
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See Theorem 8.7.4. The required acute angle 9 is the 
¢ angle between the straight lines represented .by (8.7.3) and 
For the second part see Theorem 8.3.2. J 
Find the conditional expectation of XY given Y=y for the “ 
mal distribution with probability density function 


[ Hint: 


acut 
(8.7.4). 


pivariate 10 


given bY 
. 1 


f(x Be OT GF y V1 -p2 


exp (~snp laa?" 


[C. H. (Math.) ’93 } 
In Theorem 8.7.4 take m, =0, m,=0 and show that 


awe \) 


O,0y Oy™ 


[ Hint: 
g(x |Y=y)=0 7» | 
Cy 
,at do you understand when cov (¥, Y) is stated ‘to be 
s it imply that Y and Y are independent random 
Give reasons for your answer. [ C. H. (Econ.) ’83 ] 
See ‘Significance of the correlation coefficient’ in 


38. WI 
zero? Doe 
variables ? 

[ Hint: 

8.8 and ‘Note’ after Theorem 8.2.5. ] 

39. Show that the covariance of two independent random 
variables is equal to zero. [ C. H. (Econ.)’81 | 
[ Hint: See Theorem 8.2.5. ] 

40. A biased coin is tossed indefinitely. Let pO<p< 1) be 
the probability of success ( heads ). Let Y, denote the length of the 
first run (i.e., the number of consecutive successes or failures starting 
from the first toss ) and Y, the length of the second run. Show that 


- \ P44 
EY o tS and E(Y¥,)=2, 
where q=1 ~p. 
[ Hint: For first part, see Illustrative Example 32, 


Sec : 
a econd part: The event (Y;=r) can be expressed as union of 
Iwise mutually exclusive events, as follows : 


Where 4, den er aie 
failures . : otes the event ‘x successes.in the first x tosses and r 
€ next r tosses and success in the (x-+r+1)th toss’ and 
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B. d . ‘x fai 
im ee the event ‘x failures in first x tosses and rs 
xt r tosses and failure in: the (x+r-+ 1)th toss’, ee 
Then P.A,\=p%g"p, P(Bz)=q"p"q. 


So PY g=r)= = et < 
— P qt “gttl1 pr 
Zveer Das 
=P°a" (1 —p)* +a *pr(1 —q)"} 
apg bgp. 


E(¥,=1)= >> r (p?q"-1 +q%p'-1) 


rei 


ape 7,10 49? ae 
ap ieee (bey 
ae a G. 

“eres 

=2.] 


n tickets numbered 1, 2,...... 
Let the random variable X, be such 


41. , mare put at random onr 


places marked 1, 2,......, n. 
that ¥;=1 if the ticket numbered ‘/ is put in the place marked 


‘ (ie., a match) and XY, =0 otherwise, for /=1, 2,.....- 


that 
var (X,+Xg+--+X,)=1. 


42. If X and Y are independent normal variates each with 


mean 0 and unit variance, then show that 


/ Jj 
E max XxX, Y =. 
{ (X, Y)} a 
43. Show that XY and y—p 2% X are uncorrelated: random 
Og 


variables. 
tint: E{X (v-e ex}}=2 (xY)—p & E1X?), | 


E(y--. 224) =m, —P Me etc. | | 
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\ Ex yur 
44 The joint ‘probability density function of XY and Y is 
i by . ; 
given 91-+x+y) 
ot UAT gO ee 00, Oe y SO. 
LG ») ai+x)*(1 +y)”’ Bb 
x+3 


Show that my%) = 70453 : 
w that the correlation ratio of Y on ¥ is equal te the 


Sho : 
“i lation coefficient between X and Y if (X,-Y) 


absolute value of correla 
rmal distribution. 


has a bivariate no 
fy (x— mz) by (8.7.3)- 
xz 


—_— 


[ Hint: Here m,(x)=my +P = 


Cc, 
So m,y(X)=myte a (X—mz)- 
n the correlation ratio of Y on X is 


The 
_ p{m,(X), Yb=e { my+P = (X— mz), y}. 


Now E {m,+e ~ (x-m,)}=my and E\Y)=my,. 
" o 
Then cov {my +p — (X-mz), y } 


=E[{ia, +e 2 (x-m.)} y]-m,? 


=my? +p “YE {(x—me) Y}—my* 


a 
=p — {E(XY)—m.m, } 
=z 
= Gy 
=f ar + Po,0,=p*o,*. 


aa Nn a 


- PS 
Tela caoe a 
ve “y 
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46. Show that the regression ‘curves for the means coincig, 
with the corresponding least square regression lines for the bivariate 
distribution of (X, Y¥) with the. probability density function 
given by 

fix, y)=6(l-x-y), if x>0,p>O0,xty <1 


=0 , elsewhere. 


47. Show that for a bivariate normal distribution, the 
moments u,, obey the recurrence relation 
Ny =P(rt+s—1)te-), s-a $(P- Is —1)(1 — PP) ite 9, sags 
( C. MH. (Math,) °67 } 


{ Hint: Here+ we assume that m,=0, m,=0,7,=1,¢,=1, 
If M(t,, tg) be the two-dimensional moment generating function 
of a bivariate normal distribution with m,=m,=0,¢,=c,=1, 
then by Theorem 8.3.1, we get 


Mh, ijad +2 + 2p ity) 


1 OM + +6, L OM y +et,, 


Th 1 
“O Mat, Mat, 


2 
and a°M _3aM t ft A 
ater, at, Cette 
6M OM 
=ty —+r1, “+ py. 
ts a, +Pt, ar, + 
But t, amt, on = Ml —P*)b tye 
1 s 
o7M OM oM 
—-=mpf, ~~. pf -+M(L—p?)tye, ; 
tat, } ar, +Ply at, +M(L—P*)tito-+eM 


Now differentiating both sides partially with respect to t;, 
(r—1) times (by Leibnitz theorem), we get 


o’*!M a°M o"-'M a’ M 
————=2pP{f =>) fh pe iad es 
Or, Ot, { 1 or,” +(r ) Saft ets at, "ar, 
bad | r-t8 r-1 
a { tage TON) as +e or" 


(r > 1). 
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exeags er 58 
Again differentiating with respect to 4, = 5 

Je tae Imes, we Bet 


art af _ ( Orem lay 
Fone OE aa try 8" tay 
at,” ar a ea Chern 
4e{t, OM Se 
O17 *Ot4? (s~1) ager} 
t 
+(1—P%)t, { ¢, OT 8M ie 
( Mt { "an Tai tet) 
1 “Ott 2 
1- Pix. orti-3 ayy ~ 
+(1—p2Vr De eM pony ot 
2 or,* *8t,’ 2 


xp artis 
Ol, r= ger 


Putting ¢;=0,t,=0, we get 
ars=p(r—1) <,.4, s-1t+P(s—1) Xre ty omy 
+(r-1)(1 —P*)is—1) <y5, s-atpd,_ 
= p(r+s—1) <e.3 9-1 t(r—IXs—1)(1 =p) a, 
Here Mrs=<rs J 


2) 12° 


48. (a) If X,, Xp,...Nw are mutually independent identically 
distributed random variables and PX +X st +KX, is a Pollada 


a-variate, then show that each X; is a Poisson variate. 
n 


(b) If X,, Ng... Xn are mutually independent identically 
distributed random variables and if X;+X,+---+, isa binomial 


(r,p) variate, then show that each X; is a binomial is °) Variate 
n iy 

provided is an integer, 

49. The joint probability density function of X and Y is 
given by 

fix, y=axy, if O¢xe LO<cp cl, 

Where a isa constant. Find E(V x9+Y*), 
mae m numbers are chosen independently at random from the 

tval (a, 5) and the numbers are arranged in ascending order, 


Let ‘ j 
rd V, be the random variable denoting ‘the ith number in the 
Ve sequence, for j = a ee 
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i 

Prove that EX )2at—7 | 

[ Hint; Let Tick e ., Yn be the random variables denoting 

n numbers chosen at random from (a, 6)» Then ¥u,¥ar-, ¥, 

have uniform continuous distribution in (a, 5) and they are 


mutually independent. Now fr 


we find that 
X¥,=min (Y1, Yas Y,) 


Then (X¥, > @ (Yi 7 * Ye >% em 
Similarly, 

XS eer >x,¥er>*-: 

+H(¥, < x, Ys >x,- 

DAY go 24 ayes 


+e one eee 
+(Yn <x, Y; >, Yo ror 


p—a), for fpen:h, Ry canton, 16 


Ya > *)- 


Ya > x) 


oe a 
» Yn > x) 


Yo-1 > x), 


and so On. 


-(" "(b=)" ifacx<b 
b-a 


> x)...P(Ya > *) 


vat, >-(t+ +n b=2)" (EE o) if a<x<b, 
and 80 on. 


b—x)” ; 
Then 1- risa S ifa<x< 45, 


—x)" , n(b—x)*"* 
1-F;(x)= cc cart =a aP (x-a) if a<x<b 


and so on, 
where F,(x), Fa(X), «000+ 
X35 X gy vveeee , X,, respectively. In general we get 


pty (0 —)" ib = x)" ag, (b- =a 
1 — Fix) (b—a)" art (b-a)* * (x-a)+"Cy T= “* (x- -a)* 


F,(x) are the distribution functions of 


n-k+1 
Pinntes pte 4 —_ (x-a)F"' if a<x<b, 


om the definition Ot Xag Ray vy ¥, 


Ex yi MATHEMATICAL 
EXPECTATION—, 
and Fu(x)=PiXn < x) t 
387 
SPSS GALS, es 


waa" » 
(b —a)” if @ix< fs, 


rteey 3 4 < x) 


Also we note that for each Fi(x) 


F,(x)=0 ifx<ag 


=] if x > b. 
As an example let us find the value of Eix 
pability density function f(x) of X, is given a Ys). The pro 
F n(b—x)*-1 
fil=Fs (x)= oe a(n— 1)(b —x)"-2 
-a)" aT Gi 
(6-a ——@) 
if a<cx<s 


; s — 


_ 2n(a—-1) 
(b=a)" see (b-a)” cos**-39 sinsg 


(a cos?9+b sin?e) ds, 
where x=a cos*@+b5 sin%9 


3 
=2n(n— 1) \- (a cos?"~ ‘9 sin6+5 cos?*-3¢ sin5¢) de 


=n(n - 1) T(m)r(2) T(n - Ur a 
{oer to ee 


—an-1), 2b 
n+1 rs 


mat 2 (b—a). J 
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Answers 


1. E(y| Y=x)=3 rOdx <4, qy, 13u+15v=0. 


2.() -1, Gi) 0 6 % 8 2 Gs 
—_ y. —2ab 
10. 4. 17. 5y—3u=0. 18. = 
159 
24. y—AP=—33(x— Th), —{=— hG-. 
25. 0 26. 2(1+x) 27. —-+y. 
30. o> +6,7—2po.%y, Pee 
31. opa2¥2 o =v? pa 
/3” vy /3? Pp =e 
49, 8(2 a1) 


MATHEMATICAL PROBABILITY 


588 
Answers 
1 EW | yen=e if oax< }, 13u+15v=0, 
i a* + b2 
2. (i) -i, (ii) 0. 6. 5. 8. @—P Pay 
2 
t — =e 18. —= 
10. 4 17. 5y—3u=0 Nar 
24, y= —49x— TA), —}4= -sh(y-4p. 
25. 0. 26. 2(1+x). 27, —dy. 
poy — Fy 


2 ie o —_——— | 
30. o,°+%y 2Ppe, vw Vo. +0,3— 2pon0, 
31. egnnl® c v2 p=y 


49. 8(2./3 - 1) 


jmport 


CHAPTER 1X 


SOME IMPORTANT CONTINUOUS 
UNIVARIATE DISTRIBUTIONS 


Normal Distribution. 


Normal distribution has already been defined in chapter V and 


ant characteristics like mean, variance, skewness, kurtosis 
vine of this distribution have been obtained in chapter VII, 
. veal life situations we come across many probability distributions 
which are approximately normal, for example, the distributions of 
the random variables giving (i) the measured value of a physical 
quantity, (ji) the 1.Q. of a given group of students, (jii) the 


increments in blood pressure of a given group of patients by the 


application of a given drug, etc. are approximately normal. In 


fact, of all the continuous distributions, the most important 
distribution which can be .used in practice is the normal distri- 
bution. Further, from De Moivre-Laplace theorem (Chapter X) we 
know that binomial (1, p) distribution can be approximated by 
normal distribution if mis large and p fixed and Central Limit 
Theorem (Chapter X) also reveals that Ait Natet he is 


approximately N(m, <,) if m is very large and where Xj, Xa, --., 


X, are mutually independent and have the same distribution with 


mean m and standard deviation ¢. 


Because of this importance of normal distribution, we summarise 
the properties of this distribution already obtained in the previous 


chapters and also explain some properties in more detail in this 
Section, 
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Properties of Normal Distribution : 
istribution i ical about th 
(a) A normal distribution !s symmetrica @ mean of Pe 


distribution. y cae 
The probability density function of a normal (m, o) distributio, 


is given by 
_(x=m)* 
Seb= Ta Wt wo <x<%,5>0. 
1 -ie tee 
Now flm+2)= Fa; ° , fim—x)= Jana : 


So flm+x)=f(m—x) for all x ¢(—%, %). Hence the “digg, 


bution is symmetrical about m which is the mean of the Dormal 
{m, 0) distribution. 

(b) Median and mode of anormal (m, >) distribution are pop 
equal 10 the mean m (proved in chapter VII), as expected for ; 
symmetrical distribution. : 

(ec) Odd order central moments are Zero. Even order centra| 
moments aré given by 

ype 3. 5.(2k—1) o**, for k=1, 2, 3,... 
[ For proof, see 7.3.60 ]. 
In particular u,=0, u4= 39%. 


So yi =43=0, Bp=7$=3 and 72 = py —3=0. 


So fora normal distribution, coefficient of skewness is 0, as 


expected for a:symmetrical distribution and the coefficient of excess 
is also equal to zero. 


(d) The. moment generating function (about the origin) and 
the characteristic function of a normal (m, ¢) distribution are 
respectively given by - 
mitkosts 
M(t)=e ste(— o, 0), 

imt—}o2{2 — 
o(t)=e te( 00, ). 
_(z-—m)s 


) ne el 


(e) The density curve y= 202 has two points of 


1 
aor vee <4 
N 2m ¢ 
inflexion equidistant from the line x=m. 
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+e of inflexion we have 2°v_, d3y 
Fot points © ° dx? 0, ig #0. Here 

dy x—-m (z-m)3 
a Vina’ 

(z—m)s 
d#y_ _ 1 e” (x-—m)* _(z-m)s 
dx? ra o3 202 + in se é I=a 

d’y 


or, “=Mt% 


d*y 


can be shown that ix #0 for x=mic, 


: It 


_(z—m)s : 
“258 has points of inflexion’ 


: _ it 
So the density curve y= Tie e 


atxemto,x=m—o which are at a distance « from the straight 
line X= So we can state that the density curve of a nornial 
(m, 2) distribution is convex upwards within (m—, mi+0) 


: and 
concave upwards outside (m—c, m+o). 


y 


Fig. 9.1.1 Normal density curve. 


F.g.9.1.1 represents the density curve of a normal (m, ¢) 
distribution where P.O are the pointe of inflexion of the curve. 


PX, « Lg FLL yt ctadperdiont iivimel variates 
with parameters Gnj¢¢s), Cte, Pa); «+ [tte on) respectively and 
41,49, “4)@,_ are real constants, then a,X,+a2X¥ot++"+4nXn is 
normal ym, +agmg +o tagMys/a,2a,2 +ag%0g2 + Taney") 


variate (Theorem 8.5.7). 
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(g) Let y=2—* where X is 4 normal (m, o) Vatiate 
& 
real variables We have 
em 
ie 
i be th e 
Here ay" o > 0 Tor all % So if fulu) e Probability 


density function of U, we have 


that is, fow= 73> a 
is a standard normal variate. 


(u) we find that the distribution funetica 


which shows that U 
Writing }(u) for fo 
(u) of U is given by 
u 


1 
gp = q ) — a ae 
‘}(2t) | b(v) dv Win 


We observe that pio) =1, H(0)= 
Now if XY bea normal (m, ¢) variate, then for any two real 


) ae 
a 2dy, —%0 <u<o. (9.141) 


numbers a, b (a<h) we have 


Pla <X <b), Pa<X< b)=P(2—™ atm. o-n 


= 1 (2=) 4 (2) = o(y) dv 


a-m 
Cc 


which fepresents the area of the region (shaded in Fig. 9-1-2) 


a—-m b-—m 


bounded ‘by y= = - 
NESE, % 7 oO a and the standard normal 


. f << 
density curve ar e 2, 
7 
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Fig. 9.1.2. Pa< X¥ <8), 


Zz 


‘ 1 _t3 
s of @(x)=—_- Zz ‘ 
The value B(x) Von | e “dt, for different values of x 


are found from Table I given in the Appendix and using th 
g the 


relation 


pa <X <b)=Pa<X¥ <b)=0 (7=")—o (2x @.1.2) 


we can determine the value of Pa < ¥ < 6). In this connection 
we observe that &(—x)=1—(x). Then we find that 
(i) P(m-o <X¥ <mto)=P(-1 <U <1) 
= #(1) — #(-—1)=298(1)-1 
= 2 0°8413447-1 
= 1'6826894—-1 
=~0°68. 
(ii) P(m—20 < X¥ < m+20)=P(-2 <U < 2) 
=29(2)-1 
= 2x 0°9772499 -—1 
= 1°9544998—1 
=0°95 
(iii) P(m—30 < ¥ <m+3e)=P(-3 < U < 3) 
=2¢9(3)-1 
=2x 0 9986501 —1 
= 1:9973002—-1 
ies =0°997. 
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From the values of the probabilities obtained in (j), (ii), (it) y 
can state that approximeately 68% values of a normal Variate 
between m + «, i.e., between mean + standard deviation, 95 Valye 
between mean + 2xstandard deviation, 99°7% (nearly 100%) beting 8 
mean + 3x standard deviation (see Fig. 9.1.3). 


I(x) 


m6 m-20 mc. om mtg m+25 mea 


————-— 


Area=°68 
Area=°95 


Area='997 


Fig. 9.1.3. Probability density curve a normal 
(m, ¢) distribution. 


9.2. 


The chi-square distribution (also stated as x?-distribution) is a 
continuous distribution and this was first obtained by Helmert in 
1875 and later by Karl Pearson in 1900, Here we shall follow 
the convention of denoting the corresponding random variable 
by x® (instead of X, Y etc.) and the corresponding real vaniable 
again by x2. So we can speak “a random variable x2 has a 
x?-distribution”. 


Chi-square Distribution. 


Now we give the formal definition of a chi-square distribution 
with the help of probability density function. 
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1 


pution is a continuous distribution whose probability 
fl 


adist ase : 
“ function f(x?) 38 given by 


gens! 2 


x 
“2 (e\3 

e412 if o> 
fo?) = —4r@) 


elsewhere ; 
= 0 ? 


(9.2.1) 


‘ positive integer and n is the only parameter of this 
where ” # pe positive integer n is called the number of 
ser e{bution- pate ae 
gistributl freedom of the distribution. . 
degrees of dom variable X has chi-square distribution with n 

Ifa ene dom, we say that X is a x?(n) variate and the distri- 
degrees © ‘oned as 2 x?(n) distribution. 

- is also mentione 
pution 18 4 

9.2.1. If X has X?-distribution with n degrees of 
THEOREM 7+©"* ; ; : n 
x % rj variate and conversely if X is a y (7) 

freedom, then 7 79 - 2 


te (n is a positive integer), then X has x?-distribution with n 
variate 
degrees of freedom. 


Proof: Let X bea x2(n) variate. 


xX 
Let ¥a5* 


x 
In real variables, we have y= 


was > 0 forall x. So if fe(y) be the probability 
x 


density function of Y, then 


fe(y) =2 SL); 


where the probability density function f(x2) of X is given by 


x2 
2 (x? \e 
fi?) = 2! if x2 >0 
2T(8) be 
=0, elsewhere. 
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“$fai 
e 


= __'3!__., writing x for x? 
bal 
(3) 


ifd0<y<%- 


: F Xe. 6 
So the probability density function of Y= > is given by 


v g71 
e* ¥ : 
)= if 
Srly) T'(8) 


=(0, 


Oe y <6 
elsewhere ; 
: Xx. n . 
and this shows that ss isay (5) variate. 
Now let 7 
y=i, i.e., X=2Y we find that Y isa y (°| variate and in real 
variables we get x= 2y which gives 


dx 


dy 
Then the probability density function fz(x) of X is given by 


fx(x)=i fri), where 


=2> 0 forally. 


-y. 97) 
ii)n 2 ito<yeo 


(5) 
=0, elsewhere. 
ag i0t. x a | 
So fxlx)= “(5) if x>0 
2r 5) 
=0, elsewhere 


and this shows that X¥ has x2-distribution twith n degrees of 


freedom. 


4 be ay (F) variate. Again using the transformation 
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oneM 9,2.2. a Xa, ws, Xn are mutually inde 

rd normal variates, then XP +X o2 + wp yg has Sra 


da 
att hn degrees of freedom. 


pution wil 
proof: We shall prove the theorem by induction, Me a 

nave only one standard normal variate X\. Here we wilte xe 

| Let Y=X?, where X¥=¥, is a standarg normal vari . 

Now the spectrum of Y is the set{y:0 cy a Tate, 
Let Fy()) be the distribution function of y, 


Then Fy(y)=P(Y SG y)=P(X2 < Y=P(-Vy <¥ < ly) 


“distri. 


1, we 


if 
1 vy 08. — 
Then if y > 0, Fy(y)=—— e dt, 
V 2n = ef b 
ly 
_ fate -2 | 
Frv)= n/2* e2dt if y>o. (9.2.2) 


If y <0, then 
Fr(y)=P(¥ < 0)=P(X? < 0)=0, since P(X? < 0)=0. 
Let fy(y) be the probability density function of ¥. 
Then fyy)=F'y(y)=0 if y<0. 
Again from (9.2.2), we find 


if y<0. 
Again defining f,(0)=0, we find that 


Uy i 
fat 


=0; 


if y>0 


elsewhere, 
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and this shows that Y has x2-distribution with 1 degree of freed 


i.e,, X2 =X, has x?(1) distribution. So the required? J propos; on, 
is true for n=1. Itig 


Now let the proposition be true for any m (a positive inte 
mutually independent standard normal variates Xj, ¥, Rer) 
Then X,24+X,2?++-+Xm? is a x?(m) variate. Now let 
Xa, 6, Xm, Xm+1 be any m+1 mutually independent standay 
mac variates. a 

Let Y=X 24 X—q2 + + Xm? + Xmas 

Then we can write Y=U+V, where U=X,?4+ X¥,24.. +X, : 
which by induction hypothesis is a x?(m) variate and V=yo 


mM+1 is 
a x2(1) variate, since the proposition is true for one Tandon, 
variable. Also U, V are independent. 
we have the transformation 


Y=U+V, Z=Vv. 


Again let Z=y, Then 


In real variables y=u-+yv, Z=y¥. 


sea) 


; | =1 > 0 for all u, v. 
O(u, v) 1 


“Then if fy, x (y, Z) be the joint probability density function of 
Y and Z, we get 


Fes 2 (Wr )=folti) fr) 
ager ae 


if u>0,v>9 


if p>2,2> 0. 
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ihe — density function Fey) of Y is given by 
fri0)* ahr ar Gre = ‘gy a 

v 

ee oe | —2)t} 1-1 
“aeegee 
eee 
2)" 8 
h = 
Ps a P =a ial 
vor (2\r (5) 23 2 

etna : 

“Ep ey) if y>0o0. 
2 


Hence the probability density function of 
Y=X\ 274X240 + Xm? +X3,1 


js given by_ 
-¥ (z\"s- 1 
= 2 
frly)= p (mee if y>0 
(") 
=0, elsewhere, 


and this shows that Y=X,24+X_2+--+Xms12 has x2(m-+1) 
distribution. So it is proved that if the required proposition is 
true for n=m, it is also true form=m+1. Also we have seen that 
it is tue for n=1. Hence by the principle of mathematical 
induction, it is true for every positive integer n. 


Mean, Variance, Mode, Characterisiie Function of the Chi- 
square distribution. 


xX. n 
Let X be a x2(n) variate. Then by Theorem 9.2.1, “ale (r) 


Variate. Now we know that mean and variance of a 7()) variate. 
are both equal to [. 
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X_n 
So E(2| =3 and var 278 
But E (F)=4 E(X) and so E(X)=n. 


Also var a=] var X=. J. var X=2n. 


So the mean and variance of x?(n) distribution are TeSPective 
y 
n and 2n., 
Now from (9.2.1) we find that if » < 2, then f(x?) decreases , 
x2 increases, i.e., f(x?) is a monotonically decreasing function " 
0 < x2 <o and consequently x°(n) distribution has no moq 


1 5 : C if 
n< 2. Butifn > 2, we find that f'(x?)=0 (x? > 0) gives 


or, x=n-2. 
It can be shown that f"(n—2) < 0. 


So f(x?) has a unique maximum at x2=n—2, when n > 2 and 
so the x?(n) distribution has the unique mode M given by Af=n-2 
ifn > 2. 


We know that the characteristic function $(t) of a v(I) variate is 
given by 


o(f)=(1—it)-*. (9.2.3) 


Now if X is x(n) variate, then . isa y (5) variate and so the 
characteristic function of is given by 


tek -¥ 
E(e*'2)=(1 —it) ®, for all real ¢, 


Then E(e*'*)=(1 —2i0,3, for all real 7, (9.2.4) 
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01 


ws that the characteristic functj 


(4) sho acon, Px) OFX. 2 
0.2 esti function x(t) of a x?(n) variate is ae by ii 
tbe C wok 
bx(t)=(1 —2it) 7, (9.2.5) 
J j 
1 
1 
t 
1 
0 ae x 


Fig. 9-241 Graph of the density curve of a X°(n) variate, 


If x2 has x?(n) distribution, then P(x? > x) gives the area of ~ 
the region shaded in Fig. 9.2.1. Table II (in the appendix) gives 
the values of x for different values of P(x? > x) and the number 
of degrees of freedom n. Value of x corresponding to 
Pix*> x)=e(0 < ¢ < 1) and n degrees of freedom, will be denoted 
2s x*, ,° From table II (Appendix) we find that 

X20 .6055 20 = 39°9968, 
X29-01, 20 = 37°5662, 
X%9-9959 30 = 46°9792 etc. 
TaeorEM 9.2.3. If-X 1, Yo, ..-,X%_ are mutually independent x?- 
variates with degrees of -freedomk,, ko, ...,k, respectivelp, then 
X,tXot-+Xq has x?-distribution with ky +ky+--+k, degrees 
of freedom. 
Proof: The characteristic function ox (ti of X, is given by 
BL 
$x ()=(1—-2it) ?,r=1,2,...,% 


If (t) be the characteristic 


Let Syp=X, +X, 4+---+Xq. 
function of Sn, then 
Wha E fet B42? "yf 
=E (ei *™)) E (ett*2).E (e* tn), 
since X,, X5, ..., ¥, are mutually independent. 
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<a. | Fn 
or, $()=(1—-2i) 2 (1-2it) 7 ...(1—2it) > 
So the characteristic function of S, is given by 
Bs bos hams 

g()=(1-2) 2, 
which is the characteristic function of a x?(ky+k,+.. 
variate. Hence by the uniqueness theorem on clipes 
function, itis proved that ¥; +X .+-+-+Xq, has x?-distribytie 
with k, +k,+-+k, degrees of freedom. ‘on 


THEOREM 9.2.4. Let X1, Xo, -Xn be mutually indepeng 
standard normal variates. Also let the random variables Y,, y om 
WS ei 


¥m(m <n) be defined by Y,=@,; X, +deo Xot-+a,,X fo. 
ny JOr 


r=1, 2,...,m, where the real constants dy; (r=1,2,... m 
j=1,2, ..., n) satisfy the conditions a 
>} ari aus=0 if rs 
i=1 
=l1 if r=s, (9.2.6) 


where r,s ¢ {l, 2,..., mh. 


Then ~(X,2+Xo2 +--+ Xq2)— (Viet Var tet Ym?) has x? 
distribution with n—m degrees of freedom. , 


Proof: Let %r=(@y1, Gray ++) Irn)s for r=1,2,...,m. Then 
by (9.2.6), {<1, <g)++, Xm} is an orthonormal st:bs«r of p-dimensional 
Euclidean space R". So {«1, Xo, .3., 4m} can be extended to an 
orthonormal basis of R" (Article 1.7 ) and so an orthogonal 
matrix A of size nXn can be found where 4), 9, «.-, <m form the 
first mrows of A. Let the remaining n—m rows of A be given 
by the vectors <m41) +++) %ny where 


inet = (Ameer, Tmt ines Ine e) for f= 172,42" 


Then we have AA? =ATA=Ih, oe (9.2.7) 


where Ip is the unit matrix of size Xn. 


Then we get n ra 
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603. 
r (9.241) gives 
Se ,a ;=0 if rs 
rf 
f2} =1 if r=s 
es Oye =0 if r#s 
d 
ao = : 
=1 if r=s 
rete 5 gts 2 oer Me {9.2.8). 


—m sandom variables Ying1, Ywizo, «**, Yn by 
Tari anes tite Fane inden for i=1, 2, ..,n-m. 
ndom variables Y,, Yo, «+, Yn given by 
y,=411 Xi +419 Xote tain Xn 
¥,=421 X1 +429X ot" +4on Xn 
. vas eas (9.2.9). 
Yn=an1 X1+4n2 Xote+4nn Xn 
where the coefficients a; ;(f=1, 2,...,m ; f=1,2,..., m) satisfy (9.2.8). - 
In real variables the transformation corresponding to (9.2.9) is 
given by 
Ye=Osy My HAgg Xt +Gin Xn for i=1,2,...,m. 


Then OYi, Vo» ssie'y Yn) 
O(X1, X25 +++) Xn) 


=| ay] Ay geevees ain =def A= +1, 
Aoi4 422 eee sve Gon 
any Anes a 


‘ince A is an orthogonal matrix. 


So Was Yas ++) Yn) a 
OX, Xa, +, Xp) is either > 0 or < Q, for all real values 


of x,, X>, rin Kegs 
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Now the joint probability density function of 
given by 


f(xy, Xo, oy 
= L enter? +222 +..+7q2). 
(4/27)” 
Again, y)*+yo2+ sb yy? =xXy2+x574 hn ae aE by ( 


1 
So, I 15 Xs, (Vin) 


9.2.8), 


Xn) = 


evi 2 +yg2+- +Yn2), 


Then if ¥(y,, y. 


2.°, Vn) be the 
function of Y,, Y9,-:, ¥, we have 


PCV 1, Vor oe) Vn =, eM Pt yet tay, 


mt p81 8+ y92 +4: 7_2) 
(/ 27)” 
were e hee. te 
V2n V In Vin © 
(9.2.10) 
(9.2.10) shows that Y;, Y,,...,¥,, are mutually independent 
Standard normal: variates. So Yuet, Yuta: >, Ya ate also 


mutually ies tani normal variates. 


-. by Theorem 9.2.3 Yngir>t Yanga tte t¥ in? 
X?(n—m) distribution. Again by (9.2.8), 


VpPHY gt bre bY aX Ht h XX 
So, Vues? + Yugo? te +¥,2 
=(X 24X24... +X,9) =(Y,24 7, 9+ --+7,.7) 
Hence it is proved that 
(Xp P+X 44 + - +¥,3)—(¥y2 4 ¥42 +0 + ¥ m2) 
has X?-distribution with m-m degrees of freedom. 


has 


joint probability density ' 
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_-pistribation: 
tion, also called Students distribution, js 
yh pedistribution, a 
sys distribution whose probability density function S(t) is 
i 


= pS Se = os, 
Jus (5; 0) 
a positive integer called the number of degrees of 
1 of the distribution. 
giao, Mode, Variance of the t-Distribution. 
sm men the random variable having ‘distribution with 
Let 


dom. 
n degrees of free 


(9.3.1) 


,— oe <t<o, and in this cas 
por n= i f(t) =F) . 
9 _tdt _ which is not convergent and so 
jaa becomes | eee 


E(X), Les, 
degree of freedom. 


mean does not exist for the ¢-distribution with one 


For n> 1, E(X) exists if | es azz 18 absolutely conver- 


* (ey 
gent. Assins| ( +2) 


_ td j. absolutely convergent if 


Ss 
ft 
= 


dt is convergent and the last integral is convergent if ' 
ae 


a) 


tdt F 
| mcrae is convergent (a > 0) 
: (142) . 
n 


Now taking $(t)= 


t 
mate and Sigv= ee 
~n 
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("+ 1 


We-find that lim /s(4) _ 7, 


t>20 P(t) ts00 BF 


joel 
n 


n+1 


=o 2 


which is finite (> 0), 
Also " ¢'t) at={ 
a 


"dt, 
a g” 38 Convergent ifn > 1, 
So by limit form of comparison test, [? Silt) dt, 


oo 


‘ td ; 
+64, | war is convergent if n > 1, 
7 (1 +E) . 
n 
H t dt 
ence, a is absolutely convergent if n > 1. 
= (1 + | . 
n 
So, E(X) exists ifn > 1 and forn > oe 
ln ney 
Vis Bly g) += (1+&) * 
n 
By 
é 1 j t dt ai 
1, %) By>00 a," : 
Ya alge”) Plo 0) 
n 
t ~ 
since 5 BEE being an odd funotion, aoe f._ Saot 
(i+¢) * (145) 
for all B,. 


So the mean of the ¢-distribution -with n-degrees of freedom 
is Oifn> 1. 


We observe that 


im f(t) dt=, . flt) dt < tite <0. \". SOdt>tif ec > 
where /(¢) is given by (9.8.1). So “=O is the unique solution of 


gt tF0® 


‘ghe arianee . 
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Hence the median of the t-distribution with n degreeg 


tr jg aer 


o jom is 0 for every-%. 


we observe that for any n, f(t)=9 implies '=0 ana 
go 0 is the unique mode of the t-distribution for every n 


the mean ( when it exists ), median, mode of the t-distri- 
thus sal equal to 0, as expected for a symmetrical distribution. 
a the distribution is symmetrical* since the probability 
notion f(t) satisfies f(U + 1)—s/(0—t), for all t ] 


patio 
Here 
gensit fu 
at us find the variance of ¢-distribution with-n-degrees of 
We have seen that the mean does not exist for nm=1. 80 
{ the ¢-distribution aleo does not exist for n=1. Also 
hive shown that the mean of the t-distribution is 0 if n > 1. 
. gat X= HX") provided E(X*) exists where X has t distribution 
qT eo . 


Now | 
freedom 


" qith n degrees of freedom. 


Now E\X*) will exish if 


t* dt 


t* dt ‘ 
pri Will be absolutely convergent it 
3 


: | 
aut OE i convergent (a > 0). 


“) a 

a ai 

+5 

Now by the limit form of comparison test we find that 


a 
os: is convergent jff \ a 
2\ a 
. (1 +E) 
n 


it convergent and we know that : L* (a > 0) is convergent iff 


a fe 
“I>, ies if n > 9, 


v 
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So variance of the t-distribution exists iff n > 2 and for Buch 
n, 


s 
var eo aoe 
mB}. :*\ 3 
aE) 8 


- tan*@ sec™6 46 
VaB| : x sec"* 6 
2 a where t=/7 tang 
3 


ee | sin*@ cos"~"6 dO 
B(s5 3 


Tr 


q 
_—2" sin?0 cos" °6 dp 
° 


Bly 

— rigr (**) 
Blys) T(E 
ot )ra@r(ts) 


rr) 7a 
furem sr ("5s") = 
i) teeee) 


Thus it is proved that variance of the ¢-distribution ( with n 


degrees of freedom exists iff n > 2) and is equal to — 


It is symmetrical about ¢=0. It can be shown that 7s > 0 and xo 
the graph of f(t).has ® more sharp peak than the normal distribution 
with the same standard deviation. 

lf X has t-distribution with n degrees of {reedom, then the value 
P(X > t)=e, (any) (0 <'e <1) gives the area of the reglon shaded ia 
Pig. 9.8.1. Value of ¢ satisfying P(X.> t)—2, will be denoted 48 
ten» Table ILL (appendix) gives the values of t for different values of 


19.8.1. 
gesnees ; 
-« Guribution with n degrees of freedom and if X, Y are TAMALES. 


ay 
‘F 


| 
| 
| 
| 


a 


PORTANT “CONTINUOUS DISTRIBUTION 609 
; 0 


number of degrees of ‘freedom nm. From this table 


) and t =0'258, to os, 207 1°725 eto. 
A tbat fore “ 
eh 
fo) 
-{ Oo t 
Fig. 9-341 Graph of the probability density function of 
ig. wWede 


t-distribution. 


If X be a standard normal variate and Y has x? / 


has t-distribution with n degrees of freedom. 


Proof; Since X, ¥ are respectively N(0,1) and X*(n) variates 
ani X, Y are independent, the joint probability density function 
4 (nv) is given by 


i_ oT, He 


fda ae 8 ar (% p—-aceca,0<y<>, 
3 
Let U=Y, Vas 
n 


Tn real variables we have u=y, v= 


Jt 
n 
{tom Which we ges r= v/e ym u. 

MP.39 " 
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Oey) | dr dz] ' » 4 
Qu.0)~] du dv 7 vaagas V8 
Fean 
du av | : 
_~. fe 
n ~ Ofor ally > 0 and for alls e(_ , 


’ od 
So the joint probability density function of U, Vis given 4 
¥ 


tu, hu, v)=/#- oF ‘ 
bid 


v n 
~-a/V @7l 
= (5) 


oT (2) 
a/ 
“Ye eG) 


| 
, G+) t+ 


) oil'*s) or 
So we get fu, (u,v) =—___a 
V9nn 277 (5) 
for O< u< w~, -o < y< oa, 
Hence the probability density function fy(v) of V is given by 
‘ u v’ _ 
¢ whee) ar 
rie) se oO es) 
4 /Bnn 2% r(5) 


1 { Bf 22 2 dz : 
2 a v? he 
V8nn 2” r(3) @ ie it, 
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of ( nies 
fi a | o*e 3 1G, 
tae ea er) 
2 eee 
viva T(s) (+5) 


r()r()_ ar), 


ee 
r(%)_ va 
ea) 2 Fae 
1 


snd this shows that V, § é q has t-distribation with n degrees 
n 


of freedom. 


94. F-Distribution. 


4 continuous random variable X is said to have F-distribution 
vith parameters %1, % (positive integers) if the corresponding 
probability density function f(F) (here the corresponding real variable 
jsusually denoted as F instead ©) is given by oa 


By 

3 
r fh. thse 

iF) Thy +7 


BV" "a)\(nF+na) a 


=0 


Ha Ax 
2 ga 


if F>O 


elsewhere. 
It X has F-distribution with Parameters m1, Ms, we say that X is 
in Fn, 9) variate. 
rok, observe that it f(F) and f,(F) are respectively the probability 
y fonctions of F(ns, Ng) and Fing, nx) variates, then f(F)#f.(F) 


(taless 9, = 
; “§%=N1) and so the Fdistribution ia not symmetrical with 
"pect to fi, Ne. 
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THEOREM 9.4.1. If Xi. Xs are indspandent X* variates with, 
x; dey, 
of fresdom ni, Ne respectively, then ¥ ts an F(nx, ng) Pariat, 
Res 
Xi 
‘ = OL 
Proof: Let Y Xe 
Te 
Then we have = y= pteor 


Now by Theorem 9.2.1, 3X, +X, are respectively y (2 4) : Q) 


veristes. Also $X,, 4X are independent. 


Hence, (by illustrative Ex. 27, Chapter VI), iz: is a By (& a 
a 


variate. 
; n 
Then making the transformation X= rt + We find that x i, ‘ 
pa(% 2 1) variate. 
The above transformation can also be expressed as Y= as 
1 


In real variables we get y =v fe 
1 


Then ae > 0 for sll. Then if frly) be the probability | 


density function of Y, then 


Srly) -| e |f2‘2). where 


=0; elsewhare. 


[-- xinm ps (3.22) variate, | 
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ja 


RitNa if 0<e<o 


for 
cose OO Ses teNasey 


Poy 


(ut)a 
hs 


se tO Sy <m, 
m1, 29) (n +n) 2 
2(% 3 (aay a 


+ fll 


the probability density function of Y is given by 
Hence 


ay Ma My 
J fis Y 
~ ify >0 
ae Ba) (ny ytns) 2 
elsewhere. 
Xi 


felv)= 


(9.4.1) 


0; 


: % 7 
(4.1) shows that Y,/.0, sie an F(ni, wa) variate. 


te 


; 1 
| ngnonem 9.4.2. If X isan F(ny. Mo) variate, then ¥ is an F(rg, %3) 


variate. 


Proof: Let Y=. 


In real variables we have y =). 


Then i = < 0 for alla. 
dx 


80 if fxe) and — be the probability density functions of X, ¥ 
tespectively, wa have fy(y ~ In" \ fx(e) = 0 fe(ée), 
ia Ra zt" ; 
Now fz(a) = sa ere reainaeee es if «>0 


Blt, - (nya ng) .. 


=0, elsewhere. 
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=) 


7. 0 
mtn (i) 


ee ify>0 


Hence, fry)= aft " ’ ae 
9° 2 


2 v 
® Ry Re 
+. = = 1 
fi, Ms VY 


- — ts Os ify > 0 
fy Ts + 
B(% st) nay my) 


Thus it is proved that 


Ry MeL 
3 1 


5 cy 
n Ti Vv : 
fely) =? "am, Hi > 0 


M1, Ms 
B (8: 8) (nav +a) 
=0 elsewhere. 


(9.4.9) shows that Y= ] is an Fing. 73) variate. 
x 


(9.4.3) 


We now state below (without proof) some important properties ' 
0 


the F-distribution : 


(i) The meso of an F(ny, ma) variate exists iff ms > 2 and jy 


e % 
value is —*+" 
is 3 


(ss) The F-distribution is highly positively skewed. 


(iii) Fil. mq) variate can be identified with a random varisbls 
x*, where X has é-distribution with ns degrees of freedom. 


fF) 


. 
t 
‘ 
‘ 
, 
4 
t 
. 
1 
‘ 
: 


Fig. 94.1 Density Carve of F-distribution. 


lf AX > a)~e, (0 << 1) where Xis an F(m,, ms) variate we | 


@encote the valueof a as Fesay.a; 


F 
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, 616 
ven using the above notation we can write 
P(X > Fein, ng) ™E 
or, ICAX S Fesmunsdoe 
; Rx< Fe;n .u,=1-e 
or : (9.4.3) 
or P(> =i (9.4.4) 


2. 
pat by the Theorem 9.4.2, ¢ is an F(a. nx) variate, Then (9.4.4) 


gows thAt Fon a, can be denoted as Fy-e;n1,n,. So we get the 


relation 
1 


Fejny. 1 (9.4.5) 


rable IV (appendix) gives the values of Fe;n.,ny for different 
galues of as Ma and fore=0'01, 005. For example, from the table. 
IV we find that 
Foros. & 169 07. 
Fo 013 8: 107506. 


9.5. Illustrative Examples. 

Ex.-1. The mean I. Q of a group of children is 90 with a standard 
deviation of 20. Assuming that I. Q.is normally distributed, find thé 
the percentage of children with I. Q- over 100. [ Given & (0°5) = 0°6915 
where D(z) is the distribution function of standard normal variate. } 

Let X bethe random variable denoting theI. Q.of the given 
group of children. Then X is & normal variate with mean m=90 and 
standard deviation o = 20. 

xX-90 
20 


Now P(X > 100)= (25° > 3)-P(0 > 0°) 


fo U= is a standard normal variate. 


=1-P(U < 0'5)=1- #(0°5) = 0°3085. 


Hence the percentage of students having I. Q over 100 is 


0 3085 x 100 = 30°85. 
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3 at an examination, in wp. 

; sialon see preeun obe it? ve fora distinction a , th 
— be ‘he average marks oltained by the candidates jy 45 x 
standard deviation is 7. Find how many aps, to R 
(x) simply pass, (sf) distinction. ania ~ “es slribut: Y 
marks is normal. [ Given 40°48) ~0°6864, Ml 413. ] 

Let X be the random variable denoting the marks of th, 8 Ye, 
candidates. Then X is a normal variate with mean mays a 


standard deviation o=7. 


—48 ariste. 
So p-2* is a standard normal v 


Now the probability that s candidate gots simply ‘pass’ js 
P40 < X < 50) 
=P(-3< X-43 <7) 
=P(-$ << U<1) 
= P(-0'438 < J < 1) 
= H1)- o{- 0°43) 
= 2(1)-{1- #(0°48)} 
= $(1)+ 40°48) — 1 
= 0°8413 +0°6664 — 1 
=1°5077—1 
=0°5077. 
So the number of candidates (out of 5000 candidates) expecting to 
get simply ‘pase’ is approximately 5000 x 0 5077 = 2538'5~ 9538, 


Again the probability that a candidate gets distinction is P(X>50) 


- 2/283 1)-710 > 1) 


=1-P(0 < 1)-1-P(0 <1) 
~1-91)— 1-0°8413 = 0°1587. 
So the number of candidates expecting to get distinction is 
5000 x 0°1587 = 793'5~794. 


Ex. 8. In an examination, marks obtained by the students is 
Sfathematics, Physizs and Chemistry are independently and normally 
distributed with means 50, 52, 48 and standard deviations 15, 12, 16 
respectively. Find ths probability that the total marks of a student art 
(4) 180 or more, (ii) 90 or less, 


{ Given #{1°9)=0'8849, 4(9'4)=0'9918, ] 
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Let x,¥.4 be the random variables denoting Tospectively the 


“ Mathematics, Physios and Chemistry, Then X, y Ze 
s ae independent normal variates with Parameters (60 +8, 
pate ) and ($8, 16) respectively. Henoe,by the reproductive propg ‘ 

3,3 mal distribution X+Y+Z ig 9 normal berty 


variate with 
oat 48-160 and standard devistion (16) + (1a) TTB 45, 
; _ . 
xo rte=. is 8 standard normal var] 
go U- 95 


NowXt+ Yt is the random variable denotin 
“stadent. We are to find the values of PUX+ 
8 


of 2° 


ate, 


B the total marky 


of ¥+Z> 180) and 
pxt+Y+Z < 90). 
Now P(X+¥+4Z > 180) 
X+Y+Z-150~ 30) _ F 
-P\-—35 > 3) "PUS 1°) 


-1-P(U <1'2)-1-P(0 < 1'2) 
=1- 0/1'2) "1-0 8849=0°1151, 


agsin, PIX+F +2 < 90)—p(S*¥ 42-160 < =A) 
-P(U < -9'4)=(-9'4) 
= 1—(2°4)=1-0'9918 = 00089. 
gx. 4. If X has untform distribution in (0, a), then find the 


X 
distribution of —2 log, :- 
Lot Y=—-9 log, Z. 
G 
In real variables we have 
yo -9 loge = z>0 
Then we -2 <0 forall z > 0. 
8 the probability density function /r{y) of Y ts given by 
Srv) -| - 5 | fx'e), where 
1 
fr{a) == if0<2<a 


=0, elsewhere,’ 
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y 
a | 


e fineRert ¢ 


c™=ae 


_v 
=te Tify>d. 
Hence the probability density function of Y is given by 


ae 
fr'y\- = — it y > 0 
3 


=0, elsewhere, 


: 
and this shows that Y, i.e, —@2logs > has X* distribution wit 
iN 


2 degrees of freedom. 


Ex 5. Tf X,Y are independent X* variates with degrees of 


m, n respectively, then find the joint distribution of x+y és 


t : . 
cot-* ie and hence,prove that X+ ¥ és a X*(m+n) variate, 
Let JX= JU cos V, 
VY =*VT sin V. 
Then X+Y=0, cot* V95. 


: : 3 
In real variables, 2= 4 cos*v, y=u sin v. 


Ole. v) 
Olu. v) 


—2u sin v cos v 
Qu sin vy cos v 


cos?” 


Then ‘dino 


=9u sin v cop v™& Bin 2v > O 


forall u>O and 0 <v<j. 


Then fu, vius v)-u gin 2v fx. riz, y) 
=u sin 2v fx(z) frly) 


ag ag” 

ar (5) -ar () 
_ sin Qv e8(u cos?y)® 1 (u 
ar (e)PG) 


fA 
it u>00<0<F 


= sin 2 ifz@>0.y>0 


4y)87 


— 


f reedon, | 


;MPORTANT CONTINUOUS DISTRIBUTION 


aifaa -§ 
Qu 6 
At 0)" mth mtn) (mn, COS” *v ain®-2 
go IU Q 3 r(ae )a(? 4 ” 


619: 


mtn_y 
seg 
ak! , 2sin"~*y cog™-* 
or(@i*) a (B.") 


fu>Qo<v<s 
ives the joint distribution of U and V, i.e, of + ¥ and 


gbloh 6 
ot VY 
mpen the marginal probability density function of U is given by 
minis | 
o*(5 ni 2 sin”~*v cos™-2 
'u) 2 Mille LD 
fuu)= mtn min 
ar(™s") & BUT) 
emtn_ 
cig) 
= - if u>0, 
or(™ >" 


which shows that U, t.e, X+YisaX*(m+n) variate. 


Ex.6 Let Xp be @ Poisson viriate with parameter p and Y; bea 
x(k) variate. Prove that 


PXp <k-1)=P(Yox > By), 
for all positive integer k. 


k-1 
Wehave P(Xp < k-1)—= > ore" 
ri rl 
Now Yox is a XQ) variate. 
Then P(Yo, > 2u) 


ee 
: Huy" Me, 
| 5 
= ; au= | 
ak 
oF ar(=) oF 
= 1 P 4 
etm | e *uk-2dy 


ae 


age 


ork) 2 
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w 2 | eX By)Fm?. Ady. u 
or, P(¥sx > 2) panini * (2y) y. where 57 


“arm \ en 4y*- dy 
P 
= P(X. < k—-1), by (See Ex. 47 of § 514) 
Hence it is proved that 
P(Xp < k-1)— P(¥sx > 24): 
for all positive integer k. 


Ex. 7. Let X, Y,Z, U be mutually independent standarg no 
wariates Find the value of P(X?—99Y? < 99Z? —U?), 
[Given For; 22=99-) 
P(X?-99Y2 < 99Z? -U?) 
=P{X*+U2 < 99(¥*+Z%)} 


Now ¥2-+U2 and Y?+Z? are both x*(2) variates and they a, | 
€ 


xX?+05 
Z i 
independent. So by the theorem 9.4.1, Faw an F(2, 2) variate, 
2 
hee., oe is an F(2, 2) variate. 


Then the required probability is equal to 
XxX? 4+U? 
P( Fay Z 
x2 4+-U* 
Y 2 + Ze 


< 99 )=PF < 99), 


where F= 


is an F(2, 2) variate. 


Now it is given that Fo-o1 5 9) s= 99 
So P(F < 99)=1-P(F > 99)=1 —0:01 =0'99, 


where F isan F (2, 2) variate. 


X40? : 
Hence, P ( y2+zZ? < 99 )=0 99, 


So the required probability is 0°99. 


Tra] 
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x Xa, Xs be three mutually i 
8. Let » ually independent 
ps Find the value of P{2xX,2 é Standard 
ariates- 1 < (6°965)2(y 2 
poral = 6965. ] Pha? X52) 


(given Ip-o1 5 | 

sere yar X5° isa x*(2) variate and X, isa standard normal 

sate and ney are independent. Then by the theorem 9.3.1 
v4 3.1, 


_ 41 has t-disiribution with 2 degrees of freedom 


Now the required probability is 
P{2X,2 < (6965)*(X_? + X5°)} 


-P { x, < (6:965)°} 


=P{ T? < (6965) 
=P(|T| < 6965), where T has tdistribiition with’ 2 
degrees of freedom. 
Now P(| T| <6965) 
=1-P(| T| > 6965) 
=1-2 P(T> 6965), due to symmetry of the t-distribution 
=1-2x001 
=0'98, 
Hence,the required probability is 0-98. 


Ex. 9. Assume that the velocity components Vz, Vy,Ve of any 
molecule of a gas are mutually independent random variables, each 


, 


being normal (0,,/ £2) where k is Boltzmann's constant, T the 
rm : 


absolute temperature of the gas and m the mass of 4 molecule. 
Find the probability density function of the velocity 


V=/V,24Vy2+V a 
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Here V,,V,, V, ure mutually independent norma} (0, / 


variates. So 
Ve 


RR 
ni 


Vs 


normal variates. Hence, 


VertVy'tVe" isa x?(3) variate. 


kT 
m 
v2. é 
Here: Weve+h Pts" So kT 1s a X?(3) Variate, 
m™ 
Se = KE 1 : 
Let tor Then V= gear where X isa x2(3) Vatiate 


Transformation in real variables corresponding to 


ag PET SO 40 gs [kT e 
V= [KENXisv J 
Then Ch 


probability density functions of V and X respectively, then 
=272./™ wx), 
Sv) =2/ J v2 


a2 (x\%-1 
-a(5) 

2T(y) 
=0 elsewhere. 


By oR (a fy lm 
So palin ©” (avi i 


Now, (x)= if x>0 


if y>0 


y? a. (7 2 


Y if ¥>0 
"V2 ad) en) if 


Vy are mutually independen 
—_—S —=) ——= t 
kT’ jt /f& Standary 
m ‘om m 


1 fer a 
de iva ji O forall x. So if f(y) and (x) be the 
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3 
2 FE ga) «= ar 
aay? of if y>0 


=0 elsewhere, 


623 


nore“ 
fo) 


ives the distribution of V. 
. 0. If X,Y, 2 are mutually independent standard normal 
si hen find the values of 

p(X-2¥ +2Z < 3), 

(ii) p(X+2Y¥+2Z > “ay, 

ji) PIXP+Z? > 0'584— Y?). 
iver (1) =0°8413, # (1:96) =0°9750, x2,.99, g=0'584,] 


psniates | 
i 


(i) Here ¥-2¥ +22 has normal distribution with mean 0 
J —— 

ad standard deviation V14+4+4=3, 

a 


X-2Y+2Z 
3 


50 U= is a standard normal variate. 


*, P(XY-2Y¥ +22 < 3) 
=P(U < 1) 
= (1)=°8413. 


(ii) Here ¥+2¥+2Z has normal distribution with mean 0 
and standard deviation /{+44-4=3. 


X4+-2V¥142Z. 
So gut te ytte 


is a standard normal variate. 
Now P(X+2Y+2Z > 5:88), 

_p{P+2Y+2Z _ 5:88 

=P\ =F) 

=P (U > 1°96) 

=1-P(U < 1:96) 

=1-P(U < 1:96) 

=1—¢ (1°96) 

=1-0°9750 

=0°0250. 
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(iii) Here x2+¥* +2" is a x® (3) variate. 
So P(X!+Z? > 0:584—-Y ®) 
=p(x?+Y2+Z* > 0°584) 
= P(x? > 0'584), a 
where x2=X2+Y*+Z" has x® (3) distribution. 
Now it is given that x* oro90 3 = 0'584. 
P(X? 30'584)= P(x? > 0°584) = 0°90. 
Hence the required probability is 0°90. 


Examples IX 


1. If fix) is the density function ofa normal (0, c) variate 


a 


then show that | { f(x}? dx= we ‘ 


aa 
[ aint : Here f(x)=———  e 27, ,- 0 <x< om, | 
vA 7 0 | 
2 a 
| yey? dx! gm 
So |. yoy? dx= a | 
to) 22 


where we note that e °* dx is absolutely convergent. 


Now e 7 de=2{ e @ dx=20.3Tg)=V7° 
0 


Hence \ { f(x}? dx= 


=, | 

2/70 | 

2. IfX normally distributed with mean 11 and standard 
deviation 1°5, then find the number a such that 

(i) P(¥>a)=03, (ii) P(X>a)=0°09. 

[ Given # (0'53)=0°7, # (0°54) =0°91. J | 

3. In a normal distribution 31% items are under 45 and 8% 
are over 64. Find the mean and standard deviation of the | 
distribution. _ [ 1.8.1. (Cal.) 45) | 

[ Given # (0°5)=0°69, (140) =0°92. } | | 

| 


| 
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sf Xe's are mutually independent normal (m,, o,) variates 


4. 
n 
. . a (X — )2 
- q), then find the distribution of k—M,)* 
eh aer® 2: ogee 
(C. H. (Marh.) *71, 173 } 
:-m, Xg—M, X,—m,, 
( Hint : oy ’ 0» “py senteey . are Toutually inde- 


ndent standard normal variates. Then by the Theorem 9,2,2 


» i \’ has x? (n) distribution. ] 
k=1 
5, The Cartesian co-ordinates (X, ¥,Z) of a random point 
moving in space are mutually independent, each of which is 
normal (0, 1), Prove that the square of the distance of the point 
from the origin is x? — distributed. LC. H. (Math.) 75 | 
( Hine : See Theorem 9.2.2. } 
6. If the joint distribution of X and Y bea bivariate normal 
distribution with parameters m,, m,, oz, oy, p, then find the distri- 
= —S as ‘fame a my +Com) | 


> 
If 
oy 


bution of af 


- [ Hint: We know that = Seat LF § it 
Te V1 —p2 
are independent standard normal variates see Examples VIII, 16]. 


Then (Yama)? 1 = 
«3 1—p?2 oy 


LU If X,¥.Z are mutually independent standard normal 
variates, find then value of 


P(X?+Y?4+Z?-XY-YZ-ZX > 48285). 
[Hints Pp (X?+Y¥24+Z?-YY-YZ-ZYX > 48285) 
v3 , 


Oy ( 


> ¥\. 
p | is a X? (2) variate.] 


=P (x? > 3-219) 
Where by the Theorem 9.2.4. 


X= K2pypr2472_(X+V+Zy’ 
(aa 


> 


has x2 @ diese: e 
distribution with 3—1= 2 degrees of freedom. 
MP-49 : 


626 MATHEMATIOAL PROBABILITY 


Now from table II ( appendix ) we find that 
x?. 0-202 = 3219, 
Hence,the required probability is 0:20. ] 
8. Let X,, Xs, Xs, Xs be mutually independent ‘ 
normal variates. Find the value of 
P{ MitXyt¥s 
VEX X2)P +X -2 Kot X) +X eS 638) 
[ Given t9-39)3 = 1°638. ] 
{ Hint: Here X¥,+X,+X;, isa normal (0, v3) variate, 
X,-X9 x, —2Xo+X, : X, 
/2 76 
Further it can be shown that 


anda, 4 


Also are standard Dorma 


Variates. 
X,-Xq X,-2X,+Xs 


v2 J 6 


a 2 a 5 
Oyo Al rir, -2 Ko tXs)?+X4* = (say jis, 


,X4 are mutually ‘iNdependey, 
variates. So 


x2(3) variate. 


T= XitXot Xa 
oy ea — Xo)? +3(X, — 2X g+X3)7 +X 4? 
XitX,+Xs, 

nn. 


‘So 


3 
Sena is a standard normal variate and V isa x" (3) 


variate and it can be shown that sans V are independent. 
v 


So T has t-distribution with 3 degrees of freedom. 
Hence the required probability is 
P(T < 1°638)=1-—P(T > 1-638)=1—0°10=0°90. ] 


9. IfX is an F(m, n) variate and Y isan F(n,m) variate, theo 
prove that 


AX > a)+P(¥ > “)=1 where a > 0 


| 
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[ Hint : AY> ;)=1-P¥ <3)=1 “P(E >a). 


1 isan F(m,n) variate, so that 
Now 5 | 


627 


B etictecte « 
yon be identified with XY. 


1} 
Hences PX > a)+P(¥ > a) "PX > a)+1-P(x 5 a) 
=P(X > a)+1-P(X > a)=1. } 


10. Wf Xi, Xa Xn are mutually independent Ror 


Jo ts 5 mal (0, ¢) 
yasiates, theo find the distribution of the sum of their squ 


ares, 
[C. H. (Math.) 64, 66, 63 ) 
Xe ? 
+9 => Ore mutually independent Standard 
XTX? +--+ X,2 
03 


cormal variates. Then is 8 x(n) variate. 


Let y=4, where X¥=X,9+X,?+...4 y,8 
Then we get, X=o07Y where Y is a x(n) variate. 


yariables we have x=o7y, 


Then Bao? > 0 for all y. 


In real 


So the probability density function f,(x) of X is given by 


filxd=F, faly) 
-¥(y\27! 
or, falz= | NG &) ify>0 
* 2rG) 
5 x 57! 
dr; ie (35) 


————_- ifx>0 
2p(" ' 
_ ark () 
Which gives the distribution of X=X 24+ XP 4---+Xq%. | 
i, 


If X,X+Y are respectively x?(m) and x3(m+n) variates 
and x, 


¥ are independent, then show that Y is a x?(n) variate. 
[ C. H. (Math, °69 ) 
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{ Hint: Characteristic function dysy(t) of ¥+'y is Riven 

byer(t) Ele - tT) = E(et'*)E(e*'?) 
" | 

or, dyer) = bs(Hibr(l)- 
-"3" | 
Here dy,y(0) = (1 — 20) 

_m 
$yif)=(L—2i0) 7 


So oy(t)=(1—2it) 2 which is the characteristic ¢, 


Pea: Ret} 
of a x?(n) variate. | " 


12. If x,?, xg are independent x?-variates with », and 
degrees of freedom respectively, then find the distribution of 


x 2 r 
ee C. H. 
x? x? 
_ m- fe 7: 
( Hints: Here x2 isan F(m, n) variate. So writing Xe 
So Xf 
nm — 


fn 


x? rm : : 
and rat we find Y= 7 ¥, where X is an F(m, n) variate. Thes 


2 
the probability density function /y(y) of Y will be given by 


feiv)= | F | Hx) where 


. 3, 3.07! 
frlx= —_— 2 a if x>0. 
Bie sim +a] 
“3 mint(Z}F~ 
So fr(y)=— = if y>oO 


"a yoo 


which determines the distribution of Fart | 
: Xe 


13. Show that the variance of the ¢-distribution with a degre 
of freedom exists if and only ifn > 2 and that its value is <5 
{ Hint: 


See § 9°3. 1 


Co. Hw. (afar) 
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the Cartesian co-ordinates (¥, Y, Z) of a random point 

: qutually independent standard normal Variates, then 

. space + tbe square of the distance of the origin from the foot of 
a 


14. 


bow th adiculat from the random point to the plane 

wd Pe scot 2 +m? +n? = 1), has x? distribution with 2 degrees 
ptm? 

¢ freedo™ 


if Xv Xer Xs X,,¥5 are mutually independent normal 
a jates then find the value of 


ar 
0, 4) ¥ aX 247,3 X27 +X 3 ¥ 
Answers 
+i) 11:795, (ii) = 11°690. 
3, 50, 10 
7. 0°20 
15. 0°70 
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CONVERGENCE OF A SEQUENCE 9 
RANDOM VARIABLES AND Limry 
THEOREMS 


40.1. Introduction. 

“If for each positive integer 1 a random variable X, is defin eel fap 
given event space S (same for each n) with respect to a given clas, 4 
events A and a probability function P: AR , then we say thy 
X,Xsp-e Xn pe isa sequence of random variables and as in analysis 
we denote the sequence by {X,]} - 

From practical point of view the discussion of a random variable X will 
be highly significant if it is known that there exists a real constant a for 
which P(|X-a]<e€) ~ 1, where € (> 0) is sufficiently small, that is,i 


is nearly certain that values of X lie in a very small neighbourhood ofa. |. 


Fora sequence of random variables (X,} , each X, may not have the 
above property but it may happen that the aforesaid property (with 


respect to a real constant a ) becomes more and more distinguished as _ 


n gradually increases and the question of existence of such a real 
constant ‘a’ will be answered by the concept of convergence in 
probability of the sequence {X,}. 

Again the sequence (X,} may be such that as n gradually increase 
the distribution function F,(x) of X, may more and more resemble to 
the distribution function of a particular random variable and the 
question of existence of such a distribution function is re 


~. Concept ‘convergence in distribution’ of the sequence {Xr} - 


Besides the above mentioned two modes of convergence, pan 


» other modes of convergence of the sequence {X,] . In this chapter We” 


; 


= 


2 
= 
a 


4. 
irr, 


=: Large N telated to the modes of convergence (i) and (iit) re 


Ht hi = ap a! a types of convergence of a sequence 
) Convergence in probability, 
| (ii) Convergence in mean square, 
a Convergence in distribution, , i 
uve will conclude the chapter discussing some fundamen wal 
nge Numb : (Weak Law ; ; oe orem, 3 ra 
"2 ae eve theorem and ion ei es ener functio® 


t 
“tT | 


lated to the |) 
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the next section we shall prove some important inequalities of 
igs the most.important is Tchebycheff’s Inequality "which will 
used in proving many theorems on convergence in Probability. 


10.2. Some Fundamental Inequalities . 


A. Theorem 10.2.1. Tchebycheff’s Inequality. 
ifX beany random variable having finite variance o ( and hence having 


finite mean m ), then forany €>0, 


co 
P(|X-m[2e)s7.- (10.2.1) 
Proof: Case I . Let X be a discrete random variable, 
Then P(|X-m|2¢€)==z fi (10.2.2) . 


Ix,-mle2e 


where P (X = x,) = f,, x, being a point of the spectrum of X. Now for each 
x, satisfying |x;-m|2e€ ,we have 


(x,;-m)? 
e2 ol, 
| 
so ps fi, since f,20 
for all x, satisfying |x,-m|2e. 
Therefore bY i d —m)* f; 
—— 3 =e G mh 


BS = xy (x;- my f,, 
Ee is-« 


since (x, ~m)? 20 for every point x, of the spectrum. 


But x (x;-m)*f, = variance of X=o". 
Therefore 5 OT 
RS e 


Hence from ( 10.2.2), we get P(|X—m|ze) s &. 
Case II, 


Here 


Let X be acontinuous random variable. 


PUX-mizey= | andr, (10.23). 
Ix-mze bas 


nas? « aks 
fre f(x) is the Probability density function of a 3! 


tee, © S ¢ 


41 


1 2 es 


‘ 
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“Now| x= m[Ze exe (=0,m-E]U[mte S00), 
Therefore ‘pUX-mlze)= f fix) dx + ‘a fix) dx, 
Now ams whenever | x —m|2€ 

- fahe=m for all Raho te ET mee 


‘since f(x) >0 forall, | 
- — 2 7 
Therefore | fix) dx < | — 


f fix)dx s 


mt+e 


Hence from (10.2.4), we get 


P(IX—m|ze)s | Gam fay dx+J Gam fx) de 


and jf Gam f(x) dx. 


| 
| 
| 
| 


i 
s J fmt fa) dx+ | Gam fx) dx +f am fx) de, | 
since J Gam fa) dr20 
Therefore P (| X- 1 f 2 a 
mize)s 5 (x -—m) fix) dx= a: 

Hence the inequality, ~ 


Cor. If Wis . ie 
(10.2.1), tbe any positive number, taking €=0 t > 0, we get fro 


P(1X-m|201)< 


o -2 
oe 


OF, 1-P.(IX-m)<ort)<q-? 


OF, | 1024) 


4 PUX-mi<or)>1~4-2. 


= eee a eee 
= a 4a 


Uae 
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x. Ordinarily, the distribution of a random var 
aye obtain any probability connected to the ay Hiro 
erin Tchebycheff’s inequality, we get an upper bound for the 
ability that the deviation of X from its mean is at least ¢ units in 
da *f variance of X and €. No assumption on the distribution of X 
veviade other than that it has finite variance. In other ‘words 
H ebychelt’s inequality indicates that irrespective of the shape of the 


., & 
density curve P(m—e<X<m+e)>1—"y, that is, the probability 
that X takes values in the interval (m—e ,m+e) centred at m is close 
tol, provided © is sufficiently small. 
B. Theorem 10.2.2. Let g:R—+R be a continuous function such that 


g(e)20 for all x R. If X be a discrete random variable and if E (g (X)} 
exists, then for any € > 0, ) 


P(gxy2 e}s=1k 0} 
Proof: Here X is a discrete random variable. 
Then E(sQOl=z SADAtE 8 Xfi, 


where P.(X=x,) =f; , x; being a point of the spectrum of X . Since 
s(x) 20, f,20 for all x,, we get 


E(g(X2 ESM e E fmeP(g(X2e). 


(10.2.6) 


Therefore,P( g(X) 22) s =D), since e>0 


Note. The inequality (10.2.6) can also be proved for a continuous 
Variate if We use the concept of Borel measurable function and 
heats) Stieltje’s integrals (which is beyond the scope of this 


Be, In particular if we take the non-negative function g: RR 
that g(x) = (x—m)?, then replacing e by e? , we get from (10.2.6), 
P{(X-mypeze } Ht | 


ne the event “( X—m )? 2 €2” implies and is implied by the event 
™|2e", we get Tchebycheff's inequality 


P(|X-mjze)s& 
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jdering the non-negative function g:R 


‘or.2. Cons ~R 
att where r>0 and replacing € by (£20) we gag 
g = , . 4 
‘i E(IX1) | 

es ee) SS 
E(1X1) ! 
ot, P(X] 2€)S—gr—- (10.2 
C. Theorem 10.2.3. Let g : R—> R be a non-decreasing function sy 


=m, here X is a rand . 
that x)>Oforallxe Rand E(X) m, W. i 
Pret x_m|)) exits, then for any €> 0, —_ ay 


Elg(X-mj)) 
P(|X-m| 2e)s g(e) 


Proof: Case I. Let X be a discrete random variable. Then 


(1029 


E(gIX-mI= Eg (lxi-mI fi 
where P(X=x,)=f;,x; being a point of the spectrum of X. . 
Therefore, E(g(|X—m|)} 
= EZ sllanmi fit 


laos [xj-m|<e 


g(lxi-m Df 


> g(lu-mI)fi, 


la-mlze 
since f,2 0 for alli and g(x)>0 for all x. 
Since g(x) is non-decreasing, 
|x-m|2 € implies g (|x;-m|)2 g{&)- 


ThereforgE (g(|X-mj)}2 g(e) Lf 


|xy-m|ze 
= g(e)P({|X-ml|2e)- 


). 
Elg(X=-m)} sinceg(*” 


Therefore, P (| x— : 
ore, P (|X-m|2>e)< 2(€) 


‘ 


[: 
5 


¥f 
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I. Let X be a continuous random variable with Kix) as its 
: scbability density function. Then . 


E(g(iX—ml)}= J -g(x-m|) foxyde 


e J g(Ix—m|) fix) dx + f 


|x-mlze Iz-m 
> J 


[x-m[ze 


&(lx-—m|) fix) dx 
I<e f 


g(ix-m]) fix)dx, since f(x) 20 and g(x) >0. 


Now since'g (x) is non-decreasing, 
|x-m|2e implies g(|x-m]|)2 g(ce). 
Therefore, E(g(1X-ml)}2 g(e) J fxydx 


Ix-ml2e 
=P (|X-m|2€) g(e) 


E X-—m 
Hence, P (| X-—- 2€ < ElgUX-m)))} 
eo gee) 


‘ 


‘sines 7(€)>0. 


D. Theorem 10.2.4. (Generalisation of Tchebycheff's’ inemality). 1 X 
possesses a finite second order moment about c , where c is any fixed number, 
then, for anye>O. 


P(|X-cl2e) < steer (10.2.9) 
Proof: Case I. 
Let X be a discrete random variable. 
Then PUX-clzey=E mz (10.2,10) 


Wh 
"wP(X=x;) =f, x, being a point of the spectrum of X . Now for - 


each x sate. a ed a 
~ Ix-clze, Ga >} and so fs OF 5, 
fi20, for all x, satisfying |x;-c|2€. | 
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z (-0)'f, 


Ix,-cl2e 

LE Hi-fi, 
i (024, 

very point x; of the spectrum of x. 


nce (4-0 zone 


. t 
Case Il. 


wee PUX-e12e) = 4 Soat 
where f (x) is the probability density cane of X. 
Now |x-cl 2 impiies and is implied by Fe (~m,¢24 
u[cte,@) - 


Therefore, p(|x-clze)=), f(x) dx+ Jof(xpax. (10213 


Gte 


cre 


Now (=O 5 whenever |x-cl2€.- 
_ 2 
forallre (-,c-e]U[ct+e,~), since f(x) 20 forallz. 


coe ee _ rp) 
Therefore, ] faxes J BAS F(x) dx 


and [rar sf Gao F(x) dx. 


cae c+e 


Hence from ( 10. 2. 13), we get . 
P(|X-c|2e) s j Ge geyax +f SSP Ree 


—% “ : id 2 7 
sf et ka yacef = sF fx) ae + fe sae 


qian [Sach hey areo. 


zy 


te 


os, 
a | 


pe 
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ore 
Therefore, P(|X-cle2eys a J wc) fix) dx 


-E((X-c)} 
ec 
Hence the inequality. 
03, Different Types of Convergence of a Sequence of 
Random Variables. 


A. Convergence in Probability. 


Let (X,} be a sequence of random variables, where each X, is 
efined on the same event space S with respect to a sively Glee uk 
subsets ( of S) as the class A of events and a given probability function 
p:A— R. The sequence (X,,} is said to be convergent in probability to 
areal constant 2, if for any € > 0, 


lim P(|X,-a|2€)=0 (10.371) 
or equivalently, . 
lim P(|X,-al<e)=1 (10.3.2) 


and we write X, => a as no, 


The sequence { X,}. is said to be convergent in probability to a 
random variable X (defined on the same event space S) if for any 


e>0, lim P(|X,-X|2€)=0 (10.3.3) 
or equivalently , 
lim P(|X,-X|<e)=1 (10.3.4) 


and we write inp Xasn ve, 


where "|X,—X|<e" denotes the event: 
{o:@eS and |X, (@) - X(w)|<e}. 


: = “ingle real constant a can be regarded as the only element of the 
of a random variable, say X,°, defined on S and-so 


X,(W)=a forallae S. 


c=, 


MATHEMATICAL PROBABILITY 
638 


GRP cs " can also be : | 
Then the event "|X. 41<® © EXPressed ag 


)-X,(@)1<e} 

@:0e $ and |X,(@ 

sis can respectively be expressed as 
lim P({X.—-Xol2€)=0 


and lim P (| Xs-Xol<€)=1. 
definition given in ( 10.3.1) or (10.3.2) can 
. gaa case of the definition'(103:3) or (193 8 
convergence in probability of a sequence (X,} to a real constany, na 
also be regarded as convergence in probability to a rang a 
X, whose spectrum contains the only number a. 
From now, in mentioning a sequence {X,}, the event s 
class A of events and the probability function P:A-+R 
mentioned and these are understood to be given. 


B. Convergence in Mean Square. 
Asequence of random variables {X,} is said to be convergent j 
square to a random variable X (defined in the same event space 5) es 


i-e© 


provided (i) E(X?) exists, 


and so (103) 


OM Variabj, 


Pace $ , the 
Will not 


(i) E(X,,) exists for all n, 
and we write X,——> X_ as n—0, The random variable X is called 
the limit in mean square of [(X,] . 
C. Convergence in Distribution. 
Let { X,} be a sequence of random variables, where F,(x) is the 
distribution function of X, for n=1,2,3,... If there exists a random 


variable X whose distribution function is F(x) such tt 
lim F,(x) = F(x) at every point of continuity x of F(x), then { X,} 


said to be convergent in distribution or convergent in law to X and 
we write 


X,——>X as no 


L 
of X,—— X\.as nn. 
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ks. (1) In real analysis, a Sequence 
) to converge to a 


pemar (x, } is said 
|, if corresponding to any € > 0, ; i 
Caen —I|<e foralln>N 5 the above dearest, 
if bability of a sequence of ce variables (X_ } toa dihatints seca 
“othing about the convergence oF the random variable X, to‘a’in the aa) 
as we understand in analysis. The definition (10:31) does not im a 
vrevery £7 0, wecan find a positive integer N such that ply that 
|X,(@)-al<e forall non 
gatisfied for every WE S . — 
ct convergence in probability implies 
eis P(|X,-a|2€) tend b oe els aoe 
observation holds when a sequence of tandom variables (X,) 
erges in probability to a random variable X, ? 
(2) From definition (103.1), we observe that ifn is 
P(|X,-41<€) = 1, that is, the event "|X,-al<e’ is nearly certain, 
Now € can be chosen very small Then the event 1X,-a]<e’ can be 
interpreted as the event ‘values of X, lie very close toa’. So a> a as” 


is 


conv 


very large 


nye implies that as n increases P(|X,—a|<€) gradually approaches. 
jand we become more and more sure that values of X, lie in a small 
neighbourhood of ‘a ’. a 
Theerem 10.3.1. If Lt u,,=1, then U;a—> l asn>0, 
een In p. 
Proof: Here for every n, u,, can be regarded as a random variable with 


one element u, in the corresponding spectrum. Let € > 0 be any real number. 
Since Lt u, = 1 , there exists a positive integer m such that 
|u,-1|<eforalln>m. 
Now theeyent {@: we S and | u, ()—1|<e ) isthesameastheevent 
‘\u,-I|<e’ which is here the certain event S for all n > m. 
So P(@:qwe S and |u,(w)-I|<e} 
P(|u,-I|<e) 
P(S)forall n>m 
1 forall n>m. , . 
Necels | P{w: we S and |u,(@)-I|<e€}= 1 forevery €>0. 


So 


uun——>]1 a 
n inp ! as n—>oo, 
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2 
chegeems 1USd Fa Bitimhe, th, Xray 
nape, that is, compergence in mean square implies co, P “ & 


probability Reg 


. a 
proof: Here E { (X.~ X)*) exists for all n and lim F(X x) 
isation of Tchebycheff’s inequality, ¢ *0, 
Then by generalise E((X,-X)*) an: 4 ah 
have P(|X,-X12€)S e : 


Then we have _EUX.-xy 
OSP(1Xe—X120) Sh soe ay 


EK XP) 
where ie, ee 


Hence, lim P(|Xa-X2€)=0. 
Therefore, Xap X asn7o. 


Remark. The converse of Theorem 10.3.2 is not true. We consider th 
sequence of random variables {X, } defined by 


X,=0n with  P(X,=0)=1-—, and PXp=n)=5, 
Then B07) =0,(1 Fs] = 140. 


Therefore, E(X,?) does not tend to zero as n —<e, which imple | 
that (X, ] does not converge in mean square to 0. Again for any €>0, 


P(|X,|2€)=P(X,=n), ifO<esn 


=0 if e>n 
or, P(IXel2€) = if O <esn 
=0 if e>n 


Therefore,P (| X,|2€)—»0.as n— and hence 
X,—— 0 asnoo, 
inp 


Theorem 10.3.3. Let {X,.} be a sequence of random variables such 5 
Xy—> X as nye . Then E(X,) —> E(X) and E(X, ) > E®) 


Noo, 


Proof: Since X,——> X as n— oc, we have 


36) 
E((X,-X?P}—>0 asn—oo . ue 
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sical E (X*)- (E(X) }? = E((X -— my} 20, where m= E(X). 
dom variable X, E(X*) = (E(X) }? if E(x*) ex} 
sofor ary variable |X| we get (X)exists. Then 
E(XI722(EAXI)P 
nati, EUXD < VE(X’) (10.3.7) 


Now [E(%) — EQOI= 1 EM%n— XS (1 Xqn— XI), 


by the property VI, p. 
< VET = XT Pe tan. 
hus 0S1E(X) — ECOL S VETX, = XP} 
where Lt E{(X,-X)} =0. 
therefore, Lt | E(X,) - EX) |=0, 
or, E(Xx) > E(X) as n>. 
Again, Xn? =(Xn—X)?+ X*+2(Xy—X)X. 
Therefore, E (X,?) = E ((X, — XP} + E(X?) +2 E ((X, — X) X}. (10.3.8) 
Now by Schwarz’s inequality 
|E{X (Xa—X)) |S VE (X4) E((X,- XP]. 
Thenby (10.3.6), E{X(X,-X)}30 as n30. 
Therefore,from (10.3.8), E(X,7)—> E(X*) as noe. 
10.4. Some Results for Convergence in Probability. 


Theorem 10.4.1. If X-——> a,Y,7——> b asn-~-, then 
: in p mp 


(i) X,-a——> 0 as n~, 
in p 
(ii) cX,—>ca as n-+-,c being constant, 
(ii) X,tY,——> atb asno~, 
in p 
i 2 ae 
(iv) X, ac @ asn—oo, 
(?) X,Y,——> ab asn-0, 


Xn 
my inp. 


Proof: (i) Put Z,=X,-a. Forany €>0, 
lim P|(Z,-O|<€)=Lt P(|Xn-al<e)=1 


nw# 


; asn—ec, provided b#0. 


os @ as noo, 


MP-41 


\ 
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. | 
Therefore, X, a inplies 2, >> 0, thatis, Xa, ; | 
aie Pe | 
(it): Ifc=0, for any e>0, 
P(|cX,-cal<€) =P(10X,-0a|<e). 
Now |0Xa-Oa|<e is satisfied for all wes | 
|0X,(w) — Oa |=0<e forall me S. + Since 


| 

Therefore, |OX,-Oa|<e =S, and hence P(10X,~0a|<e)<) 
foralln. ESL | 
Therefore, Lt P(|0X,—0a|<e€)=1 | 


Therefore, XeFo >> ca as n> © if c=0. 


_Ifc#0, forany €>0, : 
P(\cX,-c2|<€)=P (|Xa—al<7) >] as N—-oco, 
whenever X,7>-> a asn— oe, This again implies that | 


cX, .. > Ca asn—o. | 
t in p 


Thus ap ca. as n—>eo for any constant c whenever 


Xx aasnoo. | 
mp 


(iii) Let e be any positive number . 


Since X,=—> a, Y,=——> b as n>, we have 
in p in p ) 
lim P(IX.—al25 )=0 (10.4. 
and ‘im (10.42) 


lim P{1Ya-b125 =0. 


ae 


Ee, 
Let A,,B, and C, denote respectively the events 1X, 41<3, ' 
IY,-bi<S? and 4(X,+Y,)-(a+b)|<e’. 
If A, and B, happen simultaneously, then ms 
1(X,+Y,) = (@ +b) =] (X, a) + (Y, - BS] X,—a ttl Ya 
Thus A, B, implies C, , that is, we A, B, => @€ Cr- 
Therefore, A, B, C, _ 
or, A,B, 2C,, thatis, C, ¢ A,B, =An+ Bn: 
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GENCE OF A SEQU : 
coNvER ners 
pC.) & PlAn + Br) = PCAn) + PCB») — POALB,) 
qrerelor®: < P(A,) + P(B,) - (10.4.3) 


4. B, and C, represent respectively the events 
7" 
Now “x i 


4Y,-b125 and | (X,+Y,)—(a+b)|2e°. 


£ 
X74 129 
from (10.4.3), 
= OsP{|(Xn+Yn)—(atb 12} 


€ € 
sP(iXe—al25 }+P(I%e-b125). 


Therefore, proceeding to the limit as n> - and using (10.4.1), 


(104.2) we get 
lim 


Inother words X+ Yn Fn” a+b asnoo. 


P{|(Xn+Yn)-(a+b)|2€}=0 for every €>0. 


Again,let D, denote the event ‘\(X,-Yn)-(@-b)|<e’. 
Now if A, and B, happen simultaneously, then 
(X,- Yq) -(@-b) l= 1 (Xn 4) — (Yn - BY S| Xn- A141 Yn- bl <e . 


(10.4.4) 
Thus A, B, implies D,, . 
Then proceeding as above , 
P(D,) S P(A,) + P(B,). (10.4.5) 


Now D, represents the event ‘| (X, — Y,) -(a—b)|2€’. 
Hence from (10.4.5), is 


O<P{|(X,-Y,)-(a-b)|2¢| 


<P(IX,-a125 |+P(I¥,-b125 }. 

2 a 

Fenceproceedi \8 tothe limitas n —> oo and using (10.4.1) and (10.4.2), we get 
lim P {| (X,-Y,)-(a-b)|2e] =0, 

Weeden 7-3 a-basn oo. 


LY finite ag of finite induction, the result may be extended to 
aad Sequences of random variables. 
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(iv) We first note that if Zinp 0 as N+, then 


2——> 0 as n->~,Si 
Z, np Since for any e>9, 


P(|Zn21<€)=P (1 Zn1< YE) > Lasn >, and this j 
Z.2.—> 0 asn—o , whenever Zn7-—> 0 asn- 
"in in p oo 


™Plies thy 


Now Xq2=(Xn—a)? + 2a(Xn—@) +a? = Zn? +202, + Q 
where Z,=X,-a. (1044 


n—> 0, Z_,-—> 
Now when Xnt > a as Zin 0 a5 n-ye, 
na 0 as n—co, since Z,——~> 0 
Also an ip? 0S tae, ay 
a, —>  @asn>@. 
in p 
Further it has been proved that Z, rag 0 as no, 
Hence. from (10.4.6), using (itt) (for finite number of Sequences of 


random variables), 
X,2.—> 7 as Nn. 
in p 


(v) We have Xq Yn=3l Kut Yo)? a= Yo) 


a4 (Zn2=Ta?), 


where Z,=Xuat Yue Ta® Xa- Yn- 
Nowas Xac—— 4, Yr 4 as _n — 0, by (iil) we get 
in p in p 


Ze—> atb,T.—— a-basn-°. 
in p in p 


Therefore,Z, * > (a+b, T.2—— (a — bytas n> ~by (th | 


Therefore,Z,?-T n° inp (a+b -(a-byP = dab as 
Therefore (Z,2-T, 257 9b asn- by (i). 
4 inp 


But q(Z2~Tr a) a Ny Yu 


Hence,X, Yn 7 ab, as no. 
in p 


gince |b + ( 


noaeby (it) | 


NCE OF A SEQUENCE OF RANDOM VARIABLES 


for any given e> 0, let An, Bs represent respectively the events 

(vf) 11 . 

pybi<ibl’, Ly glee” 

1 1) _|Yacb| - eel 

Now, y, b' * bY |b||b+(Y,—b)| 
Y,-6b 


s$ ’ 
jb] |1bI-1%n- Ol 


y,-byl2 [1bIH1%a- 2 
occur simultaneously, then 


(10.4.7) - 


fAn and Br 
iota Bila) 81s1% 1 , since| Y,—b|<|b|, 


and so by (10.4.7) . 


i 1 
__1Ys-bl _ aj tif 
[b| (1bI-1¥n-81) ly, b| . 


V¥_— bl ze bl? El PI Ya— bl, since |b|-|Y.-5|>0 
or, 1¥-bl(1+elblzelbl? 

21 
or, lye b 2 eel ae’ (say). 


or, 


1+e|b| 
SoifC, be the event ‘| Y¥,—blze"”, we get 
Ay BEG: 


Therefore, B, =A, By + As Ba Cat As: 


Therefore, 0 $ P (By) SP (Cat An) SP (Cy) +P(A®)- (10.4.8) 


Newsine Ter b aso, 


P(C,)=P({Y,-bl2e)— Oasn3 
and = P(A,) = P(|Y,—b| 21 b]) 70 as ne. 
Then from ( 10.4.8), 
P(B)=P( iy = Flee | 70 asn—»eo for every €>0, 


Yeinp 6 


asn—-oo, 
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a 


Y, in p b 
Theorem 10.4.2. If XuT DO? # aS ne 

in p and g2 Ra. 
continuous function, then sap 84) as n~0, a 


Finally, asn—+ by (v). 


Proof : Since g is a continuous function for 
continuous at x=a and so for any € > 0, there exists as 
| x—a|<dimplies | g(x) — g(@)|<€- 25305 
Hence] X,(@) — @ | < implies | g { Xn(@) } —g (a) |<e, 
that is, the event ‘| X,-2|<5’ fin pliss the event Ig(X,)- ~9( 
a ’ 
. Therefore, P (| X.—@|<6) <P (1g (Xn) -—g(@)|<e} NR 
or, 1-P(|X,—a]25)<$1-P {lg (X,)- —g(@) lee} 
Therefore,0 <P (|g (Xx) — g(@)|2€} SP (| Xn—a1 28). (104 
Now since Xp aasn—-o, a 


ER, it; 
uch ty 


lim P(|X,-@|25)=0 


Hence,proceeding to the limit as 1 — ~ , we get from (1085 5 
lim P (1g %) — -g(a)|2€}=0, 


or, (Xn) inp” g(a) asn—>o. 


Theorem 10.4.3. If Xp X-asn—>@, then X,-*> X asnse, 
vergence in distribution. 


functions of X,atd 
we have 


that is, convergence in probability implies con 


Proof: Let F, (x) and F(x) be the distribution 


X respectively. Now for two real numbers 2’ anda witha’ <4, 
(XSa’)=(XnSa, X80) + (n>, Xa’). 
Again (X,S$2@, XSa’)c(XnS4)- So we get 
(XSa")C(XeSa)+ (Xu, XSa’). 


theta? (Sd }EP(CHSS) *(%07 8” 20 
rent, <P(X,Sa)+P(Xn>4, X<a’) 
, ite, F(a) S Fela) +P (X>@, X<a’). 

1 No GE, >a, XSa’ occur simultaneously, 


(10.4 
then xiodeket 
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xsa’) => @E(Xn-X>a- a’). 


—~X>a- ae re -X|>a- a’), 


gain ie “tx 
ete sis eye tiee X|>a-a’). 

refore, vga’) SP (1Xe- X|>a- a): 

is >a, X80 SPU %a— X|>a-a’). (10.4.1) 


np Xasn— oo, we get 


ence fom (104.11) we Bet 
lim P(Xn>4, 


bao 


Now from (10. 4. 10) we have 


a X<a)=0. 


ere = ‘fim P (X,>a,XSa’) 
=lim P(X,>a;7XSa’') 


nyo 
So we get lim F,(a) 2 F(a’) , where a’ < a. 


Similarly, considering the events ( X, Sa) ,( XSa" . 
and noting. that ( ; ),( Xa”) ,;where a” >a 


But 


. . (X%,S$a)=(Xsa",X,Sa)+(X>a",X,Sa) 
wefind that F,(a2)< F(a” )+P(X>a", X,Sa), 


where lim P(X>a", X,Sa)=0 


andconsequently we get fim F,(a) $ F(a”). 
Thus, for a'<a<a”wehave . 
, (@) Slim F(a) <'fim F,(@)$F(@"). (10.4.12) 
© know 
etumerable that the set of points of discontinuity of F is at most a 


Ow 
let Pe Continuous at a. 
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i (7’) = lim F(a”) =F(a). 
Then Li F(a’) para e (a ’) (a). So from ( 104.45 ! 
tim F(a) $ lim F(a) S TRF) Slim pag 
d7a-0 —~a49 (a), 


Therefore F(a) $ lim F,(a) $ fim'F,(a) < F(a), 


Hence weget ‘lim F,(2) = fim F,(a) = Fa). 
So lim F,(a) exists and is equal to F(a). 


n7# 


Now a can be chosen arbitrarily such that F is cont; 
Hence we can write lim F,(x) = F(x) at every point iad 
cree of Contin 
of F. 
So X, ~“> X asne. 
Note. The converse of Theorem 10.4.3 is not true in general, 
X,«*> X does not imply Xp X as n —> e in genera), For ay 


consider random variables X, X1, Xz... having identical distss «: 
where the joint distribution of (X, X,) is given by bit, 


If F,(x) and F(x)-be the distribution functions of X. #4! 
repectively , then 
F,(x) =F(x)= 


=i, x21. 
Therefore, Lt F,(x)= F(x) ¥ x, thatis, Xe“*X ast?" 


| 
| 


| 


j 


GENCE OF A SEQUENCE OF RANDOM VARIABLES 4g 


co! 


Pl! 


=1) im 


x,-X1> JBP(I%e-X1=1), [since the event 


1 
plies the event (| Xx—X1>5)] 


(1% = 
=P (X,=0,X=1)+P(X,=1,X=0) 


p(1%-x1>3 }* 0. 

wig en does not tend to X in probability asn 0. 
snus X-2> X does not imply + j,5* X asn > in general. 
Tchebycheff’s Theorem, Bernoulli’s Theorem, Law of 


Numbers. 

Theorem 10.5.1. Tchebycheff’s Theorem : If (X,} be a sequence of 
random variables such that for any n, X, has afinite mean m, and finite 
standard deviation 0 », then 


X.— M2 ~—Oas n>, 
inp 


10.5. 
Large 


lim 6, =0. 

E(X,—m,)=0 and 

var (X, —m,) = var X,= es; 
we have, by Tchebycheff’s inequality, ; 
OSP(|Xe-m,|2€) S = for any €>0. 


provided 


Proof: Since 


Now since 6, > 0 as n — ©, we get 
lim P(|X,-m,]2€)=0 foreverye>O, 


r= 


which implies that X_— m,=——> Oas n=. 


ha Note . If, in addition to the condition of the Theorem 105.1, we 
ve lim m,=m_, then from Theorem 10 4.1 (iii) and Theorem 103.1, 


iw 


Ww 
Ried i m asn—oo. 
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Theorem 10.5.2. Bernoulli's Theorem . 


5 stg 8 : X, 
If X, isa binomial (n ,p) variate,, then teen P as ache. 
Proof: Let Y. =%. 
Since X, isa binomial (n, p) variate , 
E(X,)=np and var X =np(1-p), 
1 1 
Then E(Ya)= 7 E (Xi) =" .np=p, 


and var Ya=var (32 ]=-5 varX, = "20=P) =p), 
n 


Let € > 0 be any given number. Then by Tchebycheff’s in 


== p(l—p)_ 
Therefore, 0 < P(|Y,—p|2e) < pO. 
Now Lt PtP) =o, 


Therefore, Lt P(|Y,-p|2e)=0, 


or, Lt P{| 2-plze]-o. 


ne 


Therefore, —— p ano, 

n inp 

Note . Bernoulli’s theorem provides a logical basis of the frequen 
interpretation of probability. Let E be a given random experunent 


Jet A be ar. event connected to E. Let E be repeated n times under | 


identical conditions. Then we get n independent trials of E and rer 

trials form Bernoullian sequence of n trials if we consider the sid | 

as ‘success’ and the event ‘not A’ as failure. If X, be the pi 

variable denoting the number of successes in this case, M° 
: . Xn’ X, is a binomil 

frequency ratio f(A) of the event A is 7 Where An 

(n ,p(A)) variate. Now by Bernoulli’s theorem 


Xe is P(A) asn 7°. 
n inp 


equality; 
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cONVER 


the definition of convergence in probability we can 


om 
Then fr ent "values of as lie in a small neighbourhood of P(A)" 


state that the ev *\ 
y certain if nis very large. So if n is very large, the event ae 


ele almost certain that is, f(A) = P(A)’ is nearly certain if ris 
1S 


So, by Bernoulli’s theorem , we get a logical basis of the 
very large: srpretation of probability, which states that f(A)= P(A) 


itnis very large. 


Theorem 10.5.3. Law of Large Numbers. 


1 (Xq} be @ sequence of random variables such that 
ee wees has a finite mean M, and a finite variance B, for 
‘ Sn—- Mn 

n 


wc Br 
alln. Then inp Oas n> if 72 70 asn—>eo. 


Proof: Lete be any positive number. 


~ 


Now ESM) = (E (S,)~Ma}=0 
n n 
and var | S2—Ms =) vars, = 22. 
n n n 


Now by Tchebycheff’s inequality , 


r(lESM-ol 2} Bn 


=e (10.5.1) 
Bn 


Now by the given condition lim a =0, and so 


ne 


B, 
lim = lim 2 <0. 


awe n? ¢? 2 neo n? 
Hen ; 
“Proceeding to the limit as n — 0, we get, from (10.5.1), 
i Sn = M,, 
(| =| 2¢ |-oforanye>a, 


Which 
Proves that Su-M, 
n inp Oasn—4oo, 
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If for any n, E(X,) =m, M, = m+ my +... 4 
theorem can be written in the altemate form: Ta Me te 9, 
X-m ——> Oas Noo, 


inp 
where Faktht 4K 5, 
n n 
and m= emt tt My 
n n 
Note. The above Law of Large Numbers is 
Law of Large Numbers (W.L.L.N). also known aS He 


Theorem 10.5.4. Law of Large Numbers for Equal Componeny 


If the random variables X,,X2,..., Xn, ... have the same distriys, 
with finite mean m and finite standard deviation o and if X, , X,,.. 
mutually independent for all n , then a 
x—> m 
in { 
gies Feb othe, 
Proof: We have E(®)=* E(X,+X2+--:+X,) 


{ E( X1) +E ( X2)+-+-+ EX) 


bid 


as nN —> co 


=—.nm=m, 
and since X;,X2,---+, Xn are mutually independent, 
var X we (var X; + var X2+°+++var X) 
n 


pila 
w no= a" 
Let € > 0 be given . By Tchebycheff’s inequality, 
o 


— 


= nO 
P(\X-m|ze)S ye’ 


x oO 
Therefore, 0 <sP(|X-ml2e)S 738 
and since lim  =0, we get 

lim P(|X-m|2£)= 


n-v- 


0 for every e>0: 


nave proved the Law of Large Numbets cath 4 
1. We ption that the common 

the assum. jon is not necessary. Itcan be shown that 
fs the condition that mean mt of the common distribution 


es nite 


lim Bx _ 0 in Theorem 
2. He nae 1 


re we note that the condition 


is satisfied. . 
F oe show that Bernoulli’s Theorem can be obtained as a 
e 


Equal Components. We 
of Law of Large Numbers for Eq 
- sequence of mutually independent random variables (Xu) , 
ana X, is a binomial (1, p) variate.Then by the reproductive 
woperty of binomial variates 
Y,= iat X2+0+* +Xn 
isabinomial (n , p) variate . Then for all n, 
E(X,)=1.p=p and var X, =1 .pQd-p)=p(1-p)- 
Thenby the Law of Large Numbers for Equal Components (Theorem 105.4), 
Ys 
n inp 
where Y, is a binomial (n , p) variate and so Bernoulli’s Theorem is 
deduced. 
_Weconclude this chapter by explaining the concept of asymptotic 
distribution and three fundamental limit theorems, namely, the 
oe Limit Theorem, De Moivre- Laplace Limit Theorem and the 
tthecrem for characteristic functions. 


his Asymptotic Distribution, Limit Theorem for 
: acteristic Functions, Central Limit Theorem and De 
vre- Laplace Limit Theorem. 


Asymptotiern:.c 
: PloticDistributicn: Let {X,,} be 


pane. 


that (X,) a sequence of random variables 

With disttibutio a in distribution to the random variable X 
Ction F, i = i 

ninuity that is, Lt Fa(x) = F(x) at every point of 


x : 
ue dna he : — . is the distribution function of X, for 
" has the a Press the aforesaid convergence by saying that 
function p ‘ymptotic distribution determined by the distribution 
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In particular, if X has Poisson dis 
So ; tributi i 
say that X, is asymptotically a Poisson Cariste a Paramete, 
take another example of asymptotic distrih bs Paramete, hy 
terminology explained below. ae Where 
Let {X,} be a sequence of random var; : 
Variab] 
sequences of real cunstants such that s, +0 See, E  {s,} bet, 
n, 
the distribution function of Xa= be : peu 
wis Pr atoms “ n A= (2) fo 
x [ (x) is the distribution function of a standard no ora 
x Tmal var 
_ it ff... Mate ng 
we note = ® (x)= paa! e 2 dt is continuous f 
Xn aa th ° . 
Zo asymptotically a standard normal Variate and in thi 
case, for convenience, we say that X, is as t 
7 n 'ymptoticall 
We note that f, ands, are respectively not necessarily fiche ths 
standard deviation of X, and further we observe that the it 
sense in the statement , is asymptotically normal (t, , s,)’ is Pte 
distributiofi of ae fn ' 
of n and consequently X, is approximately normal (t, , s;) for large 
values of n. | 
We state below an important theorem regarding convergence in 
distribution (without proof) known as the Limit Theorem ¢ | 
Characteristic Functions . . 
Theorem 10.6.1. Let X:,X2,...,Xn,--» be @ sequence of randon 
variables having distribution functions F, (x) , F2 (x) +++, Fa)s-++ ny 
characteristic functions 4 (t), $2(t), «+++ On(#), ++: pisses | 
necessary and sufficient condition that Lt F, (x) =F (x) at every point 4 


continuity x of F is that , for any realt, Lt on ()=9(), where 9() 5 

nee ; istribvution 
coritinuous at t =0 and 6 (t) is the characteristic function of the distribu 
determined by the distribution function F. 


An Application of the above Theorem. ponaianee ee 
Poisson Distribution as a Limit of Binomial Distribu vr 
Let X, be the binomial (n , p) variate, where 0 <P <i an 


. A * then 
positive integer. If >, (f) be the characteristic function of X: | 
where i= FI. | 


Or all], then y 
re 


say that 


is approximately normal (0, 1) for large values 


on (t)=E(e%) =(pe*+1—p)", 
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‘4 SEQUENCE OF RA | 
GENCE OF 
f, 
Now ae (pe'+1-P) 
on ae ; 
a pit, -4 | , where p=np(>0), 
oLt et 41-7 ). 
ae being a fixed positive number 
BL | ay 1) } 
aif {3 ee 
nr it 


n 


{i+ 


since Lt 


nv7e 


[144] =e ifx#0, 


Tad it ; eee 
where the function determined by $ (#) = ¢ ue 71 is the characteristic 
jon of a Poisson variate. Also eM° ~ » is continuous at t = 0. Hence, 
a limit theorem of characteristic functions, the distribution 
Em of X, will tend to that of Poisson- p| variate as n I if 
m=p,-a positive constant and so we can state that Poisson 
distribution can be obtained as ,the limit of binomial (n,p) 
distribution as n > oo, when np is kept fixed. 

At the beginning of this section we introduced the concept of 
asymptotic distribution and in particular we noted that if the sequence 
of random variables X,,X,...,X,,-.. be such that X, is 
asymptotically normal (t,,s,), then we can say that X, is 
approximately normal (t, ,s, ) for large values.of n. It is surprising to 
eo behaviour is observed for a large class of 
anressed by the a having certain properties and this ‘is 
totstate the general form of i as ‘Central Limit Theorem’. We shall. 
‘Central Limit Theore of this theorem but a particular form known 

m for Equal Components’ . 


et kaye. all have the ee ence of random variables , where 
n staudier dd ee the same distribution with common mean m 
"Mutually y elation e ( >0) and if Xy a X2 pose, Xn are 

Independent for all n, then x- , , 


Vn 


is asymptotically normal. 
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< ‘cally normal (m,S 
asymptolica y ), 
(0,1) % f Vr Wher, 
Xn t Fa(*) = “5 
oH ttt tO e ond fora, 
nction of 7. for n= 1 
F, (x) being the distribution fu s 
. Kay: plat . have the same distriby 
ae 4 a dar d “deviation o(>0) me With 
mean ah 
X:-m am, a , have the same distribution e 
6 
consequently each ——_ xn (r=1,2,.-0-0, .+) has the sam, 
characteristic function, ay o(t). 
2 (Xp-™m) 
Then E{¢ ry }=9(t), 721,2,.0-Myoneee (104, 
X-m 
Let re 
Vn 
Kom, Xaom y,., 4 Pom t 
Then Y,= aa : 
wheie hom , aan aon are mutually independent, sinc 
X,,Xp,+++, Xy arerautually independent . 
So the characteristic function 9, (t) of Y, is given by 
a Xiom it Xn 4» X.-m 
Sarre —) ) 
(1) =Ele™ =| E{e™ 6 |... Ele CG L. 
Then by (10.6.1), 
t n 
7 10.62) 
(0 (| | 
X,- 
Here E [= "). 0 and Ja =) = =1 forr=1,2.-0/% 
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complex valued function of the real varieb 
No vo “ finite second order dervative at t=0 pli 
ane 5 60): o” (0) are given by 


™)q0 


eornie SS 


oth g’ (Oya7E Sema, 

E (Xr _m)=0 and E (X, — mt)? = G for each r. 
ce by a parti articular form of Taylor’s Theorem [ Hardy - Pure 
tics (10+h ae Page 290 ], we have 
geo (rte (+5; Fy") +0("). where Lt OO 20. 
Then we get 


gyet-F+ Oe), since g/0)=1. (10.6.3) 


So from (10.6.2) and (10.6.3) we get 
eB A4(e\ 
eof -£ off 
At this stage, we now state below: an important theorem on limit 
(which we shall use ) on sequence of complex numbers. 
If the sequence (C,]} of complex numbers be convergent to the limit 


[ +S) = (10.65) 


. (10.64) 


Lt 


ave 


Now +0 Jean be expressed 1+, where 
2n n n 


p p 
Ca-F +n 0 ) 


¢, then 


de i a 
n 
Ps OW) t,.3 
god . («= 5) 
=0 , for fixed t. 


MP-42 
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Then by (10.6.5) we have 


uv fr-Zeo(t}"=e 


eked 


and hence,by ( 10.6.4) we get 
Lt o,()=e 7 


ave 


fd 
2 


; ives the characteristic function of a standard normal yar; 
te limit theorem of characteristic function we conclu dete 


Y,= X=" converges in distribution to a standard normal Variate as 


yA o 
n— co, that is, X 1s asymptotically normal [ F in}: 
Remark. Let (X-) be a sequence of mutually independent ran, —_ 


variables such that each X, has an identical Cauchy distribution witn 
parameters (1,0). Then the characteristic function of each X, is!!! 
and so that of X 22 vis also el, It is then evident that Central Limit 
Theorem does not hold for this sequence. This is because of the fact tha. 
Cauchy distribution does not possess finite mean and variance. 
Central Limit Theorem (for Equal Components) implies Law of Large 
Numbers (for Equal Components). 

Let { X,,} be a sequence of mutually independent random variables 
such that each X, has the same distribution with finite mean m and 
finite standard deviation o . 


Tw a are 
Let 95 where pr I sac AS 
So n 
Vn 


If F,(x) be the distribution function of Y,, then by Central Limit 
heii hole F,(x)="(x) for all x where (x) is the distribution 
function of a standard normal variate: 

_ Let bbe any given positive number. Then for any €>0, 


P(|X-m|2e)=P x—m 2Vne =P(1v.12~Z*) 
Nn 
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ysl 22t = 1Ya1>b ig HES y, 

Ww 
” WHE) < p(y,{>b 
qherefore p(ival2 = ( " ) 

WES b, that is, if ">a 

6 P(1Yn1>b)=1-PYnIS2) 
Now «1 =P-( ~b<Y,6)j)21-P(-bey, <p}, 
es Y, $b) isa subevent of (~bSY,Sb). 
see one P (| Yal>)S1~ [Pa(b)—Fa(—B)}- 


Hence we get 
vne ny ite BO 
elites Pte ee b) ifn>ZS. 
Bo? 


co P(IX-mIze)S 1-F,(b)+Fa(-b) ifn>—>. (10.66) 


Hence proceeding to the limit as n >  , we get , from (10.6.6), 
Lt P(JX—-mlze)S &(-b)+{1-%(b)}, thatis, 


swe 


Lt P(JX—-m|2e£)S2(1-0(b)}, since b(-b)=1-0(5). 
sherfore='tt P(| X—-m|ze)S2{1-9(5)}. (10.6.7) 


This is true for any b(>0) and so again proceeding to the limit 


asb 3 ~, we get, from (10.6.7), 
Lt P(|X—m|2e)=0, since Lt {1-(b))=0. 


Hence X ——> m as n — ~ and hence the Law of Large Numbers 
in 


for Equal Components is deduced. 
De Moivre - Laplace Limit Theorem. 
Theorem 10.6.3. If X, be a binomial (n , p) variate for every n (p isa given 


X,-n , 
‘ n 'S ent 
— such that 0 <p <1), then the sequence cre) a =p) is converg 
i distribution to a standard normal variate as n —> °°, that is, 


1 -f 
it F(X) = Yor fe 2 dt 


« “ < 7 Xn —n 
: all real values of x, where F,,(x) is the distribution function of mp( - P) 
wha 2 3..,.. . 


MATHEMATICAL PROBABILITY 
660 
By the renreductive property of binomial i 


for each. positive integer n , the binomial] zs tion 
’ Varia 
te 


Proof: 
can say that 
be expressed as 
xn X,= Yt Y2+- 

.,Y, are mutually independent binom; 

..+,Ynv+++ have the same dis || 
sates, Then Yi, t2arseee meee triby 4) 
- . and standard deviation Vp(1-p) (> 0) ite Wis, 
y Y;,..-,Y_ are mutually independent for all n. So by the Autthe 
Limit Theorem for Equal Components we find that Cente 


YitYot--:+Yn_ 
n 


-+Yn, 


where Y1, Y2e°" 


P 
V1 — 
n 
is asymptotically normal (0, 1). 
; YitYots: +Yn 


on 
ee 
Vin 


Now 


X,-n . ie «an 
So = is convergent in distribution to a stand 
— | Tg ard normal 


variate as — 00, thatis, Lt Fy(2) = Jom f e 2 dt for all real values | 


of x, F, (x) being the distribution function of at ~ a 


Normai Approximation to Binomial Distribution. 


From De Moivre — Laplace Limit Theorem we observe that if nbe 
sufficiently large and p is fixed (0 <p <1), then the distribution of the 


binomial (n , p) variate X, is approximately normal (np , \np(1-P )y 


; X,-np : 
since that of Tipp 8 approximately normal (0, 1). 
10.7. Illustrative Examples. 
Ex.1. The distribution of a random variable X is given by 
1 3 I 
P(X=-1)== =0)=— =1)=9- 
Xa-N=9, PK=)=7,P(X=1)=5 


Verify Tchebycheff's inequality for the distribution. 


[ CH. (Math) 79 64] 


| 
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m of the given distribution is 


1 3 1 
= =-1,= Se a 
m= E(X) g tOgtls=0 


Hi ere mean 


variance o* is given by 
Y o? = var X = E (X*) — m? 

an a 21 3 2 11 

=(-1) gtO.gtl rth 


We are to show that for any e>0, 


P(IX-0|2e)s&, 


1 
that is, P(|X|2€)S7 5° 


Now we have the following possibilities : 
(i) O<eS1, (ii) e>1. 
Case (i). In this case P(| X|2€)=P(X=-1)+P(X=1) 


Again rat since here 0<e€<1. 


i om | 
Therefore, P(|X|2e)=4S75° 
Case (ii). Here e>1. 
Therefore, P(|X|2€)=0< hy since here (|X|2e) is an 


impossible event. 
Hence Tchebycheff’s inequality is verified. 


Ex. 2. Show by Tchebycheff’s inequality that in 2000 throws with a 
coin the probability that the number of heads lies between 900 and 1100 ts at 


nee “ [C.H. (Math.) 69] 
Let X be the random variable denoting the number of heads in 2000 

throws of a coin. Then X is a binomial | 2000, 3 ait 

#0 E(X) = 2000 x 5 = 1000 


and var X = 2000x 5x5 =500. 


nN 
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gooex< 1100) =P (-100< 1000 < 109} 


=P(|X-1000 | <100) 
equality, taking €= 100, 


Now Pi 


Then by Tchebycheff's in 


var X 
p(|X- 100012 100) 5 (agg)? = (oo ~ 20 


qherefore, 1-P(1X-1000|2100) 21-55 =50- 


19 
Therefore, P (900< X < 1100) 259° 


Ex. 3. If {Xi}: bea sequence of independent random variables such ha 
foreach i, E (X)=mi, var X= 65" SOF < oj use Tehebychefsinequaiys | 


show that 


. i n 
3 Mi__>0 asn—-, 
jet M jer M IN 


Here E(X) =m, and var X;=07,  i=1,2,...,m,... 
Now e( 5 Xs 4 
ixt NM jnn 7 
a ES ae Ee iy i 
n n 

=0. 

vr 5 Xs =| 
in1 NM jay 1 


=var{ 7 z X.— my } 


1 
= 5a | var (X, —m)) + var (X2— 112) +-- -+ var. (Xn— 1M) }, 


since X;, X2,..., X, are mutually independent 


1 a 
a Pas Var Xj « 


[ C. H. (Math) ’30, 35) 


| 


! 


| 
| 
| 
| 
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itive number € , by Tchebycheff’s inequality, 


No 
n D.¢ wa LL L 
P| (23-2) . ze| 
svar Xi Eo? 
i=l = 
$-ye me 
no _ oO. 
Sve ne 
n Xi n mij 
Also P| (22-22) zefeo 


n Xx; n mj 
sperfore,05P| | & ries! A pe 


Now Lt =0, since o is finite and € > 0 is given. 


i Mm 
mnavor, ut P{|( RS}? 


n xX. " om; 
ci. ih 2 co 
Hence, - a n inp 0 arn. 


om 
ze} <2. 


Ex.4. Show that the probability that the number of heads in 2000 throws 
with a fair coin lies between 900 and 1100 is = 2F( 2N5 )—1, where F(x) 
denotes the standard normal distribution function. (Compare it with the lower 
limit given by Tchebycheff's inequality). [ C. H. (Math.) 81] 

Let X be the random variable denoting the number of heads’. Then 
X is a binomial { 2000, 2) variate. Then by De Moivre-Laplace Limit 


Theorem , 
1 
dit X — 2000 x5 _ X=1000 
a 11 500 
2000 x 5 x5 


is approximately a standard normal variate. 
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= 100 ) 
go<X<1 
Now Fan X~1000<100) 
’ 00 
_100 x-1000. 
-P( 00 < S00 500 
ap(-nib <X?< 29) 


penis <U<2N5 ), where pie Chee sta ice yy 
- * | 


ow P(e 205 < U< 205 =F 2N5 )— Fl- 25 ) 
=F (2V5 )—(1- F(2N5 )} 
=2F (2V5)-1, 


F(x) = or Je dt. 


Therefore, p(900<X<1100)~ 2 F (2V5)-—1=0.99992, asi 


standard normal table . 
Also, using Tchebycheff’s inequality (see Ex.2), 


P(900<X<1100 )252=0.95, 


and we see that 0.99992>0.95, which supports Tchebycheffs 


inequality regarding the lower limit. 


Ex. 5. By applying the Central Limit Theorem to a sequence of randort 


variables with Poisson distribution, prove that 


We consider a sequence of random variables X; ,,X2,--*' 


each having Poisson-1 distribution where OP, Prt } 


mutually independent for all 1. Then 
mean of X;=m=1 . os 
‘ fori=1,21<9:%" 
and standard deviation of Xj=c=1 } 
(Mean = and standard deviation = Vi for a Poisson - Gel 


[ C. H. (Math. 91] 


gets 


are 


te.) 


g OF A SEQUENCE OF RANDOM VARIABLES gs 


Central Lirit Theorem for Equal Components 
pence)PY ae Ky h Xie Ky 
eae = 
1 ; X-1 
ptotically normal [1 ry } that is, “ZT ~« converges in 
js ay™ Vn 
sont Uasn>e, where U is a standard normal variate. 
gistribu x = 1 < = a 1 se 
Vn 
P 1] = P(XS1) 
But 1 
Vn 
=P(X:+X2.+---+X,Sn). (10.7.2) 
Now by reproductive property of Poisson distribution 
X+Xte0+ X, isa Poisson-n variate . Hence, 
1 n Nyr 
P(Xy+ Xrt-+-+ Xa Sn )=E —% (10.7.3) 


Therefore, from (10.7.1), (10.7.2) and (10.7.3), we get 


n e” n” 1 


Lom r=0. r! = 2 7 
ew ye @o4. 
- id ai 7 ba r! 7 2 


Ex.6. Let X,,X>,.--,X_,--- be a sequence of independent random 
variables, where each X, takes values —1,0,1 fori=2,3,.-. Given that 


P(K|=1)=2 =P (X)=— 1) and P (X;=0)=1 == fori>1 and X, takes the 
value 0 with P (X,=0)=1, examine if the Law of Large Numbers holds for 


this sequence. 
Wehave £Ox)=0(1-F] 41 a +eD.2=0 fori>1 
md X)=0P=0.7 
Var X, = E(X,2)-0 = (1-7 }+3 4 please 


and 
Var X= E (X,?) -{E(X,)} =0. 
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et Xe 
5,2Xit Xt 
ia MyzE (Si) = E (Xi t Xa °° + Xn) 
Then‘ 


= E (Xi) + E(X2) + *** + E(Xn) 
=0 


| 
= ar Aj =2 z ey 
d Sta var n= % ¥ x iz2 1 


11 zy. 
=o tte if may 


Hence,S, has a finite mean 0 and finite variance x t A d 


for all n>1 and variance is 0 if n=1. 
i eee 
var 5, {2 3 i 0 
7 sere” ak Sell asnoo, 


[ If {x} has a limit J, then the sequence {y,}, defined by 
y= 24 ** has the same limit 1 


tagl 
h 


Now 


Take x, =, thenLt x,=0. Hence by the above result 


ao) ee 
70 as noo, 


1 1 
2 3 tee +— 
andso Lt : 
n+ n 
Hence the Law of Large Numbers holds for the given sequence 
Ex.7. A random variable X has a density function f(x) given by 
fix) = €*, x20 
“=0, — elsewhere . 
Show that Tehebycheff’s inequality gives 


P(X=1122)<1 
Gnd show that actual Probability is 


=0, since Lt *=0] 


n+ 


ea: 
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coNvE! 


_ { xe" dx=T(2)=1=m, 
we have ae) 


E(X)= fee dx=[ (3)=2. 
0 


yar XE E(X)- mt? =2-1=1=07. 


re 
ee eff’s inequality, for any:€ > 0, 


Now by Tehebych 3 
p(|X-ml|2€)S 73° 


raking €=2, we Bet ; 
P(|X-1]22)S7° 4 


Now p({X-1)22)=1-P(IX-11<2) 
=1-P(-2<X-1<2) 
=1-P(-1<X<3). . 
=1-P(-1X £3), since X is a continuous variate 


a1-f fxdx 
=1-f" fay ax - J fo dx 


3 
=1-0-f e* dx 

0 ’ 
Sl=(l%) 
=e3 ; 


which is the actual probability. 
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Ex.8. Examine if the condition in the Law of Large Numbers is satisfied 


by the sequence of independent random variables { X, }, where 
ae | 
X,=+V2n-1 with probability 3° 


We have E (X,) = Vin = 5-Nn=I 520 foralln, 


dh Ps] 
SVX, =E (X2)—0= 2n—1).4+@n-1).5=24— forall 
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MATH 
- +X | CONVERGENCE OF A SEQUENCE OF RANDOM VARIABLES gy 
pa icue Ee" 
pats rr yee EX) + ED + + F(X) =0, wp tat te) am 
Oe Tate " . sere El n 
eA Fe tae f — 
yar Se 7 i ae ae X,+ Xt " 
oS has a finite mean 0 and finite variance r? fo, all P var = n 
Hence ~s ; : 
vat Ss_4 and Lt varee 2120. 27; (var X + var X,4+++-+varXy) 
Therefore ~ 7 ~ a= 
ve the condition in the Law of Large Numbers does ny, -¢ = 
ven sequence. tha - 
good for the 6! am variable X has probability density (ay +% ml 
Ex. 9. ge x< 1). Compute P(|X—m|2 26 )and compare Then n 
123 nebycheff' inequality. minh X,+X,t:::+%,) oF 
fimmit given ° =var — ai, 


3 1 
gaye) we d-Dae=s" Eo) =| 12 x'(1-2)drs 


n 
2 By21. | cee 
var X=5-(5)=35 Therefore, Lt ¢(StBt emo 
3 2 ‘7? 
rherforeP(IX-m1220)=P(|X-5 |25 ] 


3.2 3,2) 
-1-P(-3<X<5+5| 


win 


Pose, ° ‘ 
a is convergent ia Mean square tomas ne. 


Ex. 11. Let X, be the random variable denoting the frequency ratio of 
successes in a Poisson sequence of r: trials, where p, is the probability of 


1 
1 
=1-P\- ei= x (1-x)d —_Pitprt-+:+Pa 
! P(§<X<1] asicas ine | successin theithtrial(i=1,2,...,n)-Ifp= Sa ees , then preve 
1 n 
Cee | 1 1 = 
-1-12{(5- 3]+(375-z00}} | ai 
7 We consider the sequence {Y, } of random variables, where 
= 625 V.=1 if we get success in the ith trial of the given Poisson trials 
, H te ¥ wrt) 
Now taking “ , we get, by a al sal =0 ifwe get failure in the ith trial of the given Poisson sequence 
P(IX-m|22a) $7 and we note that 22 <3 , 50 that He! for i=1,2,3,.... 


yi _™ Xe cihee AY 
ca 

wd 10. Let X,,X2,...,Xq be a sequence of independ’ i | "dependent for alln " 
manavies, each having mean m and variance o. 


‘ an Here th, e . ‘ 
Ey min mean square as n > 2. cH. Weta. nd ng 2 
i=QO)= —P, P(Y,= 1) = 9, fori=1,2,--: 


, where Y;, Y2,- _, Y, are mutually 
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670 u sant od m p+}: - Pi iy 
ante: 19-1800 
and VEO papel PoP 
(i- -pi) fori=1,2,--: 
=pi + Yn) = =E (Ys) + E (¥2) +--+ E(Y,) 
so E(t 2" Suitfict oR 
ao) 
+Y¥2t+ + 
aod orl evar Yit Var Y2+ .-+var Yn 
since V1, Yor--e0 Ye are mutually independent 
= pil —pr) + PAC — Pa) + + Pal = Po) 
Now ths la ypl—p) -( p> 9.1m O) 


, 1 
Therefore, pA1 — pi Sq for i=1,2,3, 


n 
Sop(t-P)+PAL- P+" «+ Pall Po) Sg 


var(it Yet + Yo) ¢ 1. 
wv 4n 
var (Yit¥o+--7+ Yo) 59. 
ie] nr 
var (Y,+ Y2+-°°+ Yn) 1 
So we have 0$ —— ire (1074) 
Now ib 20 
OW “a an ‘ 


Yit Yots: t+ Yn) _ 
Then by (10.7.4) we get Lt var (Vit Voto: tie = 0. 


So the Law of Large Numbers can be applied to the sequence 14 


and consequently we get 
n 
or, B= 19 
ae a inp? asn— oo, 


Therefore,X, — p—> 0 as noo. 
inp 


were 
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ndom variables X, , X 
the sequence of ra 1,X2,:++,X, besuch that 
px. 2 Orit pariate, "en show that X, is asymptotically normal (n, Yan). 


tax? (m) variate X,, can be expressed as 


ow tha 
em -+Y,2, 


Xn = Y? + Y2 + 
(Yq are — aches standard normal variates, 

er peknow that Yi, 7 Yao ge oe ) variates. 
Aga 


men E(3 Y?? 3 and var 5¥ 3 for i=1,2,: 


go the sequence of random variables {2 4 is such that 
1 


1 Lys ly2... ig Y,2, ..- have the same distribution with common: 
Pee 1 

mean” t and common standard deviation: Vr and | 
1 lya ly jiveny ly. are mutually independent for all n. Then by the 

) 
ae Limit Theorem for Equal Components we get 

1 
BF 2 ag ao vie YS 
oY +5 %2 + +3Y, <4 
n 2 
1 
2 
Vn 
isasymptotically normal (0,1), 
2 re a: 
thatis, io ee — eye, is asymptotically normal (0,1), 
that is, Xn-n 
V2n 

__§ asymptotically normal (0,1). 

So X, 


nis asymptotically normal (n, V2n ). 
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“i Examples X 
1000 white and 2000 black p iw 
balls. Estimate the Probabilin, ,.'° tay 
sil epacemet ent) ee drawn white balls ait ‘ 
Ss 


number gm < 120. =a 
ined vet X be the random variable denoting the y 

i drawn in 300 drawings of balls. = “Abe the event’ tei 
white =i; 
raw is white ina AaWHNB Then P(A) = 000" 3 3 ay tal 9, 


4. An um contains 1 


then binomial [sn ) . 
F(X) =300 x55 = 100, 
: 1 1) 10V2 
o= War X= 300% (1-3) =e 
Now el gO 
eee =10 26 
10V2 
3 
=F (W6)-F (-W6 )=2F (N6)-1 


where F(x) ie J e? dt, since by De Moivre-Laplace Lim 


Thereom 1” OD is approximately normal (0,1). 


re 
Now from the standard normal.table 


at (V6 )-1=2 (10.0071) - 1 = 0.9858. 


Therefore, P (80 < X < 120) — 0.9858. 

Now, by Tchebycheff’s inequality , 
P(|X-100|220) $3 409 =6" 

Therefore, P(80<X<120)=P(-20<X-100<20) 
=P(|X-100]<20)=1-P(|X- 100 | 220) 
21-4=2-0833 


6 6 
and this value supports the value obtained previously: 
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pf 
xbearan aan on and E(X") <= , then prove that 


[C.H. (Math.)’91 ] 


t c=0,€=4 in Theorem 10.2.4. The 
[ Hi  ependenty as follows : 


p(|Xl29 $7 1 F(X) for all a>0, 


Tesult can be 


X be a discrete random variable and 
|, Let fi=P(X=x), x, 
point of the spectrum of x. 


>a implies x; 


now [il ?. So fis ul 8 since f;20, 


x x; ; 5 
- qherefore fis ah s enh. since f;20 and = 6. 


txl2a 


1 1 
This implies that P(|Xl2a)s7, - xi? fiz E (x?) foralla>0. : 


Case Hl. Let X be a continuous random variable and f(x) be its 
probability density function. 


Now|x124 implies fix»s = fle), since f(x) 20 for all x. 


go fr) $5 fl forallx € (-~,-a]U[a,~). 


Therefore J fiydxs J x fix) dx= 3 fix)dx+ is fix)dx | 


|x|2a |xl2a 


<J feat | Zadar] Eade 


since { # fa) de20 


=] 5 pyar. 


‘ 1 0. 
Therefore P(\X|2a)$— J efx) dr=G F(X) for all wi 


MP-43 
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ee snequality to sh 
ff's inequality to show that fo, 
qchebyche fa fair die the n Nd 3 
3, Use in nt throws te) umber of Sixe t 


m variable denoting the n 


probab tg anda +e isat least 3 
petween ¢ 
[Hint : Le 


inn throws of 4 
1 

1 = - = |=. 

gojeng? VaNa™ a | e 


oy 
+ X bethe rando 


: ; : Of 5 
fair die. Then X isa binomial }n, 3 Vatiate Site, 


n 
=e(vefiei)ot- (ie ting 


1 1 _2 3 
renee WFeXgme ere 


The number of sixes can never be negative. So X > ; n-\y willbe 
trivially true if 47 \n <0.So we can assume that 5 ~ Wi 20, thats 


n236.] 
4. LetX;,X2,--. ,Xn,--- bea sequence of independent random 
variables, where e77h X; takes the values 0, + 2'. Given that 
Per 2)=2), P(X;=0)=1-2™. 
Examine whether the Law of Large Numbers holds for the 
sequence. 


5. For the distribution 


1 seat 
fi)=prt ew, -e<x<e, 
(etermine P(| X- E (X)|2 1.5 J. Compare the value with the * 
given by Tchebycheff’s inequality. 


Ry 


yERGENCE OF A SEQUENCE OF RANDOM VARIABLES 
co ~ 


x 
[Hitt |p (m- 1.50 <X <m-+ 1.50), E (X)=m 
= +150 * 
m 1 (x-m) 
z1- fan " 


m-150 


f 1 = du where u == 
gia) Yon ’ 


-15 


1.5 =u 
1 — 
21-2 J V2n e7: dis 
0 


—-m 


1 
ol=2 musts)-3} 


_9{1 - P( US 1.5)} = 2(1 - © (1.5) } 
-2(1 0.9332), since ® (1.5) = 1 - 0.0688 = 0. 9332 


= 0.1336 . 


675 


Now taking €=150> 0, we get, by Tchebycheff’s inequality, 
| 1 
a{|x-m1215 o| <p y= OAH We see that 0.1336 <0.444. which 


supports Tchebycheff’s inequality regarding upper limit] . 


6, For the random variable having geometric distribution given by 


PX=eR=2" ,k=1, 2,3 42154 


compute P(|X-2]>2) and compare the result obtained by 


Tchebycheff’s inequality. 


ai t ast 4afysay 
= 042.543.p4-)99/ 4) =2. 
E(X*)=5 k?.2-* 


1 
N 
OWWehave (1—x)-?=142x4+3x2+ +++ if |x[<1 


Therefore, —* _ 
me? page Xt 2a? + 3x8 + dt + vos if |x[<J. 


MATHEMATICAL PROBABILITY . 
Ry 
et of term by term differentiation js ya); d 
re the prow 
aia aici 


perfor se (i -x) me if|x}<y 


 —_— yt ZRxrre He... 
1, 14+ 2°Xt+ + if |x 
ot Gna O-* I<1 


Oe eel see if| x] <q. 
(1-2 
faba rt ete eee es Hele. 
1 
Now takingx=3, we get 
iit 
1 = = = 
pth. ath 35+ (i 4 . 
“4 


Therefore,E (X?)=6 and so var X=6-4=2. 

Now P(|X-2>2)=1-P(1X-2182) 
=1-P(0SXS$4) 
=1-|P (X= 1) +P (X=2) + P(X =3) + P (X=4)] 
a1-(21427242342-N=s. 

Again, P(|X-2|>2)<P([X-2]22), a 

since P(|X-2|=2)=P(X=4)=? > 
and by Tchebycheff’s inequality 


varX_ 1 
4 2° 


P(|X-2|22)s 
<2 red HY 
Hence, P(|X-2|>2)<3 and this is SUpp® 


P(IX-2|>2) =< obtained before. } 


Nusbe? 

7 Show that the condition in the Law “ ae pando? 

(W.L.LN.) does not hold for the sequence of indep ie solve 
variables { X, },, where the spectrum of X, is the set [> 


; 1 21,23" 
PUXv=n)=P(Xy= =m) = 7, Pl X, =0)=1 mae torn, 
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fr. 
= var (Xi + X2-7°++ + X,) 


=14+2V2 +3V3 + -+-+nvn. 
1+2V2+3¥3 +--+ +nVn 
A ie RR) 


[ Hint: Ba 


12 ry 13 2 
wow 2 z (P= J xdr =5, whichis finite and>o, 
ave a 0 
so Lt Yaa 


and hence Lt Ae eo . So the condition in the Law of Large Numbers 


does not hold for the given sequence of random variables. ] 

§, IfX,bea Poisson -n variate, then prov that X,, is asymptotically 
normal (n, Vt). 

| Hint : Apply Central Limit Theorem to the sequence {Y,} of 
independent random variables, where each Y, is a Poisson -1 variate 


and observe that X, can be expressed as X, = Y;+Y2+++:+Y,.] 


9. The probability density function f,(x) of a random variable X, is 
given by 


Ue il 
fey Ty H 290 
os 0, elsewhere . 
Show that X, is asymptotically normal G : Fh 


fe Let Y,= 4X, . It can be shown that Y, is a x? (2) variate. 
y Illustrative Example 12 we find that Y, ‘is: asymptotically 


Normal Y, = 2n . 
(2n,V4n) . So “Van 15 asymptotically norma’ (0, 1). 


678 MATHEMA ICAL PROBABILITY Ex. X 


i 
b Ore 
Y,-2n 2X,-n__ 2 ] 
Ba Vin Vn NH ‘ 


* nih 


10. Let {X,}, be a sequence of independent random variables, 
where the spectrum of X, is the set [- 1, 1} with 


1 
P(X,=n)=P(Xa=-n)=>- 


Skow that the condition “ — 0 asn—o~in the W.L.L.N. is not 


satisfied for the above sequence, where B, = var (X; + X;+ +++ +X,). 


11. A symmetric die is thrown 360 times . Determine a lower 


pa for the probability of getting the number of sixes between 50 
and 70. 


, 


Answers 


4. Law of Large Numbers holds. 


1 
11. 2 


APPENDIX 
SECTION A 
i native proof of De Moivre-Laplace Limit Theorem. 
Alte 


omial (1, p), variate where p (0 <p <1) is fixed. 
bin : 


x" be the characteristic function of X,,. 
Let 7 (t) =E(e et ®r) = (pe" +q) for all real values of t where 
hen " 
ie? ane r= ss 
i ial 1 (0,1 

shall prove that X" is asymptotically normal (0,1). 
re *(4) be the characteristic function of x", then we have 

: -lin itX, 

ot Ele) =E Ci ein | 


ig =e as 
Thus we get, o* (= nel +g: all jets ( 


_ forall real t. 
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Now from anatase of complex valued functions we know ) 
that for any X, 4 
x? 


rac 


where 6 is a complex: ftumber such that |e | <1. 


e* =l+ix-— 


— we get 


Te. it ; Aa. 
ie te, ae wm B) 
6(npq)?. 


for some aes number 0, where [0,/< 1. 


3 


| . a 2 343 
and eV" = pe Ee +0,. ee 
v"Pq an, énpa)? 
for some complex number 0, where | 8, |< 1. 
From (B) and (C) we get 


itp p _— (9 246: 2) 
pe npq +q e =(p+4)- > — (pq? + gp’) + et ar 
npq : me 
: 6(npq)? 


Pa @,q +057") ua 


=]- 
a: 


a 


(npq) 


[pq|| 8,9? +0,p? | 
6 
_ (Pall ela” +|,|p?| 
6 
again [a= react |q’ +0, | p?. < | ©, |+| 6, l<141= =2: 
Ce O<p<1, 0<q<1) 


Now [e,| = 
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2. <1 
So, | 6, |< 6 — 
- qhus We Be 
. tg Jule 2 Pe 
pew +q:e 7" = ]-—-+68, ——~, ates (Ty 
(npq)? 
where - | 03 |< I. 7 
prom (A) and (D) we get 
t° 
on (t) = fae, : 
(npq)? 
‘ r t° 
So, log,| (1) |= nlog. Im tes a (E) 
(npq)? 
Again for large n we have, “ 
2 t? 
log, 1-=48, 3 
(npq)? 
2 
2 3 2 3 
= el ma ae, ‘i ef aes 
(npq)? 7 (pq)? 
So for large n, 
2 3 
nlog, i 4G, : P 
2n > 
(npq)? 


a ite A 1 
= ——+ term contamng —— and higher powers of —., 
2 ° Th dn 


Here the process of taking limit term by ‘term as n—o in the 
_RHS. is valid. 


Then, (Lt niog. ey 
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Hence from (E) we get 
* [s 
Lt log, [ar |=-— 


2 
or, _ log, bt or| = > 


2 
SO, Lt $,(t) = et 
ie : 
Nowe 2? is the characteristic function of anormal (0, 1) variateand @ 
Ay —"P 
van ' 
Then by the limit theorem of characteristic function, 


6° (t) is that of X* = 


X" converges in distribution toa standard normal variateasn->0, © 


ie., if F*(x) be the distribution function of x", then 


2 
* ae i 
Lt F, (x) =—=| e? dx forallxeR. 
Ne [an [- 


SECTION B 
Additional Illustrative Examples. 
(Miscellaneous) 


Ex. 1. If A, B are two events where P(B)=1 , then prove that 
A, B are independent. [ CH. (Math) 1999 
Solution: Wehave ABCA, 


Then, P(AB)S P(A) sass re (1) 
Again, we have 
P(A +B) = P(A) + P(B) - P(AB) 


or, P(A +B) = P(A) +1~ P(AB) [ - here P(B) =11 
So we get 


P(AB)=1+P(A)-P(A+B) sno : (2) 
Also we have P(A +B) <1 


ae | | APPENDIX 
Then from (2) we get | | ig 
| P(AB) 21+ P(A)—1 | . 
! | or, P(AB) > P(A) 
From (1) and (3) we get 7 
P(AB) = P(A) : . 
: or, P = 
| aoe aia ; ams = P(A). P(B) 
’ ; Ex. 2. | The probability Of @ person chosen at rand 
i agnostic test givesa positive resul when te diese dies 
ent is 


q = 0- 75 mn ‘ negative result when the disease is not present 

3 97, ae ent i 
a 0 97. Find the conditional probability of a pers ei 8 
@ | disease pen having the 


4 4 ( i) when the test gives a positive result, 
7 | _ (it) when the test gives a negative result. 
EG [ C. H. (Math) 1999 ] 


- 2 ‘ 
“@ Solution: Let X denote the event " the test gives a positive result." 


) Iso let A, denote the event "a person selected atrandom from the given 
4 ‘population has the particular disease" and A, denote the event "the 


selected at random has not the particular disease." 


@person 
=(, where S is the certain 


; 

i. Here we have A, +A,=S and A,A,; 
e 
wal ‘event. 


i 
me 


)=1-0-02=0-98. Further 


) My 
a 


|B ttisgiven that P(A,) = 0-02. Then P(A; 


| : it is given that | 
P(X{A,) = 0-75 and P{X}A:)=0°97 
=1-0:97= 0-03 


obability 


| 7 

i] q Now P(X| A;} _ 0.97 > P(X|Ar) 
e of the conditional pr 

A,[X). 


) 


| | : For (i) we are to find the valu . 
; ? (4,|X) and for (ii) we are 0 find the value of ( 


"By Bayes’ theorem we Bet , 
if P(A Pal A,) 
; PAI) = agra) AO 


5x0 75409810 ™ 


=9-0 


ees 


aaa... eee 
é' Fe. 
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_ 0-015 
TT 0444 


= 0-338 H 


Again applying Bayes’ theorem we get 


| P(A ae 
PLA IX aR HaaREA 
( a AR) }+P(A,)P(X|A,} 
- 0-02x (1-0-75) 
~ 0-02 x (1-0-75) +0-98 x 0-97 
_ 0-02x0-25 
0-02x0-25+0-98 x 0-97 
_ 0-005 
0-005 +0-9506 
_ 0-005 
0-9556 q 
Hence the required conditional probabilities are 0.338, 0-0052. ; 


=0-0052 


Ex. 3. Consider a class {A, B, Cc} of events. Suppose it is known 3 2 
\ that {A,B } isan idependent pair and that {B,C } fe ae ‘ al 
independent pair. Does it follow that {A,C } isan independent ; 
pair ? Justify your answer. { C.H. (Math) 1997] } ’ 


Solution : ‘ 
{A,B } is an sepals pair implies P(AB) = P(A) P(B) . {B, cha 


is an independent pair implies P(BC) = P(B) P(C). 
Here we observe that 


P(AB) = P(A)P(B) and P(BC) = P(B)P(C) 
> P(AC) = P(A)P(C) : 
We shall give one example where P(AB) = P(A) P(B), 


P(BC) = P(B)P(C) but P(AC) # P(A) P(C). | 
We. consider the random experiment of throwing an unbiased d 
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protrecvent space Sis given by S=f1,2,3,4 5 ¢ 
ven — equally likely. i 


we = {2,3,4}, B= {2,6}, C={2,4,5} 


, Where al] simple 


es 21 
il P(A) == 2: , os 7 ro=3.1 
; 1 
Now P(AB)-= P(t2I) = _ = 3 = P(A) PB), 
P(BC) = P({2}) = >=—-—= 
(BC) = P({2}) = .- = = P(B) P(C). 
, So, {A,B } and {B,C} are independent pairs. 
. 2_1 
@ But P(AC)=P(j2,4})=—=-, 
br PAC) (2) 2a! 
11 +121 
PIANP(O === es 
P(A)P(C) = Corer 
So here P(AC) # P(A) P(C) 
Hence {A, C } isnot an independent pair although {A, Bt, {B,C } 
re independent pairs. 


Ex. 4. If X bea continuous random anne then find the distribution of 
\/ F(X) where F(x) is the distribution function of X. 
[C. H. (Math) 1997 ] 
Solution: Let Y = F(X) 


In real variables we have y = F(x) 


‘Here F(x) is monotonically non-decreasing function defined in 


(©, oo) and X being a continuous variate F(x) iscontinuous in (—2, 0). 


Let y be any real number where 0 <y <1. 
(-0, 0) and F(-«)=0 , F(co)=1, there 


u, such that F(u)=y. 


Since F(x) is. continuous in 
exists at least one real number, 
Let 5; ={t:t eRand F(t)=y} 


Ries, 

: 

. 
‘ 


Flu) =y ued, 5 #9 . 
Again there exists a real number y, such that y <y, <1. Due 
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to continuity of F, there exists a real number c such that F(c)=y,. 
Then for any teS,, we get F(t)=y where y <y,=F(c) . So a 
F(t) < F(c). | 4 
Now F is monotonically non-decreasing in (—co, 0) . pierce 
F(t) < RO = t<c So it is proved that t <c for all t €5,. So 5S, isa | | 
nonempty subset of R and S, is bounded above. Hence 5, ae a@ 
supremum, say, M belonging to R. We shall prove that M eS,. | 
possible let M¢S,. Then M is a limit point of S,. in to @ 
continuity of F at M_, for every positive number ¢, there exists.a | 
positive number § such that |F(x)-F(M)|<e for’ allx @ 
satisfying M-5 <x <M+8. 
Now M being limit point of 5,, there exists at least one number, ' : 
say, M, €S, where M,#M and M-&<M,<M+65 . Then we get | 
|F(M,)- FM) <e. But M, < S,>F(M,)=y. So |y-F(M)|<e 
wheres is arbitrary positive number. 3 
Hence y=F(M). 
So M é€S, and this is contrary to the assumption, M ¢S,. ’ 
Hence MS, and cosequently M is the greatest element 7 | 
of S,. Sot >M=>F(t)# y= F(t) > F(M). 7 
Then the event (X <M) <= [F(X) F(M)] 
So, (X<M)<=(Y<y), since y= F(M) 
Hence P(X <M)=P(Y < y) 


or, F(M)=F,(y) where F, is the distribution function of Y. 
But F(M)=y | : 
So we get F(y)=y if O<y<1. Again if y < 0, then(Y<y) is an i 1 
impossible event and so P(Y <y)=O if y <0. q 
Also if y21, then (Y2y) is a certain event and so 
P(Y2y)=1 if y21. 
Thus we get 
F(y=y if O<y<1] 
=0 if y<0 
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=] if y21 | 

Again, F,(0)- F,0-0) = P(Y =0). | 


«go, Fy(0)-0= PLY =0) (: Lt BYy)= 
Hence F,(0)) =P (Y =0) =8 (say) 


Let, § #0 
Then,0< 6 <1. ; 
) 
Now, Rsk (2)=3 < 6 = F (0) 


So, F,(0) < F,(0) and this is absurd. Hence F,40) =0. 
So the distribution: function F.(y) of Y=F (Nis givenby 
F,(y)=0 if ys0 
=y if 0<y<1 
=1 if y2l 
i Now, if f,(y) be the density function of Y, then fM=F if Ry) 
q exists. | 
Then §=f,(y)=0 if y<0 
=] if 0<y<l 
=0 if y>1 
and fy (0), fy (1) can be defined arbitrarily. 
_ The form of the density function f, (y) shows, that Y has uniform 
| distribution in (0,1). 
/ Ex. 5. Suppose life (X) of a certain type of electronic tube in a 
given environment has a distribution function, 


i-e* x20 
0 x<0 
with mean life 100 hours. Find i. Suppose further that such a tube is observed 
to be operating after 80 hours. Find the distrubution function of its future life, 
—X-80. 


[ C.H. (Math) 2001 ] 


Solution: | 
The probability density function f(x) of the random variable X js 


CE" 
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given by f(x) = F(x) where F'(x) exists, 

Here F'(x)=re* if x>0 

=0 if x<0 
Now f(0) can be defined arbitrarily. We take f(0) =0 
Sohere f(x)=Ae™ if x>0 

=-0 elsewhere. 
Since f(x) 20 for allx, we get 4 >0, 
- Itis given that E(X) = 100 


So,. Jxre™ dx = 100 
0 


B 
A “dx = 
Lt jx dx = 100 


Now = e~® ~Q since, 1 >0 


Lt Be? = Lt & 
and oP et es 


1 
= [t 
Boe ) ef 


So from (A) we get 


=0 


eer 


Hence a = _s 
, 100 


Now, let Y=X-80 

We are to find the distribution function of Y on the hypothesis § 
"X >80",i.e,"y>0" | 

Let F, (y/Y > 0) be the required conditional distribution function. 


Now F,(y| Y>0) = P(Y sy| Y>0) 


APPENDIX | ; So 


4 P(Y <y,Y > 0) 
. = 
q P(Y > 0) 


_PO<Ys y) 
~ P(Y>0) 


: F(y) - F(O) 
1-P(Y <0) 


_FY)=FO 


r 1-F(0) 

} -e¥-0 yoo. 

| % oa 1-0 i y — 

z 212"! ‘if y20 

z Kip OS at if y<0. 

Hence the required conditional distribution function is given by 


F,(y/Y>9) =f—¢% | if y20 

| =0 elsewhere. 
al distribution fuction F.(y/ Y>9 
x) are the same ——this is an 


I Here we note that condition 
| distribution whose p.d.f. is 


1 f q 
| eand the given distribution function F( 
4 important property of the exponentia 
4 . 

iy given by f(x)ane™ if >0 
7 7 = elsewhere. 
nd Y are both standard normal 


riables X a 
d the expectation of 


lly independent. Fin 


: 7 Ex. 6. The random va 
{ C.H. (Math) 2000, 1996 |} 


and are mutua 
max {|X b1¥ Ib 
Solution: Here the joint p.d.f f(x,y) of Xand Y is given by 


Le Let 
f(x, y) = Ton . Toa e 
Then E{ Max\| x a - i -(x2+y?) 


—_—_—— 


_-} Jaas{| xb Ly oe? 2 dx dy 


—o-d 


pO <X<O, -0 <Y¥<o 


ey : 
ms i 
a 
4 
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Now Max{} x|,[ y[}=|~| i [1214] 


=| y| if |x|s|y| j | 
a 0 (x2 4y?) a 
Then J J Max{] x|,|y Ie 2 dx dy 
{e'sy4) | (492) 


1 1 : 
= [[Max{]x[1y Joe ; tray Mol Ly aee Fay | 


{R, ={eoy:|x[2] yf}, R= {xw|x|s| yf] 


-(x+y?) -(x?+y?) ‘ 


“aalllele - axdy+o Mlyle 2 dx dy 


In the above figure the region shaded by lines parallel to axis | j : 
represents R, and the region shaded by lines parallel to y-axis | 


Tepresents R,. 42ry) (ay 
F +y “|x +y 
Due to symmetry we get {{| x |e 2 dx dy ={[|y|e 2 dxdy 


Then E| Max{ 1 x | | ° ny R 4 


7 
q 
ey) 

igs 
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? -(x7 +y”) 
“aalll yle 2 dxdy 


{x+y") 
=+{flyle 2 dx dy 
TR 
1% x+y") {e+¥’) 
aii an em 2 iys|iyle 2 dy} dx 
Now due to symmetry we get 
{esy? 42+") , (P+) 


five? 7 dy= Sly = r dy 


j 3 Hence we get 


| ] E[Max{ 


i “2 yle = “Pal " 


x -(x?+y’) 
ie 2 dy? dx [- y20 fory2|+| | 


ax? 
ve) 2 Ee) \ 
== fe iy *dz>} dx [Putting y? = 2z] 
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Now we know that 


fotaras(a} 


Hence the required expectation is given by 
n) 2 2 
ef] x N20 =e 


Ex. 7. A point ais fixed in the internal (0,1) A random uariable X is 3 | 


uniformly distributed in that interval. Find the coefficient of 4 
correlation between the random variable X and the distance - 


Y (21) from the point ato X. Find the value of a for which the | 
variables X and Y are uncorrelated. [ C.H. (Math) 1996] 3 


Solution : 0 ee 1 


Here Y= | X-a | where the p.d.f. of X is given by 
f(=1if 0<x<1 
= () elsewhere. 


1 
1 
Now E(X) aaa) 
1. fl 1 
E(Y) = || x-a | dx=J| x-a|dx+||x—aldx 
2 0 a 


= |(a- a) dx (0 a)dx 


I 
-|e-2 -o+ ata) 


|; |- 1=2a+2a° 
=|—-a+a? | =—————_ 
2 


Z 


1 
Also E(XY) = J x\x -aldx 


0 
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= i x(a—x) dx +| x(x -a) tx 


0 a 
3 23 3 
a a 1a a 
a | —— —— 4H OO o- - a2 
s eos ] 
a@i1ia@ae”@ 
=| —+— oe oo Ht 
6 3 3 2 2 
alsa 
=|—+—-— 
E a | 
_{ 2a° +2-3a _ 2a? -3a4+2 
6 6 


Then cov(X, Y) = E(XY) - E(X) EY) 


2a°-3a+2 1-2a+2n° 
a 6 4 
™ The random variables X, Y will be uncorrelated if and only if 


1 q cov(X, Y) =0 
7 Now cov(X, Y) =0 
| | => 2(2a° —3a+2)-3(1-2a+22°) =0 


= 4q> —6a’ +1=0 
. —> Aq? — 2a -4a° +1=0 
a —> 2q?(2a -1)—(2a-1)(2a + 1) =0 


S  —->(2a-1)(2a? - 20-1) = 0 
5 2q—1=0 oF 2a* -2a-1=0 
: Now 2a? -2a-1=0 
4 a+Ji2 _1+v3 
| 4 


>a ; 
3 7. deals 
eae ane 7 <0 
So pq? 20-140 (since 0 <a <1) 
Hence 2q-1=9 


ue 
50, 4-5 
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Ex. 8. How many independent Bernoulli trials are required to . | 
ensure with a probability not less then 0-975 the validity of @™ 


1 . GG 
—X,-pl < 0-1, where X, is the number of @m™ 


the inequality i 


1 ; 
successes in n trials, P =3 is the probability of a success in 
one trial. [ C.H. (Math) 1997 ] | 


Solution: Here X, has binomial (n, p) distribution. 


Then (2x, |=2E(%) as np=p 
it nN 


1 


1 1 1 
aX. — > x a= 1- 
and var{ _ = var( ») 2 np\ p) 
_ p=p) 


| — 
Now we are to find the least value of the positive integer n for @ 
which | a 


1 
1 
a r(x, -r<0-1}20-975 
or, PALEX, -pl20-1]s1-0-975=0-025 sams (A) 
(jn 


Now by Tchebycheff's inequality we get 


>0-1/< 
n(0+1)? 
] 
: ; ta a ; $s 
Here (B) is equivalentto P (FE X, ? 20 7 ~ 4n (0-01) 


1x -p 
nN 


25 
or, Alex, =| 20-152. 
n , n 
So, (A) will be true if 


® 0.025 
Nn “ 
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ot, 1000 
_ on > 1000 | 
~ Hence the required Jeast value of n in 1000. 


px. 9. Ina lottery with 10,000 tickets there are 100 prizes. A man 
buys 100 tickets. Apply Poisson approximation to binomial law 
to find the approximate probability of his winning at least 


t 
ame ticket (10-368 
i Solution : Let p be p 


4 ticket. 
Here yee. 
10,000 100 


r of tickets purchased b 


[ CH. (Math) 1995 | 


robability of getting 4 prize by purchasing @ 


y the man is 100. 


The numbe 
] 

So here =100, P= 700° Then "p =1 and so if X be the random | 

es won by the man, then X has 


q yariable denoting the numberof priz 
( approximately Poisson distribution with p=! [Here the exact 


tion of X is binomial (n, p) ] 


: distribu 
Now the probability of winning at Jeast one prize is 
pxel= 1- P(X = 9) 
=p 0 


-1 


—_— 
= 


Here P(X=0)* a 
el-e = 10-368 = 0:632. 
mate probability is 0-632. 


e of random. variables. 


‘Hence P(X 2 1) 
So the required approxi 


Z, 77° be 4 sequenc 


Ex. 10. Let 24.2277" 
Suppose Z,72 in distribution and a,beR. 
— prove that 4 Z, +6? aZ+b in distribution. 
[ CH. (Math) 1996 (old) ] 
(t)be the characteristic function of Z, (n=1,2,-°" ) 


Solution: Let >, 


and x(t) be that of Z. 
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Then by the limit theorem of characteristic function we find that 
Z, > Z indistribution => Lt o, (t) = x (t)- 

If wy, (t) be the characteristic function of aZ, +b, we see that 
y,@=E [ee am = elt Ele“ ] 

Now 4, (t) = Ele" | for all real t. 

So, 9, (at) = Ele" 

Hence, y, (t) =e, (at) 

Here, Lt $,, (f) = x() forall real t. 

So, Lt y,@=e™ Lt $,(a=e" xt). (A) 

Now let w(t) be the characteristic function of aZ+b. 

Then y(t) = Been 

or, w(ty= ere" | “a (B) 


Again, x(t) = Ele’”] for.all real t. 


So, x(at)=Efem?] © 
Hence, using (A) and (C) we get 
Lt V, (t) - e Ele] 


Then using (B) we get Lt. wy, (t)= w(t), where we remember that 


y,(t) is the characteristic function of aZ,+b and w(t) is that of 


aZ+b. 
So by the limit theorem of characteristic function we get, 


aZ, +b +aZ+b in distribution. 


Ex. 11. If the random variable X is normal (4,1), show that 
[1-(X)] 
(X) 
distribution function and density function of a standard normal variate. 
[ C.H. (Math) 1999! 


- 4 | q 
E(Y) =7 (7 >0) where Y= : m and $ are respectively the 4 
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Bs tion: The probability dq i 
soluti pa P Y density function f(x) of ¥ is given by 


“2 
fO= FR! O<xX<00, 


1 a 
t x ne ae ’ . 
Also we know that 9 (x) lan e“ and © (x) = (x) for all real 


2 


values of x. 


G0, E(Y) = 


4 (1-@(x)] =eoa? 
adhe 2 “= 


ap 2 


J2n 


¥ 
wi 
BS 
g 
, 
3 
ss 
“ 
4 


-(a?-2ax) 


a iit _ Ox)}e . ax 


x 


=e? [fi ® (x)] e* dx 
x & 
ap? Tt f[1-e@]e dx 
B,-~-2 
By, 0 By 
B _42 ' ae 
(UO) ie 
=e? Lt rr ; By >-* A 
ae B, Ba-+= A 
2 feni-2on) 0-0) 
ax 2 ee ne aa 
=e? Lt. re A 
Bye 2 
22 B . = 
+e2 Lt ~e axe * de 
B}>-* 3 a 
B22 


| 3) = 
Lt [em {1-(B,)}| =(), Since it Pl :) 
a and Lt e™' =0 for, >0. 


B,>- 


Now 


rt [eM {1-08 a 
Also, aa ) 
- 0(B,) [Form 7 , since Lt ®(B,)=1 
Pat: , 0 ae 
B27"? : 


and Lt e*™ =0 for ,>0] 
By 70 
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700 
~q'(B 
+ fs) 
By +0 —) eh 
1 By? 
= Lt —e e 2 
By JX 1 
1 =(By-a)? 
Li e ? e? 
Be J 2m Xr 
So, we get | 2) 
ov ok Ba [5] 
E(Y)=e?2 -0+—e27.- Lt dx 
a ped ven 
By (x-A\)° 
1 1 -- 
=— Lt e 2? dx 
A Bia V2n j 
x! (x-2.)* 
7 Y - 
=~: fe 4 ree ae 
A, 2x =. r x 


Hence it is proved that 
E(Y)=—. 
r 


Ex. 12. Ina Bernoulli sequence of n trials it is known that there are. 
exactly r successes. Find the conditional probability of a 
[ C.H. (Math) 1996] 


success on the 1-th trial. 


Solution: Let pbe the probability of success in each trial. 

Let A, denote the event "7 successes in a Bernoulli sequence of n 
trials "and X denote the event " a’success on the i-th trial." 

We are to find the value of the conditional probability P( X|A,) ’ 
From the definition of the conditional probability we find that 


P(X|A,) = an 
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sn We see that the event XA, happens if and onl if 

q A, simultaneously happen, ie., if and only if the event "a " . and 
; ;.th trial and exactly r—1 successes in the remaining _ : o 
| pappens. n-1 trials 
j Now by binomial law we find that P(A,) =n, p"(I-p)"" and he 
: probability of getting exactly r-1 successes in a Seswcul 
' sequence of n-1 trials is n-1__pa-pyrrr _ 


n- Ly p'(1-p)"" 
Then, since the trials are independent, we get 
P(XA,) = p" - p (j= p)""" 
"Ic, PAI ~ p) 


P(X|A,) = 2 
NcpP (1 ~ p) 


Hence, 


_t 
n 


So, the required conditional probability is = 
12 3 


Ex. 13. Three marksmen can hit the target with probabilities 3° 3 r 

respectively. They shoot simultaneously and there are two hits. 

Find the probability of missing the target by each of the three 

marksmen. (C.H. (Math) 1997] 

Solution : We denote the events of hitting the target by the three 
marksmen respectively by A, B, C. It is given that 


1 Z 3 
=—_ =~, PIC =—.- 
P(A) 5! P(B) 5 (C) a 


denote the event” there are two hits when the three marksmen 


Let X sai 
eously - 


shoot simultan 
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Here we are to find the values of the conditional probabilities  ‘ 
P(A|X), P(B|X), P(C|X). 

We find that the event X can be expressed as 

X = ABC+BCA+CAB ) 

where ABC, BCA, CAB are pairwise mutually exclusive events. 1 


Then P(X) = P(ABC) + P(BCA) + P(CAB). 


= P(A) P(B) P(C) + P(B) P(C) P(A) + P(C) P(A) P(B) 
[ .° A,B,C are independent ] 


1 2( 3) 2 s( ) 3 ( 2) 
Sal ]~= |48.=| 14>] 42:2/1-= 
23\ 4) 34. 2) 421° 3 


l1’aiun 
=H HS 
124 8 24 
— P(AX 
Now P(Alx) ==" 
P[A(ABC + BCA +CAB)) 
7 P(X) 
_P(BCA) p(B) P(C) P(A) 
~ P(X} OP) 
231 
342 1,24 6 
— i aon ohn 
24 
_ . P(BX) P(ACB 
(Bix) - P) _ (Ace) 
P(X) P(X) 
ra(-3) 
24 
et 
24 
1°24 3 
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— eee 


4 
So the required conditional probabilities are respectively -, = ; “ 
] 


4. The numbers X, Yare chosen at random from a set of natural 


Ex. 1 
numbers {1,2;---N} N23 with replacement. Find the 


probability that \x?-Y"| is divisible by 3. 


he set {1, 2;--N } can be taken by 


each of Xand Y independently. So the total number of different ordered 
from the set {1, 2;--N } with 


pairs (%, Y) which can be chosen 
' replacement is equal to “C, x" C,=N’. 

| ear *| is divisible by 3. 

k or 3k+1 OF 3k+2 


Solution: Here any value fromt 


Let A denote the event 
y natural number is of the form 3 


tive integer. 


4 
_ We know thatan 


_ where kis a non-nega 
| Now : | x’- y?| is divisible by 3" happens if and only if one of the 
following pairwise mutually exclusive events happens - 
A, “* and Yare both of the form 3k" 
Ay "yand Yare both of the form 3k+1" 
A; "Xand Y are both of the form 3k+2 " 
A, X is of the form 3k+1 and Y is of the form 3k+2" 
Ae ~ X is of the form 3k+2 and Y is of the form 3k+1 " 
Now the number of numbers of the form 3k ie. the number of numbers 


N 
e by 3in the set 1, 2,0N } is equal to B which 
N 


which are divisibl 
integer not greater than 3 


denotes the greatest 
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> . 2 

* So the number of outcomes favourable to the event A, is =| 
Now let the rumber of numbers of the form 3k+1 be xand the number / 
a 


of numbers of the form 3k+2 be y inthe set {1, 2;°N } ; q 


Te 
N | _ ay. |  @ 
Then xey+{2 ='N and :the number of outcomes favourable to @ 


A,, A;, Ay, As are respectively x7, y?, XY, YX. 


Thus we find that the number of outcomes favourable to the required q 
| NT tay? ‘e 
event A is equal to apr te * 2xy 
NT ; 
=|—]| + 
| 5 (x+y) 
2 2 
3] +1) 
34° 3 


Then assuming that all simple events are equally likely, by the { 


classical definition we get, 


3 
P(A) = vr 


which is the required probability. 
There are three persons aged 50 yrs, 60 yrs and a yrs old ‘ 


Ex. 15. 
respectively. The probability to live 10 years more is 5 fora 50 : 


i 3 1 — 
yrs old, 3 fora 60 yrs old and — fora 70 yrs old person. Find 


the probability that at least two of them will survive 10 yrs 
[ C.H. (Math) -1998 ] 


more. 


Solution: Let A, B, C denote respectively the events "50 yrs old 
person will survive 10 years more, "" 60 yrs old person will survive 10 
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; more" "70 yrs old person will survive 10 yrs more”. 
’ Then the event “at least two of them will survive 10 yrs more" is 
i a | expressed by ABC +BCA+CAB+ ABC. 


er F - Here we can assume that the events A, B, Care mutually independent. 
| @ Then the required probability is equa] to 


g P(ABC+BCA +CAB + ABC) 


e i 
> “SS 


oe = P (ABC) + P(BCA) + P(CAB) + P(ABC) 


et. a” 


s |. ABC,BCA, CAB, ABC are pairwise mutually execlusive events. ] 

T | = P (A)P(B)P(C) + P(B)P(C)P(A) + P(C)P(A)P(B) + P(A)P(B) PEC) 
% since A, B, Care mutually independent. 

1 


1 
,PO==- 
gOS 


: : F _ Itis given that P(A) = = P(B) = 


Then the required probability is equal to 


525 255552525 
: 8 1. 2 2 
E = t+ tH t+ 
. 2550 25 25 
| ae 
50 2 a 


Hence the probability that at least two of the given persons will survive 
4 10 years more is equal to = 
Ex. 16. ‘Ina repeated throw of two dice what is the probability that 6 
appears first time at atleast one of the dice in k-th throw ? 
[ CH. (Math)(Old) -1996 ] 
Solution: LetA denote the event "6 appears at atleast one of the two 


7 dice" in any throw of two dice. 


Then we have a sequence of Bernoulli trials where the event A is 


| taken as Success. 
ee the outcomes favourable to the event A. are 
6,1), (6,2), (6,3), (6,4), (6,5), (6,6), (1,6), (2,6), (3,6), (4,6), (5,6) 
that the number of outcomes favourable to A is 11. 


hae 


“a Wesee 


MP-45 


alll 
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Also the total number of possible outcomes in any throw of two dic 
is °C, x" C, = 36. Then, assuming that all the outcomes of a throw are 
equally likely, the probability of success in any throw is given by @ 

11 


Let X denote the event "6 appears first time at atleast one of the dice 


in k-th throw." 


Then X happens if and only if we get (k-1) failures in the first k-~1 
trials and a success in the k-th trial of above mentioned sequence of 
Bernoulli trials, where the probability of failure in any trial is equal to 


Sei 
36 ©=—36 
Since the trials are independent, the required probability P(X) is4 
given by 
k-1 
P(X) = (=) Jil 
36 36 
_ (25)°" +11 
(36) 
SECTION C 
TABLES 
Table I. Standard normal distribution. , 
x -t 
Here values of @(x) = = fe 2 dt are given for different 
V2n 
values of x. 


Here, we note that, 


d(—x)=1— (x). 
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x? distribution. — 
The table gives the values of Xz, n for different values 


of ¢« (0<e<1)and the number of degrees of freedom n 


where P(x? $7. a= gE. 


Table lm t- distribution. 


The table gives the values of t, ,, for different values 


of « and the number of degrees of freedom n where 


Oe e <1). 


WEEE Poe ee 


5 a eee te toe 
m” 

~ 

a 
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Table IV.  F-distribution. 
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The table IV(A) gives the values of Foamy ny 


for ¢ = 0-05 and the table IV(B) gives the values of 4 1 


os n,,n, for e=0-01 (for different values of . : 


n,, ny ) where P(F ae 


D(x) 


0.5000000 
0.5039894 
0.5079783 
0.5119665 
0.5159534 
0.5199388 


0.5239222 


0.5279032 
0.5318814 
0.5358564 
0.5398278 


0.5437953 
0.5477584 
0.5517168 
0.5556700 
0.5596177 


0.5635595 
0.5674949 
0.5714237 
0.5753454 
0.5792597 


0.5831662 
0.5870644 
0.5909541 
0.5948349 
0.5987063 


0.6025681 
0.6064199 
0.6102612 
0.6140919 
0.6179114 


Table I 
Standard iahiae! Distribution 
@(x) = ar fie =t'/ 24 
x * (x), 
0:30 0.6179114 
0.31 0.6217195 
0,32 0.6255158 
0.33 0.6293000 
0.34 0.6330717 
0,35 0.6368307 
0.36 0.6405764 
0.37 0.6443088 
0.38 0.6480273 
0.39 0.6517317 
0.40 0.6554217 
0.41 0.6590970 
0.42 0.6627573 
0.43 0.6664022 
0.44  0.6700314 
0.45 0.6736448 
0.46 0.6772419 
0.47 0.6808225 
0.48 0.6843863 
0.49  0.6879331 
0.50 0.6914625 
0.51 0.6949743 
0.52 ().6984682 
0.53 0.7019440 
0.54 0.7054015 
0.55 0.7088403 
0.56 0.7122603 
0.57 0.7156612 
0.58 0.7190427 
0.59 0.7224047 
0.60 0.7257469 


0.76 


0. 80 
0.81 


0.84 
0.85 


0.86 


0.90. 


(x) 


0.7257469 
0.7290691 
0.732371) 
0.7356527 
0.7389137 
0.7421539 


0.7453731 
0.7485711 
0.7517478 
0.7549029 
0.7580363 


0.7611479 
0.7642375 
0.7673049 
0.7703500 
0.7733726 


0.7763727 
0.7793501 
0.7823046 
0.7852361 
0.7881446 


0.7910299 
0.7938919 
0.7967306 
0.7995458 
0.8023375 


0.8051055 
0.8078498 
0.8105703 
0.8132671 
0.8159399 


— a ieee ase 


(x) 


0.8159399 
0.8185887 
0.8212136 
0.8238145 
0.8263912 
0.8289439 


0.8314724 
0.8339768 
0.8364569 
0.8389129 
0.8413447 


0.8437524 
0.8461358 
0.8484950 
0.8508300 
0.8531409 


0.8554277 
0.8576903 
0.8599289 
0.8621834 
0.8643339 


0:8665005 
0.8686431 
0.8707619 


0.8728568 | 


0.8749281 


0.8769756 
0.8789995 
0.8809999 
(8829768 
0.8849303 


TABLES 


Table I (continued) 


Standard Normal Distribution 


(x) 


0.8849303 
0.8868606 
0.8887676 
0.8906514 
0.8925123 
0.8943502 


0.8961653 
0.8979577 
0.8997274 
0.9014747 
0.9031995 


0.9049021 
0.9065825 
0.9082409 
0.9298773 
0.9114920 


0.9130850 
0.9146565 
0.9162067 
0.9177356 
0.9192433 


0.9207302 
0.9221962 
0.9236415 
0.9250663 
0.9264707 


0.9278550 


. 0.9292191 


0.9305634 
0.9318879 
0.9331928 
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0.9331928 
0,9344783 
0.935745 
0,9369916 
9.9382198 
09394292 


0.9406201 
0.9417924 
0.9429466 
0.9440826 
0.9452007 


0.9463011 
0.9473839 
0.9484493° 
0.9494974 
0.9505285 


0.9515428 
0.9525403 
0.9535213 
0.9544860 
0.9554345 


0.9563671 
0.9572838 
0.9581849 
0.9590705 
0.9599408 


0.9607961 
0.9616364. 
0.9624620 
0.9632730 
0.9640697 


712 


@x) 


0.9640697 
0.9648521 
0.9656205 
0.9663750 
0.9671159 
0.9678432 


0.9685572 
0.9692581 
0.9699460 
0.9706210 
0.9712834 


0.9719334 
0.9725711 
0.9731966 
0.9738102 
0.9744119 


0.9798178 


0.9803007 
0.9807738 
0.9812372 
0.9816911 
0.9821356 
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Table I (continued) 


Standard Normal Distribution 


x 
1 
ox) = J e 


x 


- 7244 


(x) 


0.9821356 
0.9825708 
0.9829970 
0.9834142 
0.9838226 
0.9842224 


0.9846137 
0.9849966 
0.9853713 
0.9857379 
0.9860966 
0.9864474 
0.9867906 
0.9871263 
0.9874545 
0.9877755 


0.9880894 
0.9883962 


_0.9886962 


0.9889893 


-0.9892759 


0.9895559 
0.9898296 
0.9900969 
0.9903581 
0.9906133 


0.9908625 


' 0.9911060 
0.9913437 | 


0.9915758 
0.9918025 


P(x) 


0.9918025 
0.9920237 
0.9922397 
0.9924506 
0.9926564 
0.9928572 


0.9930531 
0.9932443 
0.9934309 


— 0.9936128 


0.9937903 


0.9939634 
0.9941323 
0.9942969 
0.9944574 
0.9946139 


0.9947664 
0.9949159 
0.9950600 
0.9952012 
0.9953388 


(x) 


0.9965330 
0.9966358 
0.9967359 
0.9968333 
0.9969280 
0.9970202 


0.9971099 
0.9971972 
0.9972821 
0.9973646 
0.9974449 


0.9975229 
0.9975988 
0.9976726 
0.9977443 
0.9978140 


0.9978818 
0.9979476 
0.9980116 
0.980738 
0.9981342 


0.9981929 
0.9982498 
0.9983052 
0.9983589 
0.9984111 


0.9984618 
0.9985110 
0.9985110 
0.9986051 
0.9986501 


TABLES 


Table I (continued) 


Standard Normal Distribution 


P(x) 


0.9986501 
0.9986938 
0.9987361 
0.9987772 
0.9988171 
0.9988558 


0.9988933 
0.9989297 
0.9989650 
0.9989992 
0.9990324 


0.9990646 
0.9990957 
0.9991260 
0.9991553 
0.9991836 


0.9992112 
0.9992378 
0.9992636 
0.9992886 
0.9993129 


0.9993363 
0.9993590 
0.9993810 
0.9994024 
0.9994230 


0.9994429 
0.9994623 
0.9994810 
0.9994991 
0.9995166 


743 


0.9997674 


0.9997759 
0.9997842 
0.9997922 
0.9997999 
0.9998074 


0.9998146 
0.9998215 
0.9998282 
0.9998347 
0.9998409 
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Table I (continued) 
Standard Normal Distribution 


x 
Ox) =e J et / 244 
Ds (x) x P(x) x P(x) 

3.60  0:9998409 3.75 0,9999116 — 3.90  -0,9999519 
3.61 0.9998469 3.76  0.9999150 3.91  0.9959539 
3.62  0.9998527 3.77.  0.9999184 3.92  0.9999557 
3.63 0.9998583 3.78  0.9999216 3.93.  0.9999575 
3.64  0.9998637 3.79 . 0.9999247 3.94  0,9999593 
3.65 — 0,9998689 3.80  0.9999277 3.95  0.9999609 
3.66  0.9998739 3.81  0.9999305 3.96  0.9999625 
3.67. 0.9998787 3.82  0.9999333 3.97  0.9999641 
3.68  0.9998834 3.83 0.9999359 3.98  0.9999655 
3.69 0.9998879 3.84  0.9999385 3.99  0.9999670 
3.70  0.9998922 3.85  0.9999409 4.00  0,.9999683 
3.71  0.9998964 3.86  0.9999433 

3.72  0.9999004 3.87  0.9999456 pasar 

3.73 —0.9999043 3.88  0.9999478 

3.74  0.9999080 . 3.89  0.9999499 

3.75 0.9999116 3.90  0.9999519 
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9.001 

10.928 
13.816 
16.266 
13.467 


20515 

A 

24372 

26.125 

27 877 
29 588 
31.264 
32.909 
34.528 
36.123 
37.697 
39.252 
40.790 
42.312 
43.820 


45.315 
46.797 
48.268 
49.728 
51.179 


52.620 
54.052 
55.476 
56.892 
58.302 


50.703 
73.402 
86.661 
99.607 


1 124.839 


TABLES 

Table II 

y= Distribution 

Values of i. 
0.995 a 0.950 _, 0:90 0.025 0.010 0.005 
392704x 10 903214%10 3.84146 5.02389 6.63490 747944 
0.0100251 0.102587 5.99147 7.37776 9.21034 10.5966 
0,0717212 0.351846 7.81473 9.34840 11.3449 12.8341 
0.206990 0.710721 9,48733 11.1433 13.2767 14.8602 
0.411740 1.145476 11.0705 12.8325 15.0863 16.7496 
0.675727 1.63539 12.5916 14.4494 16.8119 18.5476 
0.989265 2.16735 14.0671 16.0128 18.4753 20.2777 
1.344419 2.73264 15.5073 17.5346 20.0902 21.9550 
1.734926 3.32511 16.9190 19.0228 21.6660 23.5893 
2.15585 3.94030 18.3070 20.4831 23.2093 25.1882 
2.60321 4.57481 19.6751 21.9200 24.7250 26.7569 
3.07382 5.22603 2] 0261 23.3367 26.2170 28.2995 
3.56503 5.89186 22:3621 24.7356 27.6883 29.8194 
4.07468 6.57063 23.6848 26.1190 29.1413 31.3193 
4.60094 7.26094 24.9958 27.4884 30.5779 32.8013 
5.14224 7.96164 26.2962 28.8454 31.9999 34.2672 
5.69724 8.67176 27.5871 30.1910 33.4087 35.7185 
6.26481 9.39046 28.8693 31.5264 34.8053 37.1564 
6.84398 10.1170 30.1435 32.8523 36.1908 38.5822 
7.43386 10.8508 , 31.4104 34.1696 37.5662 39.9968 
8.03366 11.5913 32.6705 35.4789 38.9321 41.4010 
8.64272 12.3380 33.9244 36.7807 40.2894 42.7956 
9.26042 13.0905 35.1725 38.0757 41.6384 44.1813 
9.88623 13.8484 36.4151 39.3641 42.9798 45.5585 
10.5197 14.6114 37,6525 40.6465 44.3141 46.9278 
11.1603 15.3791 38.8852 41.9232 45.6417 48.2899 
11.8076 16.1513 40.1133 43.1944 46.9630 49.6449 
12.4613 16.9279 41,3372 44.4607 48.2782 50.9933 
13.1211 17.7083 42.5569 45.7222 49.5879 52.3356 
13.7867 18.4926 43.7729 46.9792 50.8922 53.6720 
20.7065 26.5093 55.7585 59,3417 63.6907 66.7659 
27,9907 34.7642 67.5048 71.4202 76.1539 79.4900 
35.5346 43.1879 79,0819 83.2976 88.3794 91.9517 
43.2752 51.7393 90.5312 95.0231 100.425 104.215 112.317 
51.1720 60.3915 101.879 106.629 112.329 116.32 
59.1963 69.1260 113.145 118.136 124.116 128.299 137.208 
67.3276 779295 124.342 129.561 135.807 140.169 149.449 
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the book "Mathematical Statistic" is a sequel to the 
ook “Mathematical Probability". This book is primerily 
esigned to serve as a text book for undergraduate students of 
‘Mathematics Honours. It is expected that the book will also be 
ihelpful to the students of other disciplines, e.g. Economics, 
Statistics, Engineering, Commerce onde to the students for some 
competitive examinations. . 
| The purpose of the'bodk is to develop. the mathematical 
theory of statistical ee in So far as these are based on 
the concept of probability... 
Best efforts have been’ made to treat the contents of the . 
subject in a precise and rigorous manner. At the end of each 
chapter sufficient number of problems have been worked out 
-as illustrative example followed by exercise Containing a good 
number of problems. The problems are selected considering the 
nature of questions set in University and other examinations. 


